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Preface 


This monograph is the second in a series dedicated to the organization and 
summarization of knowledge existing in the field of continuum vibrations. The 
first monograph, entitled Vibration of Plates, was published in 1969, also by the 
National Aeronautics and Space Administration. 

The objectives of the present work are the same as those of the previous one, 
namely, to provide 

(1) A comprehensive presentation of available results for free vibration 
frequencies and mode shapes which can be used by the design or development 
engineer. 

(2) A summary of known results for the researcher, facilitating comparison 
of future theoretical and experimental results, and delineating by implication 
those problems which need further study. 

The scope of the present monograph is also the same as that of the previous 
one in that 

(1) Materials are assumed to be linearly elastic. 

(2) Structures were not included in this study, although some attention has 
been given to the accuracy of representing a stiffened shell as an orthotropic shell 
for purposes of vibration analysis. 

The key to a comprehensive monograph such as this is organization. Careful 
organization not only makes the completed work more understandable and useful 
to the reader, but also facilitates the writing. Although much of the organization 
can be seen from the Contents, I will attempt to explain it further below. 

Shells have all the characteristics of plates along with an additional one — 
curvature. Thus we have cylindrical (noncircular, as well as circular), conical, 
spherical, ellipsoidal, paraboloidal, toroidal, and hyperbolic paraboloidal shells 
as practical examples of various curvatures. The plate, on the other hand, is the 
special limiting case of a shell having no curvature. So called “curved plates” 
found in the literature are, in reality, shells. Thus, the primary classifier of the 
field of shell vibrations is chosen to be curvature. For a given curvature (say 
circular cylindrical, for example) the available literature is divided as to whether 
complicating effects such as anisotropy, initial stresses, variable thickness, large 
deflections, nonhomogeneity, shear deformation and rotary inertia, and the effects 
of surrounding media are present or not. The next subdivision of organization is 
boundary shape. Thus, a circular cylindrical shell can be open or closed, have 
boundaries which are parallel to the principal coordinates or not, and have cut- 
outs or not. Once the boundary shape is determined, attention is given to the 
possible types of fixity that can exist along each edge (i.e., the boundary con- 
ditions). Finally, attention is given to such special considerations as point sup- 
ports or added point masses. Thus, for each type of curvature, the organization 
of the previous monograph Vibration of Plates is followed. 
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In addition to having the added complexity of curvature, shells are more 
complicated than plates because their bending cannot, in general, be separated 
from their stretching. Thus, a “classical” bending theory of shells is governed by 
an eighth order system of governing partial differential equations of motion, 
while a corresponding plate bending theory is only of the fourth order. This 
added complexity enters into the problem not only by means of more complex 
equations of motion, but through the boundary conditions as well. The classical 
bending theory of plates requires only two conditions to be specified along an 
edge, while a corresponding shell theory requires four specified conditions. 

To demonstrate the significance of the latter point, consider a flat panel 
(i.e., a plate) which is simply supported along two of its opposite edges. The num- 
ber of possible problems which can then arise, considering all combinations of 
“simple” boundary conditions which can exist on the remaining two edges, is 10. 
For a cylindrically curved panel (i.e., a shell) the corresponding number is 136! 

To complicate matters further, whereas all academicians will agree on the 
form of the classical, fourth order equations of motion for a plate, such agree- 
ment does not exist in shell theory. Numerous different shell theories have been 
derived and are used. Thus, if analytical results for frequencies and mode shapes 
of a given shell configuration are presented, strictly speaking, the shell theory 
used in the calculations must be specified. For the sake of separating and defining 
clearly the various shell theories commonly found in the shell vibration literature, 
chapter 1 is devoted to their derivation, with special emphasis being given to the 
identification of points in the derivation where the different assumptions are made 
which give rise to the different theories. 

Statements are found in the literature which imply the equivalence of all 
eighth order shell theories. The accuracy of such statements is examined care- 
fully in chapter 2 on a problem for which exact solutions exist — the closed cir- 
cular cylindrical shell supported at both ends by shear diaphragms. Extensive 
comparisons of results from the various shell theories are made with those from 
the exact, three dimensional elasticity theory. 

In addition to the differences in theories, simplifications are often made in 
the resulting equations of motion or the characteristic (frequency) equations. 
These simplifications include, among others: neglecting certain (hopefully) small 
terms in the equations of motion, neglect of the tangential inertia terms, linear- 
ization of the characteristic equations, and assuming that the wave length in one 
direction is considerably longer than in the other. Comparisons of the effects of 
these simplifications are also made in chapter 2. 

Comparing plate and shell vibrations, it is found that shell frequencies are 
more closely spaced and less easily identified, both analytically and experimen- 
tally. Furthermore, the fundamental (lowest frequency) made for a shell is gen- 
erally not all obvious, whereas for a plate it usually is. 

There are more parameters required to define the shell vibration problem. 
For example, consider a rectangular plate simply supported on all its edges. 
The complete frequency spectrum is determined by varying one parameter — the 
length-to-width ratio. For the cylindrically curved panel having the same edge 
conditions, however, three additional parameters can be independently varied — 
the thickness-to-radius ratio, the length-to-radius ratio, and Poisson’s ratio. 

The present monograph contains approximately 1000 references. Of these, 
more than half deal with circular cylindrical shells. Therefore, two chapters were 
devoted to this voluminous topic. Chapter 2 deals with the results of classical 
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theory while complicating effects are studied in chapter 3. By contrast, very little 
work has been done with noncircular cylindrical shells, and these results are sum- 
marized in chapter 4. Chapter 5 is devoted to circular conical shells. 

Because of the complexity of the field of shell vibrations as described above, 
and because of my own limitations in time and organizational capability, the 
following sacrifices had to be made in the present monograph: 

(1) There are undoubtedly more relevant references which have been un- 
knowingly omitted from this work than in the previous one. This is mainly due 
to the comparative recentness of the shell vibrations literature. 

(2) Chapter 6 is only a bibliography for the vibrations of spherical and 
other shells. 

(3) Numerous forms of nondimensional frequency parameters as given in 
the literature are used directly without conversion to a common parameter. 

For these shortcomings I sincerely apologize to all my readers. 

The support of the National Aeronautics and Space Administration is grate- 
fully acknowledged, particularly that of Mr. Douglas Michel, who sees the value 
of devoting time and effort to making available research results useful to man- 
kind, as well as to the creation of new knowledge. I wish to thank Messrs. S. G. 
Sampath, Adel Kadi, and Ting-hwa Wang, three of my doctoral students, for 
their devotion to this work. Without their help in supervising the procurement 
of the relevant literature, in providing analytical help (particularly in chapters 
1 and 2), and in editing the manuscript, this monograph woulcl not have been 
possible — indeed, I would not have undertaken it. I also wish to thank Drs. 
Robert Fulton, Francis Niedenfuhr, Herbert Reismann, and Carl Popelar- for 
their technical advice. Finally, the enormous editorial assistance of Mr. Chester 
Ball, and Airs. Ada Simon is gratefully acknowledged. 


Arthur W. Leissa 
The Ohio State University 
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Fundamental Equations of Thin Shell Theory 


Chapter 1 


A thin shell is a three-dimensional body which 
is bounded by two closely spaced curved surfaces, 
the distance between the surfaces being small in 
comparison with the other dimensions. The locus 
of points which lie midway between these sur- 
faces is called the middle surface of the shell. 

The distance between the surfaces measured 
along the normal to the middle surface is the 
thickness of the shell at that point. The thick- 
ness need not be constant in the formulation of 
a suitable theory of deformation, but constant 
thickness results in governing equations which 
are easier to solve; furthermore, certain manu- 
facturing processes naturally yield shells of es- 
sentially constant thickness. 

Shells may be regarded as generalizations of a 
flat plate ; conversely, a flat plate is a special case 
of a shell having no curvature. The terminology 
“curved plate” is used occasionally in the litera- 
ture — usually referring to a shell having small 
changes in slope of the undeformed middle sur- 
face. In this work the “shallow shell” will be used 
to describe this type of shell. 

This chapter presents the fundamental equa- 
tions of thin shell theory in their most simple, 
consistent form. Thus the material is assumed 
to be linearly elastic, isotropic, and homogene- 
ous; displacements are assumed to be small, 
thereby yielding linear equations; shear defor- 
mation and rotary inertia effects are neglected; 
and the thickness is taken to be constant. Inas- 
much as this work is aimed at the vibration of 
shells, it should also be said that the vibration 
results predicted analytically are assumed to be 
for a shell in a vacuum (although experimental 
results will generally be given in air) and that 
vibrations will occur with respect to zero values 
of static initial stress in the shell. These compli- 
cating features will be discussed (in those cases 
for which information is available) in subsequent 


chapters dealing with special configurations of 
shells. 

A large number of differing sets of equations 
have been arrived at by various academicians, 
all purporting to describe the motion of a given 
shell. This state of affairs is in contrast with the 
thin plate theory, wherein a single fourth order 
differential equation of motion is universally 
agreed upon. 

Furthermore, there is considerable argument 
in the literature as to whether the differences 
between the various thin shell theories are sig- 
nificant or not (cf., refs. 1.1 through 1.8). In 
chapter 2 some attempt will be made to com- 
pare the results for free vibration frequencies 
and mode shapes arising from various thin shell 
theories in the case of circular cylindrical shells, 
especially for one particular set of boundary 
conditions. 

The main purpose of this chapter is to present 
straightforward derivations of the sets of equa- 
tions of various thin shell theories. It will be 
seen that differences in the theories result from 
slight differences in simplifying assumptions 
and/or the exact point in a derivation where a 
given assumption is used. Only those theories 
which are obtainable from Love's postulates (see 
sec. 1.3) by using a differential element of the 
middle surface, have been derived for shells of 
arbitrary curvature, and which have been ap- 
plied in the literature to shell vibration problems 
will be considered in this chapter. Among the 
thin shell theories which will be derived in this 
chapter are those attributed to Donnell (refs. 1.9 
and 1.10), Mushtari (refs. 1.11 and 1.12), Love 
(refs. 1.13 and 1.14), Timoshenko (ref. 1.15), 
Reissner (ref. 1.16), Naghdi and Berry (ref. 
1.17), Vlasov (refs. 1.18 and 1.19), Sanders (ref. 
1.20), Byrne (ref. 1.21), Flugge (refs. 1.22 and 
1.23), Goldenveizer (ref. 1.24), Lur’ye (ref. 1.25), 
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and Novozhilov (ref. 1.26). However, notallof the 
theories listed above are independent. Many of 
the theories use certain sets of equations in com- 
mon, and some are generalizations or duplica- 
tions of another. Numerous other theories are 
available in the literature. Some are derived by 
expansion of the displacements and stresses in 
power series in the thickness coordinate z. Others 
are derived by asymptotic integration. The fol- 
lowing authors have originated some of the gen- 
eral theories for arbitrary curvature not included 
in this chapter: Aron (ref. 1.27), Basset (ref. 
1.28), Epstein (ref. 1.29), Trefftz (ref. 1.30), 
Synge and Chien (refs. 1.31 and 1.32), Lamb 
(ref. 1.33), Osgood and Joseph (ref. 1.34), Hay- 
wood and Wilson (ref. 1.35), Koiter (ref. 1.36), 
Cohen (refs. 1.37 and 1.38), and Knowles and 
Reissner (refs. 1.39 and 1.40). Writings which are 
particularly good from the standpoint of com- 
parison of various thin shell theories include ref- 
erences 1.1, 1.4, 1.7, 1.17, and 1.41 through 1.47. 

1.1 BRIEF OUTLINE OF THE THEORY 
OF SURFACES 

The deformation of a thin shell will be com- 
pletely determined by the displacements of its 
middle surface. Certain relationships relating to 
the behavior of a surface will be summarized in 
this section. More useful information can be 
found in the numerous texts dealing with differ- 
ential geometry, the theory of surfaces, and 
shell theory (cf., refs. 1.19, 1.24-1.26, and 1.42). 


Assume that the parameters a and (3 always 
vary within a definite region, and that a one- 
to-one correspondence exists between the points 
of this region and points on the portion of the 
surface of interest. Denote 


r, a = - 


dr_ 

da 



(1.2) 


The vectors r, a and r,p are tangent to the a and 
/3 curves, respectively. The length of these vec- 
tors will be denoted by 


V,a\ = A 

\rA=B 


(1.3) 


Consequently it follows that 7, a /A and r )ft /R 
are unit vectors tangent to the coordinate curves. 
If the angle between the coordinate curves is 
denoted by x then 


Denoting 


A B 


= COS X 


(1.4) 




A I'd X fy? 
'Ln 

sm x 


(1.5) 


where i n is the unit vector of the normal to the 
surface and is orthogonal to the vectors i a and ip. 


1.1.1 Coordinate System 

Let the equation of the undeformed middle 
surface be given in terms of two independent 
parameters a and /3 by the radius vector 

r = r(«,* 3) (1.1) 

Equation (1.1) determines the geometric prop- 
erties of the surface and yields a method for 
finding points on the surface. Suppose that the 
parameter a is kept at a fixed value a 0) while 
/3 changes. In this case equation (1.1) deter- 
mines a space curve on the surface. Such curves 
are called (3 curves, and the set of all values a 0 
within a given interval corresponds to a family 
of (3 curves. In an analogous manner one can 
introduce the concept of a curves (fig. 1.1). 



Figure 1 . 1 . ^Middle surface coordinates. 
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The unit vectors i a , ip and i n are usually called 
the basic vectors of the surface. 

1 .1 .2 First Quadratic Form 

Let there be given two points (a, 13) and (a+da, 
/3+d/3) arbitrarily near to each other and both 
lying on the surface. The increment of the vec- 
tor r in moving from the first point to the second 
point is 

clr = r, a da+r,p d/3 (1.6) 

From equations (1.3), (1.4), (1.5) and (1.6) the 
square of the differential of the arc length on 
the surface is 

dr-dr = ds 2 = A 2 da 2 

+ 2AB cos x da d/3+B 2 d/3 2 (1-7) 

The right-hand side of equation (1.7) is the 
“first quadratic form of the surface.” This form 
determines the infinitesimal lengths, the angle 
between the curves, and the area on the surface, 
i.e., the intrinsic geometry of the surface. How- 
ever, the first quadratic form does not determine 
a surface by itself. The terms A 2 , AB cos x, and 
B 2 are called the “first fundamental quantities.” 


1.1.3 Second Quadratic Form 


The concept of the second quadratic form 
arises when one considers the problem of find- 
ing the curvature of a curve which lies on the 

surface. Let r*=r*(s) be the vectorial equation of 
a curve on the surface (s is the arc length from 
a certain origin). Denoting the unit vector along 
the tangent to the curve by f , then 



-> da — d/3 
— rr, fi- 
ds ds 


( 1 . 8 ) 


According to Frenet’s formula (ref. 1.48), the 
derivative of this vector is 


ck_N 
ds p 


(1.9) 


where 1/p is the curvature of the curve, and ft is 
the unit vector of the principal normal to the 
curve. 

Substituting for f from equation (1.8) into 
equation (1.9) one obtains 



where 



d 2 r 
di dj 



Let <p be the angle between the normal to the 
surface i n and the principal normal to the curve 
under consideration ft ; then 

cos i p = i n -ft (1.11) 


If both sides of equation (1.10) are scalar-multi- 
plied by i n , one obtains 


where 


cos <p L da 2 +247 da d/3-\-N d/3 2 
p ds 2 


L 1 , a a' 2j n 


( 1.121 


AL r ja fi"ln r,fi a 'ln 

N = r,fifi-% n 


(1.13) 


The expression (L da 2 +2M da d/3+iV d/3 2 ) is 
called the “second quadratic form” of the surface 
and the quantities L, M, and N are the coeffi- 
cients of the form. The second quadratic form is 
thus related to the curvatures of the curves on 
the surface. 

From equation (1.12) one can obtain the nor- 
mal curvatures of the surface; i.e., the curva- 
tures of the curves obtained by intersecting the 
surface with normal planes. For the curve gen- 
erated by a normal plane, i n and ft are either par- 
allel (<p = 0) or have opposite directions (<p = tt). 
Since a “plane” curve always leaves its tangent 
in the direction of vector ft and if one takes its 
outer normal as the positive normal to the sur- 
face, <p =tt results. Thus from equations (1.7) and 
(1.12) the normal curvature is 


1 

R 


L da 2 +2M da d/3 + TV d/3 2 
A 2 da 2 +2 AB cos X da d/3+S 2 d/3 2 


(1.14) 


To obtain the curvatures of the a curves and 
the /3 curves take /3 = constant and a = constant 
respectively, thus 
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1 _ L 
R ~~ ~T 2 

J__ A 


(1.15) 


1.1.4 Gauss Derivative Formulas 

At this point assume that the curves a = con- 
stant and /3 = constant are lines of principal cur- 
vature of the undeformed middle surface. The 
coordinates a, (3 are then called principal coordi- 
nates. Weatherburn (ref. 1.49) shows that the 
necessary and sufficient conditions for the para- 
metric curves to be lines of principal curvature 
on a surface are that 


cos x = 0 (1.16a) 

M = 0 (1.16b) 

The condition given by equation (1.16a) is that 
of orthogonality satisfied by all lines of principal 
curvature, while M = 0 is the necessary and suffi- 
cient condition that the parametric curves form a 
conjugate system (i.e., through each point on the 
surface passes a unique curve of each family of 
curves). 

• • — I ( 

The second derivatives of r with respect to the 

parameters may be expressed in terms of r, a ,r, p 
and i n . Remembering that L, M, and N are the 

— i 1 — > 

normal components of r, aa , r, a p and r,pp, one may 
write 


? jaa l\l? ja”b I'll? ,0 T-fhn 
T, a p = T\ 2 r, a -\-T\ 2 r,p-\-Mi n ' 
= rj 2 ?',a + r22 r,p-\-Nt n 


(1.17) 


where rj* ( i,j,k= 1,2) are the Christoffel symbols 
which can be expressed in terms of the coeffi- 
cients of the first principal quadratic form as 
follows (ref. 1.24) : 


r iJM 

11 A da 

p2 ^ > 

11 B 2 d/3 


(1.18) 


r 2 — 

1 19 — ^ 


1 dB 


B da 


p 1 = 

J- 99 


B dB 


r 2 = 
22 


A 2 da 

J_ dB 
B 2 d/3 


(1.18) 


1.1.5 Derivatives of the Basic Vectors 


Making use of equations (1.17) and (1.18) and 
the fact that i n -i n = 1 one obtains the following 
expressions for the derivatives of the basic vec- 
tors (ref. 1.42) 


I'n .a “ 


^n,l 3 — 


R a 

k 1 


A _ 1 dA A A 

B df} H B? 

1 dB A 
Ada 1 * 


(1.19) 




1 

B dfl 1 


1 dB. 


B 


l ^~ Ada 1 * R, tn 


1.1.6 Gauss Characteristic Equation 

The four fundamental quantities for principal 
coordinates A, B, L, and N are not functionally 
independent, but are connected by three differ- 
ential relations. One of these, due to Gauss, is 
an expression for ( LN ) in terms of A and B and 
their derivatives, and may be deduced from 
either of the following equations: 


@a,a),0=@a,p),<t (1.20a) 

00, a), 0= 00,0 ),a (1.20b) 

Substituting for the derivatives of basic vectors 
from equations (1.19) into equations (1.20) one 
obtains for principal coordinates 

d/l_ dB\ a/1 dA\ _ _AB _ LN 
da \A da) d/3\B d/3/ K AB 


r i = IM 

12 A d/3 


I 


(1.21) 
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where 1/K = l/R a R s and is called the Gaussian 
curvature. Since the Gaussian curvature is ex- 
pressible in terms of the coefficients of the first 
fundamental form and their derivatives, one can 
conclude that surfaces which have the same first 
fundamental quantities have the same Gaussian 
curvature. 


1.1.7 Mainardi-Codazzi Relations 

In addition to the Gauss characteristic equa- 
tion, there are two other independent relations. 
These may be established from the following 
equation : 

(in ,«),£= a (1.22) 

Substituting for derivatives of the basic vectors 
from equations (1.19) into equations (1.22) 


' 3 /A 

L\ 1 dA~ 

% a ~\~ 

_dp\R 

J Ra 3/3 . 



1 JLfJL 

R a da da\Rp 




(1.23) 


Equation (1.23) is satisfied if 



1 dA 

d(3\Ra / 

~Ra~d/3 


1 dB 

da\Ra ) 

R a da 


(1.24) 


The formulas given by equations (1.24) are the 
Mainardi-Codazzi relations. It is worthwhile 
noting that Bonnet (ref. 1.49) has proved the 
theorem: When A, B, R a , and Ra are given, 
satisfying the Gauss characteristic equation and 
the Mainardi-Codazzi relations, they determine 
a surface uniquely, except to position and orien- 
tation in space. 


1.2 SHELL COORDINATES AND THE 
FUNDAMENTAL SHELL ELEMENT 

To describe the location of an arbitrary point 
in the space occupied by a thin shell, the po- 
sition vector is defined as 


( -h/2<z<h/2 ) 

The magnitude of an arbitrary infinitesimal 
change in the vector R(a,(3,z) is determined by 

(ds) 2 = dRclR = (dr~\-z di n -\-i n dz) 

■(dr+z di n +in dz) (1.26a) 

Remembering the orthogonality of the coordi- 
nate system, then from equations (1.5), (1.6), 
and (1.19) and the chain rule 


dt n = — da+—df3 
da d/3 

one obtains 

(ds) 2 = gi da 2 +(ji dp 2 +gt dz 2 


where 


9 1 


9 2 


~K 1+ i) 

”K 1+ i). 


(1.26b) 


(1.27) 


(1.28) 


9 3=1 

The quantities gi, g 2 , (Is, A, B, R a , and Ra are 
connected by the equations of Lamb (cf., ref. 
1.18), since the three-dimensional space (the 
space in which the three independent variables 
a, /3, z vary) is a Euclidean space. 


kt( A(l+z/R a ) 3a[ ( ^ Ra) I 


Y(i\B{l+z/Ra) 3/?L 


AB 

R a Ra 

(1.29a) 


A (1+z/ R, 


^£K 1+ i)]sK 1+ i) 


da dz 


(1.29b) 


Bil+z/R,,) d/3 1 


K i+ t)]sK i+ i)] 

K 1+ i)] 


3/3 dz L 


(1.29c) 


R(a,l3,z) =r(a,P)-\-zi n (1.25) 

where & measures the distance of the point from 
the corresponding point on the middle surface 
along i n and varies over the thickness 


which are the Gauss equation (1.21) and the 
Mainardi-Codazzi equations (1.24) generalized 
for a surface at a distance z from the middle 
surface. Using equations (1.24) equations (1.29b) 
and (1.29c) can be transformed to 
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a r 

( z \ 


\dB ) 

— i 

3( 1+— J 

= ( 1 + TT" 

1— 

daL 

V RpJ . 

V Ra/ 

'da 1 

a r 

( z \ 

/ 

\dA 

— I 

1 ( 1+—) 


)— 

dpi 

\ Ra/ - 

V Rp/ 

1 dP J 


while the volume of the fundamental element is 
dV( z) = [A(l-\-z/ R a )][B(\-\-z/Rp)] cla dp dz 

(1.33) 

1.3 LOVE’S FIRST APPROXIMATION 


Having established the coordinate system of 
the shell space, the fundamental three-dimen- 
sional element of a thin shell will be defined next. 
The fundamental shell element is the differential 
element bounded by two surfaces dz apart at a 
distance z from the middle surface and four ruled 
surfaces whose generators are the normals to 
the middle surface along the parametric curves 
a = ao, a = ao~\-da, P = Po and j6 = /3o4 -dp. The 
assumption that the parametric curves are lines 
of principal curvature ensures that the ruled 
surfaces will be plane surfaces and, furthermore, 
that these planes intersect each other at right 
angles. The lengths of the edges of this funda- 
mental element are according to equation (1.27) 
(see fig. 1.2) 


ds„ (2) = H(l+2/i2 a ) da | 
ds^=B(l+z/Rf>) dp j 


(1.31) 


the differential areas of the edge faces of the 
fundamental element are 


dA a Cz) = A(l-\-z/R a ) da dz) 

(1.32) 

dA^ z) =B(l+z/Rp) dp dz j 



Figure 1.2. — Notation and positive directions of 
stress in shell coordinates. 


In the classical theory of small displacements 
of thin shells the following assumptions were 
made by Love (ref. 1.13) 

(1) The thickness of the shell is small com- 
pared with the other dimensions, for example, 
the smallest radius of curvature of the middle 
surface of the shell. 

(2) Strains and displacements are sufficiently 
small so that the quantities of second- and 
higher-order magnitude in the strain-displace- 
ment relations may be neglected in comparison 
with the first-order terms (ref. 1.43). 

(3) The transverse normal stress is small com- 
pared with the other normal stress components 
and may be neglected. 

(4) Normals to the undeformed middle sur- 
face remain straight and normal to the deformed 
middle surface and suffer no extension. 

These four assumptions taken together give 
rise to what Love called his “first approxima- 
tion” shell theory. These approximations are 
almost universally accepted by others in the 
derivation of thin shell theories. 

The first assumption defines what is meant by 
“thin shells” and sets the stage for the entire 
theory. Denoting the thickness of the shell by h 
and the smallest radius of curvature by R, then 
it will be convenient at various places in the 
subsequent derivation of shell theories to neglect 
higher powers of z/R or h/R in comparison with 
unity. The second assumption permits one to re- 
fer all calculations to the original configuration 
of the shell and ensures that the differential 
equations will be linear. The fourth assumption 
is known as Kirchhoff’s hypothesis and catego- 
rizes the shell theories that will be discussed in 
this chapter. As a consequence of this geometric 
assumption 

7az = O') 

7^ = 0 i (1.34) 

e 2 = 0j 

and therefore the transverse shear stresses 
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<r a z = o' (32 = 0 

from Hooke’s law. In the following section, non- 
vanishing shear resultants Q a and Q 0 will be 
defined as integrals of the transverse shearing 
stresses, and the transverse shearing stresses 
can be expressed in terms of the shear resultants 
and the surface loads (cf., ref. 1.42). However, 
the vanishing of transverse shearing strains is in- 
consistent with the presence of transverse shear- 
ing stresses. Thus, transverse shearing strains 
must exist. Adding to that geometric assump- 
tion the static assumption that <r* is negligible, 
another inconsistency is introduced; i.e., the 
vanishing of e z and a z simultaneously. 

The third and fourth assumptions deal will) 
the constitutive equations of thin elastic shells 
and assume the shell to behave like a material 
having a special type of orthotropy wherein 
Ez = G az = Gfiz= 00 , and v az = v 0 z = O (ref. 1.41). 


1 .4 STRAIN-DISPLACEMENT EQUATION 


The well-known strain-displacement equations 
of the three-dimensional theory of elasticity in 
orthogonal curvilinear coordinates are (cf., ref. 
1.50, pp. 179-180) 


. _ d / Hi_\ | 1 y dgi U, L 

da.W gj 2g<Zjda k V g k 

k = 1 


i r d ( Ui\ 

VgJ 


i = 1,2,3 
hj ~ 1 ) 2)3 

i^j j 


> (1.35) 


where the e,-, y ij, and U i are normal strains, 
shear strains, and displacement components, re- 
spectively, at an arbitrary point. In the shell 
coordinates the indices 1, 2, and 3 are replaced 
by a, P, and 2, respectively, except for the dis- 
placements U i, U 2, and U 3 , which are replaced 
by U, V, and W, respectively, and the coeffi- 
cients of the metric tensor are given by equa- 
tions (1.28), thus yielding 


e » '■ 


1 / V dB 1 dV W 

(l+z/12,3) \+73 da B dp Rp 


) 


- 


Ta/3 


+ (1+2/72*) 3f 


dW 

dz 

U 


B(l+z/R 0 ) 3/3 1_ + (1+2/72 




73(1+2/72^) d 
+ (1+2/72*) da 

1 aw 

+ (1+2/72*) da 


V 


B(l+g/R p ). 


+ + (l+z/72*) 


dz 


U 


+ (1+2/72*) J 


7pz = 


1 


dW 


B(l+z/R 0 ) dp 


+73(1 +2/72^)— 


V 


dz|_73(l +2/22,3) 


(1.36b) 

(1.36c) 

(1.36d) 

(1.36e) 

(1.36f) 


Now in order to satisfy the Kirch hoff hypoth- 
esis, the class of displacements is restricted to 
the following linear relationships : 


U{a,p,z) = u{a,p)-\-z6 a (a,p) (1.37a) 

V(a,P,z) =v{a,P)+z9 0 (a,P) (1.37b) 

W(a,P,z) =w(a,p) (1.37c) 


where u, v, and 10 are the components of displace- 
ment at the middle surface in the a, P, and nor- 
mal directions, respectively, and 0* and d 0 are 
the rotations of the normal to the middle sur- 
face during deformation about the P and a axes, 
respectively; i.e., 


6 a = 


dU{a,P,z) 

dz 

dV{a,P,z) 

dz 




(1.38) 


The third of equations (1.34) is satisfied by 
using equation (1.37c) with equation (1.36c); 
i.e., W is independent of 2 and is completely de- 
fined by the middle surface component iv. Sub- 
stituting equations (1.37) into equations (1.36e) 
and (1.36f), the first two of equations (1.34) are 
satisfied provided that 


e a = 


(1+2/72, 


1 /_13J7 _7 a+ w\ 

z/72*)\+ da +73 dp 72*/ 


(1.36a) 


U 1 dw 

72* + da 


v 1 div 
72fj~73 d/3 


(1.39) 
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1 .4.1 Equations of Byrne, Fliigge, Goldenveizer, 
Lur’ye and Novozhilov 

Substituting equations (1.37) into equations 
(1.36a, b, and d) yields 


with r still given by equations (1.41) 

and (1.42). These are the strain-displacement 
equations which represent the theories of Love 
and Timoshenko. 


y af} 


e “~(l +z/R a ) (ea+ZKa) 

*"( 1 +l/R^ +z ^ 

(l+2/f2 a )(l+2/7f^)L \ R a R 

+ *( 1 + 2 i. + 2 ^ 



(1.40a) 

(1.40b) 

(1.40c) 


where e„, tp, and t a p are the normal and shear 
strains in the middle surface (z = 0) given by 


1 du 

V dA w 

ea = Ad^ + 

AB d/3 + R a 

u dB 
^ AB da 

1 dv iv 
+ B~dl3 + Rp 

A d/i 
**~B d/3 v 

<7^ 

^7§ 

cq | ^ 
+ 

^ 1 


(1.41) 


1.4.3 Equations of Reissner, Naghdi, and Berry 

If one chooses to make the simplification of 
Love and Timoshenko (i.e., z/R a and z/ Zf^<5Cl) 
earlier in the derivation, then doing so in equa- 
tions (1.36a, b, and d) reduces them to 


1 dU 

V dA 

+E 

A da + 

AB d/3 

R a 

U dB 

1 dV 


AB da 

d/3' 

Rp 


A d /U\ B d /V\ 

7al> ~B d(3\Aj + A da\Bj . 

Then substituting equations (1.37) into equa- 
tions (1.44) the total strains can again be repre- 
sented as the sum of the stretching and bending 
strains as in equations (1.43) with equations 
(1.41) and (1.42) still applying, except that equa- 
tion (1.42c) changes to become 


and K a and k p are the midsurface changes in cur- 
vature and r the midsurface twist, given by 


B dp\A) A 3a\B/ ' ' 


1 dd a dp dA 
A da AB d/3 


(1.42a) 


d a SB 1 ddp 
AB d^ + B d/3 


(1.42b) 


r 


A ±{9a\ B d_(dj\ 1 /I du 
B dp\Aj + A do\Bj + R a \B d(3~ 

1 A dv_ u_ dA 

Rp \A da AB d/3 


v dB\ 
AB da ) 

■) (1.42c) 


These are the strain-displacement equations used 
by Byrne, Fliigge, Goldenveizer, Lur’ye, and 
Novozhilov. 


1.4.4 Equations of Vlasov 

Recognizing that for a shell z/Ri {i = a,f3) is 
less than unity, then one can expand the quo- 
tient 1/(1 -\-z/Ri) into a well-known geometric 
series by simple division; i.e., 

oo 

=Y(- — Y, i = a,p (1.46) 

H -z/Ri 4\ RJ 

71 = 0 

Substituting equations (1.37) and (1.46) into 
equations (1.36a, b, and d) gives 


1.4.2 Equations of Love and Timoshenko 

If in equations (1.40) one neglects the terms 
z/R a and z/Rp and their products as being small 
in comparison with unity one obtains 


e tt = (e a +ZK a ) 



71=0 


ep= (ep+ZKp) 


IH) 

n. = ft 


n 


■ (L47) 

I 

I 

1 


e a — e a -\-ZKa ep = ep-{-ZKp y a p = e a p-\-zr (1.43) 
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7a? 


n = 0 


d 

dP 




n = 0 


(1.47) 


+ I (1+ ^ 


d_ 

da 


(-i)Jj(-i)" 

n = 0 


with e„, ep, K a , and up given by equations (1.41) 
and (1.42). Equations (1.47) can be rearranged as 


oo 

6tx = £a~\~ 

n = 1 

oo 

6/3= tpT nZ n 

Tl= 1 


7 a? = e a p+ ^r„2” 
77^1 


(1.48) 


where 


(1.49) 


n = 


E«) ( K “ Ea) 

u=(-l)' , {^-^) 

r / 1 \ n_i 2 i d / u\ 

Lw £ddw 

(LY-'llflX 

~\Rj Ada\Bj_ 

/ dhv 1 dB dw 1 dA dw\ | 
\da dp B da dp A dP da) | 


and where e a p is that of equations (1.41). If now 
the series contained in equations (1.48) are trun- 
cated after ?i= 1 to provide linear relationships 
in z, then equations (1.49) simplify to 



Kal K a j-y 

K a 


e ? 

Kfi 1-Kp—^r 
Kp 

■ 1 

i\\ A d ( u ) 

fia 

RpJlB dp\Aj 

2 ( 

' d 2 W 1 dB dw 

AB\ 

v > da dP B da dp 


(1.50) 


B d / v 
A daVB 


which are the middle surface curvature relation- 
ships of Vlasov’s theory. 

1 .4.5 Equations of Sanders 

Sanders (ref. 1.20) developed an eighth order 
shell theory from the principle of virtual work. 
The principle is written as 


/./.[( 


f dBN a dANp a 


da 


+ 


dP 


-N, 


“(S 


dA 

dp 


-Np^+Q, 


da 


>49 


bu 


( dANp 

\ dp 


dBN a p 


da 


-N t 


dB 

“ da 


dA AB\ 

~ N “W +Q ^) 


+ 


m ab ab 

~ Na R a Ne Rp 


dBQ a 


dAQp\ 


da dP ) 

, r dA 
M aP - 


dw 


( dBM a dAMp a 
+ \ da + dp '~~'" J dP 

-mJ^-abq, 

da 


aj Sd a 


/ dAMp 
+ \ dp 


dBM 




da 


-Mi 


Pot 


dB 

da 


+AB 


(^N a p — Np a - 


dA \ 


bdg 


Map 

Ra 




dadp = 0 (1.51) 


where the “generalized displacements” include 
the displacement components u, v, and w and the 
rotations 8 a , dp, and 0 n about the P, a, and n 
directions, respectively, and Su, for example, is 
the variation of u. The six quantities in parenthe- 
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ses represent the “generalized forces” associated 
with the generalized displacements as obtained 
from a “generally accepted” set of equations of 
equilibrium (cf., eqs. (1.112) and (1.115)) neglect- 
ing body forces and moments and surface loads. 
Integrating equation (1.51) by parts yields 


[ [ T r (du dA AB \ 

(-U-+B 
\ dp doc 

( du dB \ 

a \ap~ V ^« n ) 


A-N a p5' 

+Ne, 

+Np8 


) 


/ dB dv AB \ 

I u \-A b ^— w 1 

\ da dp Rp ) 


AB 

~' + ~R~ W 

Kp 

- / dxo AB , ^ 

+ B — u— — \-AB9, 

\ da R a 

AB \ 

Rp+ AB V 


+ 0/ 3 S' 


( dio 

\ dp 

+Ma 5 (B d ~t +0 ^) 

dA 

dP 


) 


_ /„d6p dA AB\ 

+M A B j«~ 9 a w~ dn TU 

, ir ( M a dB AB\ 

+M p a 8(A--0p-+ e n —) 




-\-Mp&l A-^-\~d, 


dp 


da dp 


~ < P r ,[(N a 5u-\-N a p Sv-\-Q a Sw 
-\-M a S9 a -\-M a p 89p)B dp 
(N p a 8u-\- Np 8v -(- Qp 8w 
-\-Mpc t 8d a -\~Mp 8dp)A da] = 0 (1.52) 


where the double integral extends over the region 
of the middle surface of the shell enclosed by the 
curve C. The double integral represents the vir- 
tual change in strain energy within C and the 
line integral represents the virtual work of the 
boundary forces. The quantities within the paren- 
theses can now be regarded as the strains corre- 
sponding to the ten components of “generalized 
resultants,” N a , . . . , Mp, thereby yielding the 
following strain-displacement relations: 


Y« = — 


u dA 1 dv 
AB dp A A da 


(1.53c) 


1 du 


v dB 


73 Bdp ABda +9n 

_ 1 dda dp d A 
A da A AB dp 

_J)a_dB lddp 
3 AB da B dp 

_ 6 a dA 1 d6p 6 n 
K " 3 ~ ~AB~dp + Alkt~R' a 

Idda 6p_ dB (L 

3 B dp AB da Rp 

1 dlV U 
1 dw V 

y e° = BTp~Rp +6fl 


(1.53d) 

(1.53e) 

(1.53f) 

(1.53g) 

(1.53h) 

(1.53i) 

(1.53j) 


where y a and yp are the tangential shear strains 
corresponding to the force resultants N a p and 
Np a , respectively, and where y at and yp„ are the 
transverse shear strains corresponding to the 
transverse shear force resultants Q a and Qp. 
Using Kirchhoff’s hypothesis, y az = yp z = 0 ; there- 
fore, equations (1.53i and j) yield the same 
expressions for the rotations of the normal, 9 a and 
9p, as were obtained previously in equations (1.39) . 

The rotation about the normal, 9 n , may be cal- 
culated in terms of u and v by taking the normal 
component of the surface curl of the total dis- 
placement vector (cf., ref. 1.51) giving 


1 / dBv d^4u\ 

245\ da dp J 


(1.54) 


and substituting equation (1.54) into equations 
(1.53c and d) shows that 


7« = 7? (1.55) 

Furthermore, using equations (1.53c, d, g and 
h), (1.39), (1.54), and the Mainardi-Codazzi 
equations (1.24), the following identity holds: 


l du v dA 
(a ~Ad^~ { 'AB~dp" 

U dB 1 dv 
3 AB da A B dp 


(1.53a) 

(1.53b) 



(Y« + 7fi) 


Now define 


e a /s = Ya+Y/s 


(1.56) 

(1.57) 
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T ~ KappKpa 


(1.58) 1.4.6 Equations of Donnell and Mushtari 


S = — (N a p + N Pa ) 



Using equations (1.54) through (1.60), then 
equation (1.52) can be written as 


(N a 5e a -|-/S Se a p-\-Np bep-\-M a SK a -\-H St 
-\-Mp Sup) AB da dfi—(j) c [(Na Su-)-N a p 5v-(-Q a 8w 


<xj p 


-\-M a 86 a -\-M a p S8p)B dp — ( Np a Su-\-Np Sv 
-f- Qp Svo-\-Mp a Sd a -\-Mp 50/3) ^4. do;]=0 (1.61) 


From the double integral in equation (1.61) 
which represents the virtual change in strain 
energy the generalized strains e a p and r corre- 
spond to the resulting S and H. Hence, it is ob- 
served that the strain-displacement equations of 
the Sanders theory are given by equations (1.41), 
(1.42a and b), and 


T 




If one neglects the tangential displacements 
and their derivatives in equations (1.42) for the 
midsurface changes in curvature and twist, they 
simplify to 


1 

d 

( 1 dw\ 

1 dA div 

A 

da 

da) 

ab 2 ep ep 

1 

d ( 

1 div\ 

1 dB div 

B 

dp\ 

Ji dp) 

A^B da da 

B 

d i 

( 1 dlO 

\ Ad/ 1 diu\ 

A 

da 

KB 1 dp 

1 B 3/3\d. 2 da) , 


The strains at any point in the shell are then 
given for the Donnell-Mushtari theory by equa- 
tions (1.43) where t a , ep, and e a p are given by 
equations (1.41) and k„, Kp , and r are given by 
equations (1.63). 


1.4.7 Remarks on the Strain-Displacement 
Equations 

From the preceding section it can be seen that 
the total strains at any point (according to all the 
theories considered here) can be represented as 
the sum of two parts — one due to stretching and 
the other due to bending. In the theories consid- 
ered three types of expressions were found to rep- 
resent the total strain. These are summarized in 
table 1.1. The expressions of Byrne et al. are the 


Table 1.1. — Total Strains at Any Point in a Shell 


Theory 

@ct) 

yap 

Byrne, Fliigge, 

Goldenveizer, Lur’ye, 
Novozhilov 

(i +W 6 “ +ata) 
(i+W' + “ () 

1 f / z 2 \ / z z\ 1 

(l+z/RaKl+z/fl/OlA V 2R “ 2R ») J 

Love, Timoshenko, 

Reissner, Naghdi, Berry, 
Sanders, Donnell, Mushtari 

eo-|-ZK a 

eppZKp 

e a p+ZT 

Generalized Vlasov 

«<*+ / KanZ" 

k 

n = 1 

e a p+ / t„Z" 

k 
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most general of the three types, with the other 
types being special cases of these. The expres- 
sions of Byrne et al. are the direct result of the 
application of the Ivirchhoff hypothesis to the 
strain-displacement relationships of the three- 
dimensional theory of elasticity. The expressions 
of Love et al. were arrived at by neglecting z/R a 
and z/ Rp in comparison with unity, as is seen in 
table 1.1. A milder approximation is that of 
Vlasov who represented a quotient of the type 
1/(1 -) -z/R a ) by its geometric series expansion; 
the accuracy of the approximation then depends 
upon the number of terms retained in the series. 
The expressions ascribed to Vlasov in table 1.1 
are the generalized forms arrived at before trun- 
cation of the series. However, it will be seen in 
section 1.5.3 that the series will be truncated 


after n = 2 for the subsequent development of the 
Vlasov theory. 

The expressions for the middle surface strains 
e a , ep and t a p are the same according to all the 
theories considered here. They are given by 
equations (1.41). 

There is general agreement among the theories 
for the expressions of the middle surface curva- 
ture changes, and up, as can be seen in table 
1.2. If one considers only the linear terms (n= 1) 
of the series expansions for the strains according 
to the Vlasov theory (i.e., eq. (1.50)), then 
Vlasov’s K a , for example, differs from those of 
the other theories by the term t a /R a . This differ- 
ence arose due to replacing 1/(1-| -z/R a ) by its 
series expansion in the derivation. The Donnell- 


Table 1.2. — Change in Curvature of the Middle Surface 


Theory 

Ka 

KP 

Byrne, Fliigge, Goldenveizer, 
Lur’ye, Novozhilov, Love, 
Timoshenko, Reissner, 
Naghdi, Berry, Sanders 

1 d0 a Op dA 
A da AB dp 

1 dOp 0 a dB 
B dp AB da 

Vlasov 3 

1 d8 a Op dA 1 / 1 3u V dA w\ 

1 SOp 6a dB 1 / U dB 1 dv w\ 

A da AB d(3 yA da ^ AB d(3 ^ R a J 

B 3/3 AB da Rp\AB da 1 B dp^Rp) 

Donnell, Mushtari 

1 d / 1 dw\ 1 dA dw 

A da \A da J AB 2 dp dp 

1 d / 1 dw\ 1 dB dw 

B dp\B dp J ~~A 2 B fa ~fa 


0 Terms given for the Vlasov theory correspond only to the linear (ra = l) terms of table 1.1. 


Table 1.3. — -Change in Twist (r) of the Middle Surface 


Byrne, Fliigge, Lur’ye, Goldenveizer, 
Novozhilov, Timoshenko, Love 

A 0 / 8 a \ B d 
B dp \A J A da 

/ 0p\ 1 / 1 du V dB N 

J dp AB day 

\ 1 / 1 dv u dA\ 

/ i?/3\A da AB dP J 

Reissner, Berry, Naghdi 

A d/o a \ B d/dp s 
B d/3\A J A 


Vlasov 0 

(1 l\[-d3 ( 

\Ra RpJ\_B dfy 

( u\ B d / v\ B d / 

^A J A dayB J A da y 

1 dw\ A d / 1 dw\ 
B* dp) B dp\A 2 da) 

Sanders 

A d/e a \ 
Bdp\Aj 

+ B d/e p\ 1 /l 1 \/dBv 34m\ 

+ A da\Bj + 2AB\Rp Ra)\da da) 

Mushtari-Donnell 

B d / 1 3w\ Ad/ 1 dw\ 
A da\B 2 3/3/ B d t 3\A 2 da) 


a Terms given for the Vlasov theory correspond only to the linear (n = 1) terms of table 1.1. 
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Mushtari expressions in table 1.2 are simplifica- 
tions of the others obtained by neglecting terms 
containing the tangential displacements u and v. 

However, there is widespread disagreement 
among academicians concerning the proper form 
for the middle surface change in twist, r. These 
disagreements are summarized in table 1.3. The 
differences in the expressions of Vlasov and of 
Donnell and Mushtari from that of Byrne et al. 
are due to the same reasons discussed in the 
previous paragraph for k„. The r of Reissner et 
al. differs from that of Byrne et al. because the 
neglect of z/R a and z/Rp in comparison with 
unity, and doing so at an earlier stage in the 
derivation than in the Love-Timoshenko formu- 
lation. Sanders’ expression can best be described 
as one having a correction factor added to that 
of Reissner et al., as will be seen in the next 
paragraph. 

Let a shell be subjected to a rigid body trans- 
lation denoted by the vector 

8 — S a i a -i- 8pip-\- 8 n i n (1.64) 

and a rigid body rotation by the vector 

= — Slpia + ^a^P + Qn4 n (1.65) 

Then the displacement vector of a point on 
the middle surface is given by 

u=~8+(flXr) (1.66) 

where r is the position vector locating the middle 
surface as described in section 1.1. Of course, if 
a shell is given a rigid body motion, then sub- 
stituting the displacement of a typical point as 
given in equation (1.66) into the strain-displace- 
ment equations should result in no strains. 
Sanders (ref. 1.20) showed that his strain-dis- 
placement equations are consistent from this 
standpoint, but that the twist does not vanish 
in the Reissner-Nagh di-Berry theory. For the 
latter theory the twist becomes (ref. 1.20) 



which vanishes only for a spherical shell, a flat 
plate, or an axisymmetrically loaded shell of 
revolution. If the rotation £2„ is large it can lead 
to significant errors, as found by Cohen (ref. 
1.38) on helicoidal shells. Thus if the correction 


factor [(1/A«) — (1/Rp)]8n is arbitrarily added 
(with 0„ given by eq. (1.54)) to the expression of 
Reissner et al. in table 1.3, the inconsistency 
discussed above is eliminated and the r of the 
Sanders theory results. Kraus (ref. 1.42, p. 68) 
showed that the strain-displacement equations 
of Byrne, Fliigge, Goldenveizer, Lur’ye, and 
Novozhilov have no inconsistencies with regard 
to rigid body motions. Kadi (ref. 1.44) found 
that the equations of Love, Timoshenko, and 
Vlasov are also free from this inconsistency, but 
the Donnell-Mushtari theory gives curvature 
changes 


5a d_/ 

A da\R a ) 

+ {~R, 


1 _L\A_ dA 8n 

rJaB d(i + RJ 


B dp\Rp) 

/_1 1 \8gdB 8 n 

\Rp R a ) AB da Rp 2 


d/S, 

A B i 9 / 5 A 

Rp)lBdp\/. 

/ A da\Bj„ 




( 1 . 68 ) 


due to rigid body translations 5 a , 5p, and 5„ in 
the u, v, and w directions, respectively. 


1.5 FORCE AND MOMENT RESULTANTS 

As shown in the previous section one result 
of the Kirchhoff hypothesis is to restrict the 
displacements u and v to those which vary 
linearly through the thickness (cf., eqs. (1.37a 
and b)). Consequently, for the theories of Love, 
Timoshenko, Vlasov, Reissner, Naghdi, Berry, 
Sanders, Donnell, and Mushtari, as shown in 
table 1.1, the resulting strains e a , ep, and y a p also 
vary linearly with z. For the other theories the 
strain variation is more complicated, but never- 
theless, completely defined with respect to z. 
Thus, if the relationships between stresses and 
strains are defined (as, for example, in Hooke’s 
Law), the resulting stresses can be integrated 
over the shell thickness. The resultants of the 
integrals will be termed “force resultants” and 
“moment resultants” in this work. Other termi- 
nologies for these quantities used variously in the 
literature of shells include “stress resultants” 
and “forces,” corresponding to our force resul- 
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tants, and “stress couples,” “couples,” “couple 
resultants,” and “moments,” corresponding to 
our moment resultants. The force and moment 
resultants are components of second order 
tensors, and hence they are not true forces and 
moments. The force and moment resultants will 
have dimensions of force per unit length and 
moment per unit length, respectively. 

Proceeding along the path laid out in the 
previous paragraph, Hooke’s Law will first be 
assumed as the constitutive law to be followed. 
This limits all shells considered in this mono- 
graph to be made from materials which are 
linearly elastic. Furthermore, in this chapter 
devoted to deriving shell theories in their most 
simple forms, the materials will be limited to 
those which are isotropic. The effects of ortho- 
tropy and its generalization, anisotropy, will be 
seen in subsequent chapters. Hooke’s Law is 
written in its well-known three-dimensional 
form as 

e a = ~[(r 0[ rOr/s+vz)] (1.69a) 

j ft 

6/5 = — [crys — v(cr z -{-a a )] (1.69b) 

E 

e z = —[c r(<r a +cr^)] (1.69c) 


in this monograph. Temperature can enter the 
problem implicity through its influence upon 
initial stresses or upon the elastic moduli — two 
complicating effects which will be discussed in 
subsequent chapters. 

The Kirchhoff hypothesis, as discussed in 
section 1.3, yields e z = y az = yp z = 0, whence, by 
equations (1.69c, e, and f), <r aZ = ag z = 0 and 
Vz=v((T a -\-(Tp). But Love’s third assumption is 
that <7z is negligibly small, which is one unavoid- 
able contradiction in the order of shell theory 
being considered here. Another contradiction is 
that er„z and ag z are clearly not zero, since their 
integrals must supply the transverse shearing 
forces needed for equilibrium; but they are 
usually small in comparison with <r a , ag, and u a g. 
Retaining the assumption that <j z is negligibly 
small reduces the problem to one of plane 
stress; that is, equations (1.69) reduce to 


e a jj^ a 


= " 0 ’“) 


lag = " 


2(l + r) 
~E~ 


Ga(} 


(1.70) 


which, when inverted, give 


2(1 + *0 
E ^ 

(1.69d) 

2(1 + r) 

E 

(1.69e) 

2(1+*) 

E 

(1.69f) 


E , 

Ae a +ve t j) 
l — v i 

(1.71a) 

E 

t l^+ve a ) 

(1.71b) 

E 

~2(l+ v ) 7aP 

(1.71c) 


where, in accordance with the shell element 
shown in figure 1.2, <r a and ag are the normal 
stresses and <r a p and op a are the shear stresses in 
the tangential ( a and P) directions and a az and 
ap z are the transverse (i.e., in the z direction) 
shear stresses, all acting upon the transverse 
faces of a shell element; E is Young’s modulus, 
and v is Poisson’s ratio. Assuming the symmetry 
of the stress tensor (neglecting body couples), 
then a a g = ag a . It is pointed out that the strains 
are also assumed to be independent of tempera- 
ture because temperature has no explicit effect 
upon the free vibration case being considered 


Consider the face of the element in figure 1.2 
that is perpendicular to the a-axis (i.e., the face 
for which a is constant) . On that face the stresses 
a a , a„g, and <r az act. The arc length of the intercept 
of the middle surface with the face is dsg = R dp, 
and the arc lengths of intercepts of parallel sur- 
faces are ds™ = B(l-\-z/Rp) dp, as discussed in 
section 1.2. The infinitesimal force for example, 
acting upon the elemental area of thickness dz 
on the face is then given by a a ds'f dz. Inte- 
grating such forces over the thickness of the 
shell and dividing by B dp yield the force resul- 
tant N tt) expressed in units of force per 
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unit length of middle surface. Thus, the force 
resultants acting on this face can be expressed as 

(l,2) 

and, similarly, the force resultants on the face 
perpendicular to the (3-axis will be 


M 

1 f h/2 1 



r 


l Qn ) 

| J ~h/2 \ 




The positive directions of the force resultants 
are shown in figure 1.3. 

Similarly, the moment of the infinitesimal 
force a a cls'f dz about the /3-line is simply 
zcr a dsp’ dz and the moment resultant M a is 
obtained by dividing the total integrated mo- 
ment over the thickness by B d/3. Thus, the 
moment resultants are given by 


M a J_ f h/2 
M a f] J -h/2 

VaP 


F»un 

<rp 

(l+^)zdz 

\Mfto,) J -h/2 

Vpa 

\ rJ 


and, consequently, have dimensions of moment 
per unit length of middle surface. The positive 
directions of the moment resultants are shown in 
figure 1.4. 

It is worthy to note that although o-„p = <rp a 
from the symmetry of the stress tensor, it is ob- 
vious from equations (1.72), (1.73), and (1.74) 
that N a 0 7 ±Np a and M«p+Mp a unless R a = Rp. 

At this point the assumption will be made 
that the shell material is homogeneous; in par- 
ticular, that the elastic constants E and v are 
independent of z. Thus, if equations (1.71) are 
substituted into equations (1.72), (1.73), and 
(1.74) and the integrations over z are carried 
out, E and v will be treated as constants. The 
procedure for a heterogeneous material will be 
discussed in subsequent chapters. 

1.5.1 Equations of Love, Timoshenko, Reissner, 
Naghdi, Berry, Sanders, Mushtari, and 
Donnell 

If one neglects z/R a and z/R$ in comparison 
to unity, then equations (1.72), (1.73), and 
(1.74) can be rewritten as 


Figure 1.3. — Notation and positive directions of 
force resultants in shell coordinates. 



Figure 1.4. — Notation and positive directions of 
moment resultants in shell coordinates. 



E 

rh/2 

i 1 ! 

1 M a 

l-p\ 

1 -h/2 

u) 

(Vpl 

E 

rh/2 

i) 

Wpj 

1 -v*. 

l-j 

[z] 


E 


N a p - Np a 

M a p — Mp a j 2(1 + 


(e„+j/e<j) dz 
(e^+ve a ) dz 

h/2 Ml 


-ri 1 ) 

v)J -h /2 ( z > 


1/ a(3 


dz 


(1.75a) 

(1.75b) 

(1.75c) 


where the stress strain equations (1.71) have 
been used and where the transverse force re- 
sultants have been omitted. Substituting the 
expressions for the total strains according to 
Love, Timoshenko, Vlasov, Reissner, Naghdi, 
Berry, Sanders, Donnell, and Mushtari as given 
in table 1.1, equations (1.75) become 


N a = 


Eh 

(1-r 2 ) 


(ta+rep) 


(1.76a) 
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Eh 

#0 = 7; irta + yea) 

(1 — v 2 ) 

Eh 

Na ^ N *° = 2oT7) eafi 

Eh 3 , 

M a = 77777 — (k 0 + vKfj) 


M b 


12(1 — v 2 ) 

Eh 3 

12(1 — v 2 ) 


(kb + vk„) 


Eh 3 

M a$ — Mp a 24 (]_ -J- t , ) 7 " 


(1.76b) 

(1.76c) 

(1.76d) 

(1.76e) 

(1.76f) 


To obtain force and moment resultants in terms 
of the displacement u, v, and w it would now be 
necessary to substitute the expressions for e a , 
ep, and e a p from equations (1.41) and the various 
expressions for k«, Kp, and r (according to the 
various theories) from tables 1.2 and 1.3. 


1.5.2 Equations of Byrne, Flugge, and Lur’ye 


If the strain expressions of Byrne, Flligge, and 
Lur’ye from table 1.1 are substituted into equa- 
tions (1.72), (1.73) and (1.74), along with equa- 
tions (1.71), the results are as given in eq. 1.77. 
Now utilizing the fact that z/R a and 2 / Rp are less 
than unity, quotients of the type 1/ (1 -\-z/R t ) can 
be replaced by their geometric series equivalents, 
as indicated previously by equation (1.46). Then 
for sufficiently small z/Ri, the series of equation 
(1.46) is truncated after terms of the third degree 
and is substituted into equations (1.77) . The inte- 
grands are then expanded, terms of degree 
greater than three are discarded, and the inte-, 
grations are carried out, giving 




Eh 




tc, + Vtp 


-Se-sX-*)] 


(1.78a) 


N, 


Eh [ 
_ 1 — I> 2 L 


tp-\~vt a 


L' 

l2\Rp R, 




(1.78b) 


N a p = 


Eh 


Np a = 


2(1 + 

Eh 


2(1 + 




(1.78c) 


(1.78d) 

Eh 3 T /I 1 \ 1 

M “ = 12(l-, 2 )[- + —k-^>J (L79a) 


M, 


Eh 3 

12(1- 


M a \ 3 = 

Mp a = 


Eh 3 


24(1 + 
Eh 3 


24(1 + 

1.5.3 Equations of Vlasov 


r)( T r ) 


(1.79b) 

(1.79c) 

(1.79d) 


To obtain force and moment resultants, Vlasov 
retained two terms of the series expansions for 
the total strains given in table 1.1; i.e., 


C a £a~\~ZKal~\~Z 3 K a 2 j 

Bp — ep-\-ZKpi~\-Z 2 Kp2 > (1.80) 

T = e a p + ZTl + Z 2 T 2 J 

with K an , Kp n , and r„ defined by equations (1.49). 
Substituting equations (1.80) into equations 
(1.75), integrating, and disregarding terms which 
contain powers of h greater than three, one 
obtains the force and moment resultants of 
Vlasov (ref. 1.19, p. 284). 


N a 

M a 

Np 

Mp 

N a p 

M a p 


■iTx/- J*)[( 1+ i) ( 1+ £) 


dz 


2(l + r) 

Np a \ _ E 
Mpa) 2(1 + 


) _ i^/-wC)[( 1+ i) ( 1+ i) * 

d-Jl l( 1+ i) [( 1 'g^) , "' +z ( 1+ i + 5l ;)]* . 


(1.77) 
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FA 



E [ \ 

ft 

II 

1— ‘ 

1 1 
to 

«a+r£0 


2(1-+)J f L 


Nt> = : 


Eh 


12 ( r „ It)( Ka bJ ] 




- ai - a-ai 


Naf = 
Nf, a = 
M a = 

Mft = 
M a p = 
Mp a = 


Eh 


2(1 + 0 
Eh 


2(1 + 0 

Eh 3 

12 ( 1 - 


h 2 / 1 


' 24\f?a 

Rp) 

h 2 / 1 


’ 24 \R? 

RJ 

K a +VKp— ( 

( l 

\R* 

K0+rK« — | 

( 1 

\Rp 


(1.81) 


Eh 3 


24(1 + 
Eh 3 


o ( t + kJ 
o ( T+ S) 


> (1.82) 


24(1 + , 

1 .5.4 Equations of Goldenveizer and Novozhilov 

From the theory of elasticity the well-known 
expression for the strain energy stored in a body 
during elastic deformation is 


U 


1 f 

— ~ / + cfia 4 ” a pGp \~ &n@n + &apy ufl ^az'Y az 

+d/3zT^z) dV (1.83) 


where dV is the element of volume which, ex- 
pressed in shell coordinates, is (see eq. (1.33)) 

d7 = (l+J-^l+^-)+B da d/3 dz 

Applying the Kirchhoff hypothesis of thin shells 
reduces equation (1.83) to 

U = - [ {<j a e a + 0 + 0 + <r a py a p) dV ( 1 . 84) 

27 v 

Substituting equations (1.71) into equation (1.84) 
yields 


e a 2 + C/3 2 + 2y e a e,3 

+^~y a AdV (1.85) 

Substituting further the expressions for the total 
strains in terms of the middle surface strains and 
changes in curvature given in table 1.1, equation 
(1.85) becomes 

+ ( 1 + i )( 1 + i ) ( * s+ “' ) ’ 


+2 r (e„ + 2/c„) (ep + 2K/j) 
z 2 

R a Rp. 




+2 ( 1 + 2^ + 2^) T ]V S da dP dZ (L86) 


Replacing (1+z/A,)" 1 in equation (1.86) by its 
series expansion given in equation (1.46) and 
neglecting terms raised to powers of z greater 
than two in the integrand one obtains 


U 


= o 7 i A [ (Qo + 2 Ql + z 2 ^ 2 )^-® 

2(1 — v )Jv 


da dp dz 


(1.87) 


where Q 0 , Qi, and Q 2 are defined by (ref. 1.26) 

Qo = (ta+e^) 2 — 2(1 — v)(e a ep — (1.88a) 

Qi = 2(e a K a +epKp) + 2 v(e„K 0 + 60 K«) 

+ ( 1 — v) icpT — ^ (ej — ep 2 ) ( 1 . 88b) 

@2= (Ka + Kp) 2 — 2(1 — r)^KoK0 — — ^ 

“ V ( s + i) , “ r 

+(- — — V— — — ^ 

\R a Rj\R a RpJ 

(l-r)/J 1 j_J_Y 2 (1.88c) 

2 \R a 2 R a R„ Rf V 
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Carrying out the integration of equation (1.87) 
over the thickness (taken to be constant) be- 
tween limits 2 = —h / 2 and 2 = +A / 2 gives 


< L89) 


where the integral of the term in equation (1.87) 
containing Q\ disappears because of symmetric 
limits. 

Novozhilov (ref. 1.26, p. 45) argued that be- 
cause the use of the Kirchhoff hypothesis in 
replacing the strain energy integral given in 
equation (1.83) by that of equation (1.84) intro- 
duces errors of the order li/R in comparison to 
unity, then terms of this order cannot be arbi- 
trarily rejected in equation (1.89), but must be 
examined carefully to determine whether they 
are to be retained or rejected. First the curva- 
ture changes and twist are replaced by dimen- 
sionless quantities defined by 



'- h 

e a p' = hr j 


(1.90) 


where e a ', ep 1 , and e a p can be physically interpreted 
as the strains in the extreme fibers of the shell 
resulting from K a , up, and r, respectively. Substi- 
tuting equations (1.88a and c) and (1.90) into 
equation (1.89), equation (1.89) can be rewritten 
as 


U = oh E 2 J f {h+h + h)ABdadp (1.91) 
4(1 — V )JaJp 

where 


h = 


(«« + «o) 2 — 2 (1 — v) (e a €f> 

+-j^ (e a ' + e /) 2 

-2(1 — 4-V— ^)], 



(e<xtJ — eptp) 


(1 -v) (h h\ 

24 \R a Rp) 


(taptaP ) 


I 

I 

I 


(1.92) 



It can now be seen that 7 2 and J 3 are now of the 
orders ( h/R { ) and (h/ It,-) 2 , respectively, with re- 
spect to unity; hence, Z 2 and I 3 were neglected 
by Novozhilov in comparison with h, giving for 
equation (1.89): 



(e a +ep) 2 


2(1 — v) (e a ep — j +— ^(k« +/ f/s ) 2 
— 2(1 — v)^K a Kp — — ^ 1 j AB da d/3 (1.93) 


This is the same as Love’s (ref. 1.13) strain en- 
ergy expression, wherein stretching and bending 
portions are uncoupled. 

Returning to the strain energy functional given 
by equation (1.84) and taking its variation gives : 

SU = J ( <y a Se a -\~ap 8ep-)-cr a p Sy a p) dV (1.94) 


Substituting the expressions for the total strains 
from table 1.1 gives 




+00i 

+v a/ 3 


( i+ £) 


(Sep-j-z Step ) 

8e a p 


(i-— ) 

\ R a Rp / 

+zv a 0^1 + — — ^ 2 ^”) j^4R da d(i dz 


(1.95) 


Making use of the definitions of force and 
moment resultants given by equations (1.72), 
(1.73), and (1.74), equation (1.95) can be 
rewritten as 


8U 


— I I (N<x 8e a -\-Np 8ep-\-S 8e a p 

JaJ P 

-\-M a 8K a -\-Mp 8 kp~\-H St) AB da dfi (1.96) 


S = N a p-^ = Np a -^-M a p (1.97a) 

xt/3 Lla 


where 
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H=-(M a g+M Pa ) (1.97b) 

Taking the variation of equation (1.93) yields 
(e a + r«g). 5e« + (eg + vt a ) 

' ' ■] 

(Ka+rKfl) 5Ka+(Kg + rK„) 5« a 
AH da clfl 


(l-v) 


h 2 

+ 12 
+ ^r Sr 


(1.98) 


Comparing equations (1.96) and (1.98) leads one 
to the following relationships: 


Substituting the definitions of the moment 
resultants given in equations (1.74) into equation 
(1.100) (remembering tr a p = <rg a ) yields 



(1.103) 


and using equation (1.71c) gives further 


E 


<P = 


(l _i\ r j i+— V 1 

4(i+,)V^ rJJ-h/2 \ rj 

( 1+ i) [( 1 _ se>)'" 


+ ‘{ 1+ w. + w}] 


dz (1.104) 


N a = 

Ng = 


Eh 

(1 r 2 ) 

Eh 

(W) 


( ta + vtp ) 
(eg + re,,) 


Eh 

>J = _ . — re a g 




2(1 + v) 

Eh 3 


12(1 — p 2 ) 


(K a + yKg) 


Eh 3 


H = 


Eh 3 

24(1 + p) T 


(1.99a) 

(1.99b) 

(1.99c) 

(1.99d) 

(1.99e) 

(1.99f) 


These are the force and moment relationships 
given by Novozhilov (ref. 1.26, p. 48). 

To obtain relationships for N a p, Np a , M„g, and 
Mp a instead of those for S and II given in equa- 
tions (1.99), some further manipulation is 
necessary. Define a function <p by 

<P = \{M a g-Mg a ) (1.100) 


Adding equations (1.97b) and (1.100) and 
substituting equation (1.99f) gives 


M a p - 


Eh 3 

W^) T+V 


( 1 . 101 ) 


Substituting equations (1.97b) 
similarly leads to 


Mp a = 


Eh 3 

24(1 + r) T 


<P 


and 


( 1 . 100 ) 

( 1 . 102 ) 


Integrating equation (1.104) and neglecting 
terms containing h raised to powers greater than 
three (actually neglecting powers of li/ Ri greater 
than three with respect to unity, if the equations 
are put into nondimensional form as was done 
earlier in this section) yields 



(1.105) 


Inserting equation (1.105) into equations (1.101) 
and (1.102) and using the nondimensional form 
of the twist given by equation (1.90c), one can 
see that the function ip is of order h/ Ri in com- 
parison with unity and, hence, can be neglected. 
Thus, a consistent set of force and moment 
relationships for N a p, N Sa , M a g, and M$ a by this 
theory is, from equations (1.101), (1.102), 

(1.97a), (1.99f), and (1.99c), 


„ Eh ( , h* \) 

NaP 2(l+i0v* + 12fl P 7 

m Eh ( , h * \ , 

9a 2 ( 1 + r ) \ ^ 1 2R a T ) ' 


M a 0 = Mg a = 


Eh 3 


0a " 


24(1 + *) 


(1.106) 


The force and moment resultant equations 
given above as derived by Novozhilov (ref. 1.26) 
(and independently by Balabukh (ref. 1.52) at 
the same time) are also those which were adopted 
by Goldenveizer (cf., ref. 1.24, pp. 83, 84, and 
230). 
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1.5.5 Remarks on the Force and Moment 
Resultant Equations 


Essentially three different procedures have 
been followed in obtaining the force and moment 
resultant equations given in the preceding sec- 
tions. Beginning with the defining equations 
(1.72), (1.73), and (1.74) for the forces and mo- 
ments, after the stress-strain equations (1.71) 
are introduced, equations (1.75) corresponding 
to the theories of Love, Timoshenko, Reissner, 
Naghdi, Berry, Sanders, Mushtari, and Donnell 
are arrived at by indiscriminantly neglecting 
z/Ri (i = a,0) in comparison with unity. On the 
other hand, integration of the unsimplified equa- 
tions (cf., eqs. (1.77)) over the thickness is 
extremely cumbersome. The theory of Byrne, 
Flugge, and Lur’ye simplifies the integration and 
at the same time attempts a more careful discard 
of terms of higher order by using the series expan- 
sion of quotients of the type 1/(1 -f -z/Ri). The 
Vlasov theory does likewise, following a slightly 
different algebraic manipulation. 

Consider now a rationale which could be used 
to reduce equation (1.78a) of the Byrne-Fliigge- 
Lur’ye theory to the corresponding equation 
(1.76a) of Love et al. Equation (1.78a) is first 
rewritten as 



(1.107) 


For a thin shell, it is reasonable to neglect the term 
h\{\/R a 2 ) — (l/R a R^))/12 in equation (1.107) 
with respect to unity. The second step required 
to reduce equation (1.107) would be to neglect 
h 2 [{l/R a ) — (1/E^)]k„/ 12 vdth respect to (e a + ve/). 
Introducing the nondimensional curvature tj 
given by equation (1.90a), it is seen that thb 
second assumption is valid provided that the 
strains due to bending are small compared to 
those due to stretching. 

On the other hand, consider the analogous 
procedure to reduce equation (1.79c) for the 
twisting moment M a p to the corresponding 
expression of Love et al., equation (1.76f). To do 
so, it is necessary to neglect the term e a p/R a in 
comparison with t. But substituting equations 
(1.39) into equation (1.42c) and using equations 
(1.41), the resulting expanded form for t contains 
e a f /R a as an explicit, non-negligible term. It is 
therefore inconsistent to neglect e a $/R a in com- 
parison with r. 

The third procedure, leading to the equations 
used by Novozhilov and Goldenveizer, avoided 
inconsistencies of the type described above by 
taking variations of the strain energy functional 
and carefully discarding terms. 

The force and moment resultant equations 
arising from the various theories are summarized 
in tables 1.4 and 1.5. 


Table 1.4. — Force Resultants According to the Various Theories 


Theory 

(1 -V^Na/Eh 

(1 -v^Np/Eh 

2(1 +r)Naf)/Eh 

2(1 +v)Nf,a/Eh 

Byrne, Flugge, Lur’ye 

1 

-Rp)i? a ~R«) 


h}( 1 
12 \R a 
1 \/r e«A 
RfJ\ 2 Raj 

h % ( 1 

l\A 

Ra)\ 2 RpJ 

Goldenveizer, Novozhilov 


+ rf c 

h 2 

ea0+ i2 w; 

h* 

** + m. T 

Love, Timoshenko, Reissner, 
Berry, Naghdi, Mushtari, 
Donnell, Sanders 

+ vep 

^ + ve a 


€(*P 

Vlasov 

Same as Byrne, 
Flugge, Lur’ye 

Same as Byrne, 
Flugge, Lur’ye 

h 1 / 1 l \ 
24 yG rJ 

h 2 ( 1 l\ 
^24 \Re~R a ) T 


FUNDAMENTAL EQUATIONS OF THIN SHELL THEOKY 


21 


Table 1.5 . — Moment Resultants According to the Various Theories 


Theory 

12(l-v*)M a /Eh 3 

12(l-v 2 )Mp/Eh 3 

24(1 + v)M a p/ Eh 3 

24(1 + v )Mp a /Eh 3 

Byrne, Flugge, Lur’ye 

Ka + m V~{ia~£) ta 

k v + ^£wp j r£ 

e<x& 

Ra 

e«/3 

Goldenveizer, Novozhilov, 
Love, Timoshenko, 
Reissner, Naghdi, Berry, 
Mushtari, Donnell, 
Sanders 

Ka + VKp 

Kp + VKot 

T 

r 

Vlasov 

Same as Flugge, 
Byrne, Lur’ye 

Same as Byrne, 
Flugge, Lur’ye 

T + ^ 

, e «p 

T+ W a 


1.6 EQUATIONS OF MOTION 

At least three distinct methods are used in the 
literature for obtaining equations of motion, all 
depending upon the results obtained in the pre- 
vious sections. The first method is the one most 
widely used and, hence, is the “standard one.” 
It simply applies Newton’s laws by summing 
forces and moments which act upon a shell ele- 
ment of thickness h. An excellent derivation 
based on this approach is given in Novozhilov’s 
monograph (ref. 1.26, p. 33). The second method, 
exemplified by the derivation in section 1.6.2, 
begins with the equations of motion of an in- 
finitesimal element of the three-dimensional 
theory of elasticity and integrates them over 
the thickness to obtain the equations of motion 
for a shell element. The third method is actually 
a class of variational methods. One derivation of 
the variational type depending upon Hamilton’s 
principle was made by Kraus (ref. 1.42, p. 40). 
Sander’s equations derived in section 1.6.4 are 
also an example of the third method. 

In the derivations which follow, for simplicity 
the equations of motion are derived in the static 
case, yielding equations which govern the equi- 
librium of a shell element. However, the equi- 
librium equations will include body force and 
body moment terms which are readily capable 
of representing inertial terms by applying 
D’Alembert’s principle at a later stage. 

1.6.1 The Standard Derivation 

Consider the equilibrium of the shell element 
of thickness h shown in figure 1.2 under the 


influence of internal force and moment resul- 
tants as shown in figures 1.3 and 1.4 and exter- 
nally applied body forces and moments and 
surface loads. The total external force intensity 
vector q is the sum of all such effects and can 
be written as 

q = qJ'aAqpipAqJ'n (1.108) 

In general, q has components in all three direc- 
tions as indicated, is considered to be acting at 
the middle surface, and must be multiplied by 
the area of the middle surface (AB da d/3) to 
obtain a true force. Thus, q has the dimensions 
of force per unit area. In practice it may arise 
due to externally applied pressures or external 
fields (gravitational, accelerative, magnetic, etc., 
see eqs. (1.118) for the integrals defining q a , qp, 
and q n ). Similarly, the moment intensity due to 
these external fields is given by 

m = mJa + mpip ~f m n i n (1.109) 

and has dimensions of moment per unit area. 

Let the total forces acting upon the faces 
defined by a = constant and by ,3 = constant be 

denoted by F a and Fp, respectively, where 

Fa = {N a la + N a pip + Q a i>i)B d/3 
Fp = (N p a i a -\- N pipA Q$n) A da 

as shown in figure 1.3. Love’s second postulate 
that the deflections are sufficiently small allows 


J ( 1 - 110 ) 
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one to refer equations (1.110), which are written naturally in terms of the deformed middle surface, 
to the undeformed middle surface instead. On the other two faces of the shell element the corresponding 

forces are F a + (dF a /da) da and Fp-\-{dFp/dp) dp. Thus, the vector equation of force equilibrium for 
the shell element is given by 


dF dF 

- 7 — da-\ — ~ dp-\-qAB da dp = 0 (1.111) 

da dp 

Substituting equations (1.108) and (1.110) into equation (1.111) and utilizing the rules for differentia- 
tion of unit vectors given by equations (1.19), the vector equation can be expanded into its three 
scalar components as follows: 


-r~(BN a ) +—(ANp a ) +— N„p — — ~Np+—-Q a + ABq a = 0 (1. 1 12a) 

da dp dp da R a 

~{ANp)+-- (BN af j) A~N na — -—N a -\ — —Qp + ABq$ = 0 (1.112b) 

dp da da dp Hp 

AB d d 

Tr-fV' „ —Nf>+—-(BQ a ) +- ~(A Qp) + ABq n = 0 (1. 112c) 

JXiu -tCf} da up 

Let the total moments acting upon the faces defined by a = constant and by f3 = constant be 
denoted by 91l a and 911/3, respectively, where 


= (~M a pt a +MJp)B dp (1.113a) 

3T lp = (-Mpi a +MpJp)A da (1.113b) 


as shown in figure 1.4. On the other two faces of the element the corresponding moments are 

9Tl a +(391 l a /da) da and 'MpA (d c Mp/dp) dp. Thus, the vector equation of moment equilibrium for the 
shell element is given by 


d3H tt , , dM.fi Jse „ ds a dF a , \ / . ds B \ dF s \ 

da-\- dp—(F a Xip)— (Bp X t*) - ^ - + H — daj X yds a i a H — - -ipj-{-^Fp-\-~^-dpj 


da 


dp 


X 


(dsptp H — 


+mABdadp = 0 (1.114) 


where the point 0 has been used as the reference origin for the moments; where the term (F a Xip) dsp/2, 
for example, represents the moment of the force F a located by the position vector (dsp/2)ip with respect 
to 0; and where ds„ = Ada and dsp=B dp. Substituting equations (1.109), (1.110), and (1.113) into 
equation (1.114), performing the indicated vector cross products, and utilizing equations (1.19), the 
vector equation can be expanded into its three scalar components as follows : 


d d 

—(BMa) +—(AMp a ) +— — M a p — —Mp—ABQ a -\-ABmp = 0 

da d/3 d/3 da 

d d dB 0 A. 

— ( AMp ) - {--—(BM a p ) +-—Mpa — —M a —ABQp-\-ABm a = 0 

dp da da dP 


\T AT t Map Mp a 
Nap-Nffa+— — = 0 

fl a Ibi 3 


(1.115a) 

(1.115b) 


(1.115c) 
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Equations (1.112) and (1.115) form the set of equations of equilibrium used by most authors in 
shell theory. 

1 .6.2 An Alternative Derivation 

The three-dimensional equations of equilibrium in a set of orthogonal, curvilinear coordinates are 
given by (cf., ref. 1.50, p. 181) 



1 9&ij d(jj 

2 Qj d<Xi_ 


+q*gv / y t = Q 


i= 1,2,3 


(1.116) 


where g = V 7 (J\(!i(J-a and q * is the body force intensity per unit volume. In shell coordinates the indices 
1, 2, 3 are replaced by a, /3, and z, respectively, and the coefficients of the metric tensor are given by 
equations (1.28), thus yielding (ref. 1.41) 

— ( gp&a) T-^o -0 + — ( V^oap) d — 9 «gp u a z) 4 ~^-a M d-V g a (jpq a * = 0 (1.117 a) 

da da <3/3 o/3 dz K a 

—{'v r g a , Tp) — d-— ( V^o-a^) d — d-— p*) d — d" ^ y°ypyp * = o (i.ii7b) 

0/3 0/3 da da dz Kp 

—■ — p - ^ _0 ’ ? d-T _ (V / £/ 3 <r«) d-~r(V / g a <jpl) +— (Vi <7aE//3<n) + a/ g a gpq n * = 0 (1.117c) 

tt a tip da d/3 dz 

where the symmetry of the stress tensor has been assumed and where the term y/ g a gpq a * is, for example, 
a combined body and surface force intensity in the direction i a . 

Upon multiplying equations (1.117) through by dz, integrating over the thickness, and making 
use of the generalized Mainardi-Codazzi equations (1.30) and the definitions of the force resultants 
given by equations (1.72) and (1.73), one obtains the force equilibrium equations (1.112), with the 
following definitions for q a , qp and q n : 


^ ^ rh/2 

y^za]-k/ 2 +-j^ J ^ \ 9agpq a * dz 

^ rh/2 

Q*gpvip]-h sd - ^ J ' s// y adpqp* 

l l rh/2 

q n = j^[Vg a gp(r t ] k ^ / 2 +— J V g tt gpq n 


dz 
* dz 


(1.118) 


Upon multiplying equations (1.117) through by z dz, integrating over the thickness, and making 
use of equations (1.30) and the definitions of the force and moment resultants given by equations 
(1.72), (1.73) and (1.74), one obtains the first two moment equilibrium equations (1.115a) and (1.115b). 
However, equation (1.117c) does not give equation (1.115c); rather, it gives a relationship between 
M a , Mp and certain higher order stress resultants not used in classical shell theory. 


1.6.3 Equations of Donnell and Mushtari 

The equations of Donnell and Mushtari are arrived at by neglecting the terms containing Q a and 
Qp in the two tangential force equilibrium equations (1.112a, b). The remaining force equilibrium 
equation (1.112c) and the moment equilibrium equations (1.115) remain unchanged. 
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1.6.4 Equations of Sanders 

In section 1.4.5 the strain-displacement equations of Sanders’ theory were derived from the 
principle of virtual work. The “generally accepted” equilibrium equations (1.112) and (1.115) were 
accepted as basic axioms for which a consistent set of strain-displacements were deduced. However, 
the process of reducing the number of independent force and moment results (not including Q a and 
Qji) from eight to six requires derivation of a new, consistent set of equilibrium equations by another 
application of the principle of virtual work. 

Beginning with the virtual change in strain energy due to the internal force and moment resultants 
as given by the area integral in equation (1.61), reintroducing the transverse force resultants Q a and 
Qf), and integrating by parts gives 


( ( (AT. 
J aJ 0 


-\-S 8tp-\-M a 5k* +H 8r-\-Mp 8np-\-Qa Stkz+Q/s 8yp z )AB da dfl 

SitTiS 5wTQ a Sw-\-M a 50 a -(-/l5^ dp-\-~ ^ ^ 

— II ^ 8v-\-F 3 Sw-\-F 4 86 a -{~ F 5 8Qp) da dj3 
J aJ 0 


> (1.119) 


where the functionals F 1, . . . ,F 5 are defined by 


* - +s Tr N >rA Hikr ] + x e - 




F 2 = ^(AN fl )+^(BS)+S~-N a ^+ 9 . Vp -_ 

dp da da dfi 2 da?L \Rp R, 


+ — Q/S 

Rp 


F 3 = -~N a -^Ne+^(BQA+~(AQ fi ) 

R a Rp da dp 

Fi=^{BM a )+^(AH)+H d ^-M^-ABQ a 

da dp d& da 

F t = ^UM f )+^{BH)+H d £-M a ~ABQ f 

dp da da d/J 


( 1 . 120 ) 


For the shell to be in equilibrium, the principle of virtual work requires that the left-hand side of 
equation (1.119) must equal the line integral on the right-hand side, in which case the area integral on 
the right-hand side must vanish. Because the virtual displacements 8 u, ... , 50p are independent 
and arbitrary, each term of the area integral must vanish independently. Thus, setting 

F i — F 2 = F 3 = F i— F 5 = 0 (1.121) 

in equations (1.120) equal to zero gives the modified equations of equilibrium for the internal forces 
according to Sanders’ theory. Adding suitable inertia terms to them gives corresponding equations of 
motion. 


FUNDAMENTAL EQUATIONS OF THIN SHELL THEORY 


25 


1 .6.5 Remarks on the Equations of Motion 

There is widespread agreement on what con- 
stitutes the equations of motion. Equations 
(1.112) and (1.115) were directly arrived at either 
by summing force and moment resultants acting 
upon a shell element, or by integrating the three- 
dimensional equilibrium equations of elasticity. 
Kraus (ref. 1.42) obtained the same equations by 
means of variational calculus and Hamilton’s prin- 
ciple. Sanders’ equations (1.120) and (1.121) were 
seen to be different. This difference resulted from 
his initial assumption that the rotation about the 
normal 6„, is a basic entity to be included in the 
virtual work principle and then later redefining 
9 n to be dependent upon u and v (cf., eq. (1.54)). 
As a result of this redefinition, a second applica- 
tion of the principle of virtual work resulted in 
additional terms appearing in the force equilib- 
rium equations taken in the a and 0 directions 
(that is, corresponding to u and v). 

If the sixth equilibrium equation (1.115c) is 
rewritten in terms of the force and moment 
resultants (eqs. (1.72), (1.73), and (1.74)) then it 
becomes 

ft 2 (<r “^^" ) ( 1+ ^)( 1+ l 3 ) Cfe = 0 (L122) 

which is identically satisfied if the symmetry of 
the stress tensor is assumed. This symmetry was 
assumed a priori in the alternative derivation 
given in section 1.6.2. 

1.7 SYNTHESIS OF EQUATIONS 

At this point the equations governing the 
motion of each point within a shell are now 
complete for each theory considered except for 
the boundary conditions (initial conditions are 
not needed for the problem of determining free 
vibration frequencies and mode shapes for a 
given configuration). Because of the relatively 
large numbers of equations and unknowns which 
were necessarily introduced in the preceding- 
sections, it is now desirable to delineate the 
necessary and sufficient sets of equations which 
define the motion and lay out the procedure 
which is customarily followed in combining them 
to reduce their number. A summary of the sets 


of equations and the independent and dependent 
variables is now given. 

Strain-displacement equations. Six strain-dis- 
placement equations are summarized for each 
theory by equations (1.41) and tables 1.2 and 
1.3. Substituting for the rotations 6 a and 6$ from 
equations (1.39), there remain six generalized 
components of strain e„, ep, e a p, K a , Kp, and r which 
are given explicitly in terms of the three dis- 
placement components u, v, and w. 

Force and moment resultants. Eight equations 
summarized by tables 1.4 and 1.5 express the 
eight force and moment resultants N a , Np, N a p, 
Np tt , M„, Mp, M a p, and Mp a as explicit functions 
of the six strain components e„, tp, e a p, K a , Kp, 
and t. 

Equations of motion. Five equations of motion 
must be satisfied. These are given by equations 
(1.112) and (1.115a and b) (or by equations 
(1.120) and (1.121) in the case of the Sanders 
theory). Equation (1.115c) is satisfied identi- 
cally. The five equations are implicit relations 
among the ten force and moment resultants N a , 
Np, N a p, N p a , Q a , Qp , M a , Mp, M a p, and Mp a . 

Thus, in general, there are 19 equations relat- 
ing 19 unknowns — u, v, iv; e a , ep, e a p, k„, Kp, t; 
N a , Np, N a p, N Pa, Qa, Qp, M a , Mp, Mat 3 ) Mp a . 
For some theories (e.g., Love, Timoshenko, 
Reissner), N a p = Np a and M a p = Mp a , thereby 
reducing the number of equations and unknowns 
to 17. 

The usual procedure followed to reduce the 
number of equations and unknowns to a more 
manageable number is to begin by eliminating 
Q a and Qp from the five equations of motion, 
which reduces their number to three. This is 
done, for example, by solving equations (1.115a 
and b) for Q a and Qp and substituting into equa- 
tions (1.112). The force and moment resultant 
expressions are then substituted into the equa- 
tions of motion, giving them in terms of the 
generalized strains. Finally, the strain-displace- 
ment equations are substituted, yielding three 
differential equations of motion having u, v, and 
w as dependent variables and a, (3, and t (time) 
as independent variables. The set of differential 
equations is of the eighth order. 

Time enters the equations of motion through 
inertial terms. For the free vibration problem 
the body force intensities q a , qp, and q n will be 
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replaced by their translatory inertia equivalents (3) Find the stress components at any point 
given by by means of the stress-strain equations (1.71) . 


q a = 




?» = 


— ph 

— ph 


dhi 

dt 2 

d 2 V 

dt 2 


, dhv 
— ph — r 
dt 2 


1.8 BOUNDARY CONDITIONS 


(1.123) 


Assume that the boundaries lie along coor- 
dinate curves. The work done by the reactions 
at the boundaries is zero; i.e., 


Wi 


r Pi _ 
= / (Fa 
J Pi 


u+3iz a -n) 


Bdt 3=0 (1.124) 


where p is mass density per unit volume and t 
is time. Rotary inertia can be included by suit- 
ably replacing m a , and nip in equations (1.115a 
and b), but this effect is generally negligible 
unless the shells become relatively thick (say, 
h/R> 1/10, where R is the least radius of curva- 
ture of the shell). However, in this case it be- 
comes equally important to include the effects 
of shear deformation, which requires a complete 
reformulation of the shell theory and leads to a 
tenth order set of differential equations of mo- 
tion. Thus, the effects of shear deformation and 
rotary inertia will be considered as a separate 
subject in later chapters. 

Following the systematic procedure outlined 
in the paragraph before the last, it would be 
possible to display general equations of motion 
in terms of u, v, and w for shells having arbitrary 
curvature properties. However, the equations 
would be extremely unwieldy, especially when 
the radii of curvature R a and Rp (and, conse- 
quently, the Lame parameters A and B) are 
not constant, but depend upon a and /3. Thus, 
the procedure will be followed only for specific 
curvatures (cylindrical, spherical, conical, etc.) 
and the resulting equations of motion will be 
presented where relevant in the subsequent 
chapters. 

If the equations of motion are solved to find 
u, v, and to (in the case of free vibration the mode 
shape is determined), then the resulting stresses 
<r a , <rp and (T a p can be found in the following 
manner : 

(1) Substitute u, v, and w into the strain- 
displacement equations. 

(2) Determine the strains at points through- 
out the shell thickness (particularly at z— ±h/2) 
by using the expressions given in table 1.1. 


along the boundary a = a 2 and 


W a 


r 


(F p ■!*-(- 911,3 'll) 


0 = 0 ! 


Acla = 0 (1.125) 


along the boundary >3 = y3 2 . The vectors F a , Fp, 

91l„ and aify are given by equations (1.110a and b) 
and (1.113a and b), respectively, and 

u = ui a -\-vip-t-wi n (1.126) 

12= — 6pi a d - 6Jtp (1.127) 

By substituting equations (1.110), (1.113), 

(1.126), (1.127), and (1.39) into equations 

(1.124) and (1.125), one obtains 


BT = 


J | ' N a u-\-N a pv-\-QaW-\-M a p 

/ v 1 dw\ 

\Rp~B 3/3/ 


\-\-M a 6 a 


B cl/3 = 0 


W 2 = 


(1.128) 


Np a u~{-NpV-\- Qpw-\-Mpdp 


+Mp, 


/ U 1 div\ 

a \Ra~Afa) 


A cla =0 


0 = 0 ! 


but, integrating by parts 


div 


rP 2 

/ Map— d/3 = MapW 

J Pi °p 


02 

Pi 

f 

J p 


- —( M ap)wda 

I Pi op 


f 

J ai 


' dw 

Mp a — da = Mp a w 
3a 


on 

f 


- j ~J,Mp tt )w d/3 


(1.129) 


By substituting equations (1.129) into equations 
(1.128) and collecting terms, one obtains 
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Wi= f?\ Nau+ ( Na * + iS) v 

+ ^)t0+AT„0„l B dp 

\ B dp ) J«_ a , 

la = a2 

-M af> w «.«, = 0 (1.130a) 


The boundary conditions associated with San- 
ders’ equations of equilibrium are obtained by 
setting the virtual work of the forces acting on 
the boundaries of the shell equal to zero. Thus 
from equation (1.119) one obtains 

N a or u = 0 (1.133a) 


W, = j 2 [(^“+ 

i Ck+ J d lt) W+M ^ 

— Mp a w 


+ 


A da 

0=02 

0=02 

r=02 (1.130b) 


Equations (1.130) are satisfied if the integrand 
and the second parts of the equations are set 
equal to zero. Thus the boundary conditions, on 


N a 


[ s+ (^- 2 k) fl ] 

Kf) 


or 0 = 0 (1.133b) 


or 


M a 

Hid 


or 


02 


= 0 


01 


to = 0 (1.133c) 

0„ = O (1.133d) 
(1.133e) 


on an edge where a = constant and 




M a 

M a fjlV 


~ J 

or 

w = 0 

(1.131a) 


or 

« = 0 

(1.134a) 

or 

0 = 0 

(1.131b) 

Np 

or 

0 = 0 

(1.134b) 

or 

id = 0 

(1.131c) 

KS) 

or 

io = 0 

(1.134c) 

or 

0« = O 

(1.131d) 

Mp 

or 

a 2 

2? 

II 

o 

(1.134d) 

= 0 


(1.131e) 

Hiv 

= 0 
afl 


(1.134e) 


on an edge where p = constant. 


and on an edge where p = constant 



N f 



1 

A da ) 


or 

or 


M$ or 


Mfi a W 


= 0 


u = 0 (1.132a) 

0 = 0 (1.132b) 

10 = 0 (1.132c) 
00 = 0 (1.132d) 
(1.132e) 


If the p curve is a closed curve, then equation 
(1.131e) is identically satisfied. Similarly, if the 
a curve is a closed curve, equation (1.132e) 
is identically satisfied. Equations (1.131) and 
(1.132) are the boundary conditions associated 
with the equations of equilibrium given in equa- 
tions (1.112) and (1.115). 


1.9 SHALLOW SHELL THEORY 

A shallow shell may be regarded as a slightly 
curved plate. A shell whose smallest radius of 
curvature at every point is large compared with 
the greatest lengths measured along the middle 
surface of the shell is one definition of a shallow 
shell. Vlasov (ref. 1.19) describes a shallow shell 
as follows: 

Consider a shell outlined in part by some surface and 
which is a thin-walled spatial structure with a compara- 
tively small rise above the plane covered by this structure. 
We call such shells shallow. If, for example, a building 
which has a rectangular floor plan is covered by a shell 
with a rise of not more than 1/5 of the smallest side of the 
rectangle lying in the plane of the supporting points of 
the structure, then we class such a spatial structure in 
the category of shallow shells. 

The development of the shallow shell theory 
is principally credited to Marguerre (ref. 1.53), 
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Reissner (refs. 1.54 and 1.55), and Vlasov (ref. 
1.19). An extensive bibliography on shallow shells 
is given by Leissa and Kadi (ref. 1.56). 

No attempt to present a rigorous derivation of 
shallow shell theory will be made in this section. 
For rigorous derivations the reader is referred 
particularly to references 1.19, 1.54, 1.55, and 
1.56. The primary purpose of this section is sim- 
ply to present the shallow shell equations for 
shells having arbitrary curvatures for reference 
in subsequent chapters. 

The terms containing Q« and Qp in the first 
two equilibrium equations (1.112a) and (1.112b) 
are neglected as in the Donnell-Mushtari theory 
(sec. 1.6.3). Further, the tangential loads q a and 
qp (which are tangential inertia terms in the free 
vibration problem) are neglected. With these 
two assumptions equations (1.112a) and (1.112b) 
are identically satisfied by the introduction of 
an Airy type of stress function ip defined by 


V„ = - — 


Na = 


N, 


aP ' 


1 d ( 


1 dB d<p 

B 3/3\ 

3/3/ 

A 2 B da da 

1 d ( 

( 1 3<p\ 

1 3A dip 

A 3a' 

da) 

1 AB 2 3/3 3/3 

-Np a = 

1 / 

' 3V 

AB\ 

,3 a 3/3 


1 

3A d<p 1 dB i 


A 

3/3 da B da 

e expx 

’essions 

for changes of 


(1.135) 


taken as in the Donnell-Mushtari theory (eqs. 
1.63) and the compatibility condition for dis- 
placements of the middle surface are approxi- 
mated (in particular, the Gaussian curvature, 
l/R a Rp, is assumed negligibly small). The re- 
sulting equations of equilibrium and compati- 
bility which govern the deflected region of a 
shallow shell then become, respectively (ref. 
1.19) 


DV 4 w+V B V = 2n] 
VV— = 


(1.136) 


where V 4 = V 2 V 2 and 


Eh 3 

12(1 -v*) 


(1.137) 


V 2 = 


AB 


Vp 2 = 

AB 


d^/B d\ d _ /A jA 
3a\A da) 3/3\jB 3/3/ 

3a\f?2 A da) 





(1.138) 


Further, according to the shallow shell theory 


and 


M a = — D(KaA-VKp) 
Mp= — D(Kp + VKa) > 
D 

Mad = M Pa = — — r 


(1.139) 


D d 

Qa = AVa (Kl+K2) 


D d 

Q ^ = Bd~^ Kl+K2) 


(1.140) 


with the expressions for hi, k 2 , and t given by 
equations (1.63). The governing eighth order set 
of equations (1.136) is then solved in terms of 
the two dependent variables iv and <p, with 
physical quantities being determined from equa- 
tions (1.135), (1.139), and (1.140). 
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Chapter 2 


This chapter will be limited to the study of 
thin circular cylindrical shells, not including the 
effects of initial stress, anisotropy, variable thick- 
ness, shear deformation, rotary inertia, large 
deflections, nonhomogeneity, or surrounding 
media. These complicating effects wall be studied 
(as they pertain to circular cylindrical shells) in 
chapter 3. 

Nevertheless, there is a great deal of complexity 
in the organization of the remaining material. 
The standard or classical theories of thin shells 
are governed by eighth order systems of differen- 
tial equations which, as was seen in chapter 1, 
take many forms, depending upon the assump- 
tions made. For some problems, simplifying 
assumptions leading to the fourth order inexten- 
sional or extensional theories can be justified. 
Cylindrical shells can be opened or closed, and 
edge restraint conditions can take many forms. 
Several physical parameters can be varied, 
including 

(1) Number of circumferential waves 

(2) Thickness/radius ratio 

(3) Length/radius ratio 

(4) Poisson’s ratio. 

The governing differential equations of motion 
are sometimes simplified by neglecting tangential 
inertia, or by neglecting other terms in the equa- 
tions for various justifying reasons. Solution of 
the governing equations is often accomplished by 
one of several approximate methods. Finally, 
experimental, as well as theoretical, results are 
frequently available for comparison. 

In the first section of this chapter the shell 
equations derived in chapter 1 will be expressed 
in terms of circular cylindrical shell parameters 
and the corresponding equations of motion will 
be synthesized. The remainder of the chapter is 
devoted to reporting vibration results. The case 


of the shell of infinite length is discussed first 
because of its relative mathematical simplicity. 

Results are subsequently presented both for 
closed and open thin circular cylindrical shells of 
finite length. By far, most of the results available 
are for closed shells, although in some cases the 
results for closed shells can also be interpreted in 
terms of open shells. Open shells can be either 
shallow or deep. Although there are 136 combina- 
tions of “simple” boundary conditions possible 
for a closed circular cylindrical shell, most of the 
results are available for a single one of these 
cases — when both ends are supported by shear 
diaphragms. Two types of boundary conditions 
not axisymmetric but of practical value have no 
reported results. These are 

(1) Point supports. 

(2) Boundary conditions that are discontin- 
uous along a single edge; for example, one portion 
of a boundary may be clamped and the remainder 
free. 

Furthermore, little has been done with circular 
cylindrical shells when the natural cylindrical 
coordinates of the problem are incompatible with 
the boundaries, as in the case of closed shells 
having noncircular edges or cutouts. 

2.1 EQUATIONS OF MOTION 

The shell coordinates to be used are x and 6 as 
shown in figure 2.1. Further, the length coordi- 
nate x is replaced by a nondimensional length s 
defined by 

s = x/R (2.1) 

where R is the cylindrical radius. Following the 
procedure outlined in section 1.7 the equations 
of motion are synthesized for the case of a circular 
cylindrical shell by using the following parame- 
ters in tables 1.1 through 1.5: 
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p = d 
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a = s, 
A =R, 
R a = m , 


Rp — R ) 


( 2 . 2 ) 


The equations of motion for thin circular cylindri- 
cal shells can be written in matrix form as 


[<£]{«.} = {0} 


where {■», } is the displacement vector 


{«.'} = 


u 

V 

10 


(2-3) 


(2.4) 


u, v, and w are the orthogonal components of 
displacement in the x, 6, and radial directions, 
respectively, and [£] is a matrix differential 
operator. 



Figure 2.1. — Closed circular cylindrical shell 
and coordinate system. 


2.1.1 Eighth Order Equations 

Different eighth order systems of equations are commonly used to model the vibrational behavior 
of circular cylindrical shells. In this case the [£] operator in equation (2.3) can be treated as the sum 
of two operators; i.e., 

[£] = [£n-jv]+/r[£ii/oi>] (2.5) 

where [£d_at] is the differential operator according to the Donnell-Mushtari theory, [£,i/oi>] is a 
“modifying” operator which alters the Donnell-Mushtari operator to yield another shell theory, and 
Ic is the nondimensional thickness parameter defined by 


lc=h 2 /12R 2 


( 2 . 6 ) 


Thus, each eighth order shell theory for circular cylindrical shells differs from the Donnell-Mushtari 
theory by an operator [& M od\ which is multiplied by the constant k, which is very small for small 
h/R ratios. 

The Donnell-Mushtari operator is found to take the form 


[£D_jir] 


' a 2 (l— v) d 2 
_ds 2+ 2 dd 2 

(1 -v 2 )R 2 d 2 ' 
_P E dt 2 _ 

(1-M d* 

2 ds dd 


d 
v — 
ds 


(1 + r) d 2 
2 ds dd 


~ (l-y) d 2 d 2 
2 ds 2+ dd 2 
(1 -V 2 )R 2 d 2 ^ 

P E dt 2 

d_ 

dd 


d 
v — 
ds 


d_ 

dd 


l + fcV 4 +p 


(1 -v 2 )R 2 d 2 
E dt 2 


(2.7) 


where V 4 = V 2 V 2 and 


THIN CIRCULAR CYLINDRICAL SHELLS 


33 


3 2 3 2 

V 2 = 1 

as 2 dd 2 


( 2 . 8 ) 


Similarly, the modifying operators for various circular cylindrical shell theories take the forms shown 
below. 


Love-Timoshenko : 


[£a 


0 

n f 02 + a2 


o 


0 — (2 — 0 


3 3 d 3 


ds 2 aa dd 3 


Goldenveizer-N ovozhilov ( also Arnold-W cirburton) : 

"0 0 


[<£atoz>] — 


, , a 2 a 2 

0 2(1 


0 — (2 — i/)- 


as 2 de dd 3 

o 

o 


, „ a 3 a 3 

— (2 — v) 

as 2 aa aa 3 


as 2 aa aa 3 

Houghton- Johns ( simplified Goldenveizer-N ovozhilov) : 

"0 0 


[£a/ox>] — 


0 


0 


0 


■(2 — v) 


„ . a 3 a 3 

0 — (2 — 0 

ds 2 dd dd 3 


Flugge-Byrne-Lur’ye (also Biezeno-Grammel) : 

(1 — v) a 2 
2 aa 2 

[JSmod] = 0 

a 3 , (l-o a 3 


o 

3(i — Q a^ 
2 as 2 

( 3-0 a 3 


^5 

ds 2 dd aa 3 
o 


a 3 , (i -0 a 3 


as 3 2 as aa 2 


2 as 2 aa 


as 3 2 as aa 2 

(3-Q a 3 
2 3s 2 aa 

a 2 

1 + 2 — - 

aa 2 


Reissner-Naghdi-Berry: 


[£a/ob] — 


0 0 

(i -0 a 2 a 2 

0 : + 


0 


a 3 


2 as 2 aa 2 as 2 aa aa 3 

o 


a 3 _a*_ 
ds 2 aa aa 3 


(2.9a) 


(2.9b) 


(2.9c) 


(2.9d) 


(2.9e) 
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Sanders: 


[£jiiob] — 


(1 — v) d 2 


Vlasov: 


[£mod\ — 


8 

3(1- 

dd 2 

v) a 2 

8 

as aa 

(i— *0 

a 3 

2 

dsdd 2 


0 


0 

33 + 

(I-*) 

ds 3 ' 

2 a 


3(1 -») d 2 
8 ds dd 

9(1 -v) d*_ 

8 as^aa 2 


(3 — 1*) a 3 


a 3 


ds 2 dd dd 3 


(1-y) a 3 

2 ds dd 2 

(3-y) a 3 a 3 
2 ds 2 dd~dd 3 

0 

a 3 (i-v) a 3 ' 


as 3 2 ds dd 2 
(3 - v ) a 3 


as 2 aa 


(3— »-) a 3 


as dd 2 


ds 2 dd 


a 2 

1 + 2 — 
dd 2 


E p stein- Kennar cl: 
[&mod] = 


f (2— 9? +6+) a 2 

' (2 — 7j/+5+ — +) a 2 

' (2 — 9j> + 6+) a 

L 2(1-,) 2 

as 2 

2 ( 1 — v) 2 as aa 

2(1— ^) 2 as 

, (1-^) d 2 

+ a 4 

+ a 4 

( 2 - 5 *++) a 3 

2 aa 2 (i 

— v) 2 as 4 

(l-i*) 2 as 3 aa 

2(1 - y ) 2 as 3 

+ a 4 


l + 54 I 

(i-v+4+-2+) a 3 

(l i*) 2 as 2 aa 2 . 


' (i-**) 2 asaa 3 J 

2(1 — j*) 2 asaa 2 . 

' (3+!* -17+ +12+) a 2 

(10 -23* + 12+) a 2 

r (10-26*+15+) a 

L 2(1 — ;*) 2 

as aa 

2 ( 1 — j*) 2 aa 2 

2 ( 1 — j*) 2 aa 

+ a 4 


+ a 4 

i/(3 — i/) a 3 

(l-^) 2 ds 3 dd 


(I-?) 2 as 2 aa 2 

2 (i-,*) 2 aa 3 

1 

CI 

A 


+ a 4 1 

(3— 9j*+6+— 2+) a 3 

(i-^) 2 ds aa 3 . 


1 (l— »*) 2 aa 4 J 

2(1 -j*) 2 as 2 aa 

i*(i+3i*) a T 

3+ a 3 

r 5 V a 

(1+3*) 

(l-j*) as ' 2(1— I*) 2 as 3 

.2(1 -v) aa 

L (1-v) 


(4 — 5y + + + 3+) a 3 I 

2(1 — j/) 2 asaa 2 J 


(2 — 7j/+llt* 2 — 3i* 3 ) a 3 


2(1 — i/) 2 as 2 aa 
3(2— 4i>+3+) a 3 l 


Kennard simplified: 


2(l-i*)» aa 3 . 

’0 0 
0 0 

0 0 


( 2 - 2 »> +++ 2 +) _+ 
2(1 - v y ds 2 
(io— I7i*+i0v 2 ) a 2_ | 
2(1— ^) 2 aa 2 ] 


[&mod\ 


0 


3 v 


3* a 3 


2(1 - y ) aa 2(1—1*) aa 3 

(2+j<) (4—!*) a 2 

2(1 — 2(1 — »*) aa 2 J 


(2.9f) 


(2.9g) 


(2.9h) 


(2.9i) 
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For the various shell theories the modifying 
operators are simple in some cases and compli- 
cated in others. Furthermore, several of them are 
seen to be nonsymmetric, which has resulted in 
much criticism in the literature of shell theory 
(cf., refs. 2.1 and 2.2). Nonsymmetric equa- 
tions of motion can yield imaginary vibration 
frequencies. 

The shell theories described by the differen- 
tial operators in some cases are specializations 
of the theories derived in chapter 1 for arbitrary 
shells and, in other cases, were developed spe- 
cially for circular cylindrical shells. The theories 
of Donnell-Mushtari, Love-Timoshenko, Golden- 
veizer-Novozhilov, Fliigge-Lur’ye-Byrne, Reiss- 
ner-Naghdi-Berry, Sanders, and Vlasov were 
derived in chapter 1. 

Arnold and Warburton (refs. 2.3 and 2.4) 
derived their widely used equations of motion of 
circular cylindrical shells by using Lagrange 
equations with suitable strain energy and kinetic 
energy expressions. Although they began with 
Timoshenko strain-displacement equations, par- 
ticular assumptions made when integrating over 
the thickness yielded the equations of Golden- 
veizer and Novozhilov. This equivalence has 
apparently been pointed out in the literature. 

Houghton and Johns (ref. 2.5) suggested a set 
of simplified equations of equilibrium for static 
problems of circular cylindrical shells which are 
obtained by neglecting k with respect to unity 
in the Goldenveizer-Novozhilov equations. This 
procedure was also carried out by Bijlaard (ref. 
2.6) on the Timoshenko-Love equations. Epstein 
(ref. 2.7) derived a general set of equations of 
shell theory from the three-dimensional theory 
of elasticity by means of expansion of stresses and 
displacements with respect to the thickness coor- 
dinate, z. These equations were subsequently 
rederived and specialized to circular cylindrical 
shells by Kennard (refs. 2.8 through 2.11). 

As indicated in chapter 1, in addition to the 
theories derived there, there exist many other 
distinct theories for thin shells having arbitrary 
curvature. In addition there are theories derived 
specially for circular cylindrical shells which will 
not be accounted for in this chapter, for example, 
those of Coupry (refs. 2.12 and 2.13), Morley 
(ref. 2.14), Herrmann and Armenakas (refs. 2.15 
and 2.16), Yu (ref. 2.17), Galerlcin (ref. 2.18 and 


ref. 2.19, p. 295), Miller (ref. 2.20), Simmonds 
(ref. 2.21), and Mugnier and Schroeter (ref. 2.22). 

The strain energy of a circular cylindrical 
shell is obtained by substituting the appropriate 
strain-displacement equations into equation 
(1.84) and integrating over the thickness. The 
total strain energy can be written as 

h r2ir r 1 

F = v 7 i rr / / (Jd-m+ZcJ mod) ds dd (2.10) 

2(1 — v 2 )Jo Jo 


where Id-m is the integrand of the strain energy 
of the shell according to the Donnell-Mushtari 
theory and is given by 


_ (du dv \ 2 


•)’ 


. Taw l(dv du\ 

- [as w_ 4\a5 _ a0/ 

1 f dhv dhv 



(2.11) 


and I mod is the “modifying integrand” which 
differs depending upon the shell theory being 
used. Some examples of modifying integrands 
which are appropriate to the shell theories being 
considered here are given below. 


Goldenveizer-Novozhilov: 


I MOD — 


dv ( dF\ 

— 2 — V 2 zy + ( • — J 

dd \ddj 


d 2 W dv dhv 

■-)- 2 — 

ds 2 ds ds dd 


0] 

(2.12a) 


Houghton- Johns: 
dv dhv 


I mod — — 2 — 


dd dd 2 


dv dhv .dv d 2 W 

-2y - — 4(1 — j/) 

dd ds 2 ds ds dd 


Fliigge-Lur’ye-Byrne: 


I mod — 


( 1 - 


v)fdu\ 


+ (l-v)- 


(2.12b) 


du dhv ydu d 2 W 
dd ds dd ds ds 2 


+3 


( 1 - 


zzY— Y- 
' W 


3(1 — v) 


dv d 2 w 
ds ds dd 


dv d 2 W „ „ d 2 W 

-2ji \-w 2 +2w — - 

dd ds 2 dd 2 


(2.12c) 
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Reissner-N aghdi-Berry: 

dv ( <9iA 2 r 

1 mod = — 2—V 2 w + ) -2(l-,)[- 


dv dhv 
dd ds 2 


dv dhv 
ds ds d6 


4 ©] 


(2.12d) 


Sanders: 


I MOD ~ 


(1-v) 


( 5 )’- 


(1 — v) dv du 


ds dd 


, .du dhv fl 
+ (1 — v ) — ■ — - — '+9 — 
dddsdd 

+ © 

dv dhv 


( dv \ 2 „ dv dhv 

- ( — ) — 2 v 

\dd) dd ds 2 
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-3(1 — 0 


- 2 - 


aa aa 2 


dv dhv 
ds ds dd 

(2.12e) 


Vlasov: 


T du dhv du dhv , s dv dhv 

I MOD = (l—v) 2 3(1 — J/) 

dddsdd ds ds 2 ’ dsdsdd 

dv dhv dhv 

-2v -+iv 2 +2iv (2. 12f) 

dd ds 2 dd 2 


It is further noted that the strain energy inte- 
grands given by equations (2.11) and (2.12) are 
consistent with the equations of motion given 
earlier in this section for these theories. Consis- 
tency requires that the equations of motion are 
derivable from an energy principle by means of a 
variational procedure. 

For example, one variational principle which 
may be invoked is Hamilton’s principle, which 
may be written as 

sf (T-V)clt = 0 (2.13) 

Jlo 


That is, the variation of the time integral be- 
tween given time limits of the difference between 
the kinetic and potential energies must vanish. 
The kinetic energy of the shell is 


+(£)’] 


R 2 els dd (2. 14) 


Substituting equations (2.10), (2.11), (2.12), and 
(2.14), it can be seen that equation (2.13) can 
be written in the form 


J to Jo Jo \ 


du du du dv dv dv div dw 
ds’ dd dt’ds’dd’dt ds’dd’ 


div dhv d 2 W dhv 
dt ’ ds 2 ’ds dd dd 2 


) 


dsdddt = 0 (2.15) 


and the functions u, . . . , d 2 w/dd 2 are functions 
of s, d, and t. From the calculus of variations, 
the conditions that equation (2.15) be satisfied 
are the Euler-Lagrange equations, given by 


cKF_ _ d {&L\ _ 

du ds\du s J dd\duej dt\du t ) 

d_/d5\ d/d?F\ 
dv ds\dv s ) dd\dVe) dt\dVt) 

d$ d/dj\ d /d£F\ d/dff\ 
dw ds\div s ) dd\dwe) dt\div t J 



a 2 / d$ \ 

dd 2 \dlVse / 


(2.16) 


where, for example, d$/du s indicates the partial 
derivative of the functional J with respect to the 
function du/d s. 

Using the various strain energy functionals 
given by equations (2.11) and (2.12) in con- 
junction with equations (2.16), the equations of 
motion determined by equations (2.7) and (2.9) 
will result. 

Strain energy integrands which are consistent 
with the other theories included in equations 
(2.9) cannot be found because the equations of 
motion are not symmetric. 

The total strain energy integrand given in 
equation (2.10) can be written as the sum of 
two parts — one part due to stretching (mem- 
brane) and one part due to the addition of 
bending stiffness; i.e., 


where 

7 membrane 


7 total 7 membraneT* 7bending 


(2.17) 


/ du dv \ 2 

\ds dd ) 

... jaw \(dv aw\ 2 ] 

— — -(———) J (2.18) 

and 7bendin g is the sum of those terms of the 
integrand of equation (2.10) which contain k, 
taken both from equations (2.11) and (2.12). 
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2.1.2 Extensional (Membrane) Equations 

The extensional or membrane theory for cir- 
cular cylindrical shells has an extensive history, 
including the early works of Rayleigh (refs. 2.23 
and 2.24) and Love (refs. 2.25 and 2.26). In 
using this theory it is assumed that the bending 
rigidity of the shell is negligible at every point. 
Thus, the extensional equations of motion can 
be arrived at by setting fc = 0 in equations (2.5) 
and (2.7), yielding 

d 2 u (1 — v) d 2 u (1 + v) d 2 v dii > 

2 Je 2+ 2 ds de +v ds 

p(l — p 2 )R 2 d 2 u 
~E dt 2 


(1 + r) d 2 u 


(l — p) d 2 V ( d 2 V t dw 
ds dd ' 2 a? + d0 2 + d0 

p(l-p 2 )R 2 d 2 v 
~E dt 2 

p(l — p 2 )R 2 dhv 


du dv 

v \-w = — 

ds dd 


E 


dt 2 


> (2.19) 


This system of differential equations is of the 
fourth order in s and 0. The strain energy inte- 
grand given in equation (2.18) is consistent with 
these equations. 


2.2 SHELLS OF INFINITE LENGTH 


Consider first the closed circular cylindrical 
shell of infinite length having displacements of 
the form 

u = A cos As cos nd cos wt 1 


v = B sin As sin nd cos wt 
w = C sin As cos nd cos wt 


( 2 . 20 ) 


-A 2 - 


(1-r) 


(1 + r) 


A n 


p(l — v 2 )R 


E 

(1 + v) 


•w 2 ! 


An 


[- 


(l~r) 

2 

p(l- 


A 2 — n 2 


p 2 )R 2 w 2 1 

E \ 


— p\ 


where A, B, C, and A are undetermined constants, 
n is an integer for closed shells, and w is the 
frequency of free vibration in radians per second 
(if the mass density p is expressed in units involv- 
ing seconds). The cyclic frequency (cps) is ob- 
tained by dividing w by 2tt. The form of solution 
taken in equations (2.20) assumes that the time 
and spatial variables are separable, giving rise to 
normal modes executing simple harmonic mo- 
tion, the period and phase of the motion being 
the same for all points on the shell. The periodic 
functions of 0 used in equations (2.20) guar- 
antee that the displacements are periodic (e.g., 
w(s,d) =w(s,d+2w)) and continuous (e.g., 
io(s,ir) =w(s,—ir)). 

Substituting equations (2.20) into equations 
(2.1) and (2.3), using any form of the eighth or- 
der shell theories given by equations (2.7) and 
(2.9), it can easily be seen that the number of 
differentiations in each term of the equation of 
motion are such that each equation of motion 
permits factorization of terms containing s, 0, 
and t out of each equation. The equations of mo- 
tion must be satisfied for all values of s, 0, and t 
allowed to vary independently. This leads to a 
set of homogeneous equations which, for the 
Donnell-Mushtari theory, for example, can be 
written in matrix form as in equation (2.21). 
For a nontrivial solution, the determinant of the 
coefficient matrix in equation (2.21) is set equal 
to zero, which yields either of the following two 
eigenvalue problems: 

(1) For a given A, there exists one or more 
proper values of the frequency parameter 
p(l — p 2 )R 2 w 2 /E such that the determinant van- 
ishes, or 


v\ 

A 


0 

—n 

B 


0 

|\+ib(A 2 +?i 2 ) 2 

C 


0 

p(1-p 2 )R 2 w 2 1 

E J 
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(2) For a given frequency co, there exists one 
or more proper values of X such that the deter- 
minant vanishes. 


Of course, since s = x/R, then the half-wavelength 
of the displacement functions in the x direction 
is Z if X is chosen to be ttR/1, and the frequencies 
of free vibration can be found which correspond 
to the given wavelength. 

As will be seen in section 2.3 the displacement 
functions chosen as in equation (2.20) also exactly 
satisfy the freely-supported or shear diaphragm 
end conditions of finite length shells. Thus, a 
circular cylindrical shell of infinite length vibrat- 
ing in a mode, so that the half-wavelength in the 
.^-direction is l, corresponds to a finite shell of 
length l having a particular set of end conditions. 

One simple mathematical model of a cylindrical 
shell of infinite length is obtained by using the 
concept of plane strain. The necessary assump- 
tions are that there is no motion in the direction 
of the length of the shell and that the physical 
quantities (displacements, membrane forces, 
bending moments, etc.) do not depend upon loca- 
tion along the length. Thus, the case of plane 
strain requires 

u ~0 r v=v(d), iv = w(d) (2.22) 


which changes the character of the shell motion 
from two-dimensional to one-dimensional (varia- 
tion only with d) and simplifies the analysis 
considerably. For example, under the assumption 
of equations (2.22) the Fltigge equations of 
motion given by equations (2.1), (2.3), (2.7), and 
(2.9d) reduce to (refs. 2.27 through 2.29) 


d 2 v dw p{l — v 2 )R 2 d 2 v 
dd 2+ dd~ E dt 2 




> 

p(l — v 2 )R 2 d 2 w 


E dt 2 _ 


(2.23) 


Equations (2.23) may be solved by assuming 


v = B sin nd cos cot 
w = C cos nd cos cot 


(2.24) 


Substituting equations (2.24) into (2.23) yields 


?i 2 — SI 2 n 

B 


'O' 

n 1+A:(1 — n 2 ) 2 — fl 2 _ 

C_ 


0 


(2.25) 


where 


il 2 = 


p(l-v 2 )R 2 co 2 

E 


(2.26) 


For a nontrivial solution, setting the determinant 
of the coefficient matrix in equation (2.25) equal 
to zero gives the roots 


S2 2 = 0, 1+k 


(n = 0) 


ft2 = i[l + ?l2-|-fc(?l 2 -l) 2 

+ x/[l-f-?i 2 -f-fc(?i 2 — l) 2 ] 2 — 4/cn 2 (?i — l) 2 ] 

(n=^0) 


(2.27) 


as was shown by Reismann (refs. 2.27 and 2.28). 
The root fi 2 = 0 for n = 0 corresponds to rigid 
body torsional rotation of the shell. 

Now consider the solution functions given in 
equations (2.20) for the case ivhen the wave- 
length in the x (and s) direction becomes infi- 
nitely long. The solution functions can then be 
represented as 

u = A cos nd cos cofl 
v = B sin nd cos cot > (2.28) 

w = C cos nd cos cot I 


Taking, for example, the Donnell-Mushtari the- 
ory and substituting equations (2.28) into the 
equations of motion yields a set of homogeneous 
equations which can also be arrived at by taking 
the limit as l — » °° (i.e., X— >0) in equations (2.21); 
that is, 


— — V -^-n 2 — ft 2 
2 

0 0 

0 

?i 2 — n 2 n 

0 

n (l+kn 4 ) — fi 2 


0 

0 


A 

B 

C 


(2.29) 


It is seen that from equations (2.29) the motion 
uncouples, giving a purely axial (or longitudinal) 
motion characterized by the frequency parameter 


Q 2 = 


(1-y) 

2 


n 2 


(2.30) 
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and, because the v and w displacements are now 
uncoupled from u, the other two modes for a 
given n are the same as the plane strain modes 
discussed earlier in this section. In the case of the 
Donnell-Mushtari theory, finding the roots of the 
uncoupled second order determinant arising from 
equations (2.29) gives 


fi 2 = 0, 1 

fi 2 =-[ (l+?i 2 +&n 4 ) 


(n = 0) 


(2.31) 


+ y/ (l + ?t 2 +fcn 4 ) 2 — 4fc?i 6 ](n^0) 


which can be compared with the corresponding 
plane strain frequencies from the Fltigge equa- 
tions of motion given in equations (2.27). 

The off-diagonal terms £ i 2 , £21, £13, and £31 in 
the matrix operators in the equations of motion 
for the remaining theories (equations (2.9)) are 
also either zero or contain derivatives with re- 
spect to s (giving X) in each term, so the same 
uncoupling for a circular cylindrical shell of infi- 
nite length occurs for each theory. The resulting 
frequency formulas for the three roots fl 2 for 
each theory are listed in table 2.1. In deriving the 
frequency formulas for table 2. 1 terms containing 
/c 2 were neglected. 


Table 2.1. — Frequency Parameter Formulas for Circular Cylindrical Shells 
of Infinite Length According to Various Theories 


Shell theory 


n 2 

(Axial mode) 


S2 2 . 

(Radial and circumferential modes) 


Donnell-Mushtari 

Love-Timoshenko 

Goldenveizer-Novozhilov 
(also Arnold- Warburton) 
Houghton-Johns 

(Simplified Goldenveizer- 
Novozhilov) 

Biezeno-Grammel 

Flugge 


Sanders 

Reissner-Naghdi-Berry 

Vlasov 


Epstein-Kennard 


-(1 — v)n 2 
Same as 

Donnell-Mushtari 
Same as 

Donnell-Mushtari 
Same as 

Donnell-Mushtari 


^(l+/c)(l-r)n 2 
Same as 

Donnell-Mushtari 
Same as 

Donnell-Mushtari 
Same as 

Donnell-Mushtari 

^(l-Hb)(l-.)n 2 


Kennard Simplified Same as 

Donnell-Mushtari 


Membrane 


Same as 

Donnell-Mushtari 


^ ( (1 +?i 2 +kn*) + [(1 +n 2 ) 2 +2te 4 (l -ti 2 )] 4 ' 2 1 

^ 1 (1 +ti 2 ) (1 +kn 2 ) + [(1 +ra 2 ) 2 -2te 2 (l -6ra 2 +71 4 )] 1 ' 2 ) 
Same as Love-Timoshenko 


i{(l+m 2 +lm 4 ) + [(l+7i 2 ) 2 +2fc7i 4 (5-?i 2 )] 1/2 | 
^i[l+7l 2 +/c(l-7l 2 ) 2 ]+[(l+7l 2 ) 2 +2fc(l-7l 2 ) 3 ] 1 ' 2 ) 

- ( [1 +n*+kn i \ + [(1 +n 2 ) 2 -2 Icn *] 112 1 
2 

Same as Love-Timoshenko 
Same as Love-Timoshenko 


Same as Biezeno-Grammel 


l + ^^/c+zi 2 
1 — v 


/10-20» + 11k 2 \ 

\ ) 

{< 


1 —2k 

kn*+- -kn* 

(1 — k) 2 


_. / 1+3k 22-52k+32k 2 , , 

+ | (i+7i 2 ) 2 +2 T —fc (1 _„y, — 2 fc"* 


10-20k + 14k 2 , 2-4k+4k 2 „ 

- kn 4 -—to 6 


2+v 4 

!+ „ ■ , ■— - k+n*- 


(1-K) 

— V 


(1 — r) 2 


+ 

0, 1 +71 2 


2(1 — v) 

2 + v 


2(1 -v) 


kn 2 +kn* 


3(2 -3k) 

1 -| '—k + 2(1 — 3/c)?i 2 +7 i 4 + — -kn* -2kn° 

1 — K 1 — V 


1/2 | 
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In table 2.1 the “Biezeno and Grammel shell 
theory” is listed separately. It is actually the 
same as that of Fliigge, but a subtle difference 
exists between their frequency equations (ref. 
2.30) and those of Fliigge (ref. 2.31). In their 
work only the terms containing k 2 are discarded 
when expanding the frequency determinant, 
whereas Fliigge also neglected k with respect to 
unity, thereby discarding additional terms. 

It is interesting to note that' the membrane, 
Biezeno-Grammel and Vlasov formulas are the 
only ones in table 2.1 that yield the correct zero 
frequency (corresponding to rigid body transla- 
tion in the transverse direction) for the lowest 
radial-circumferential vibration mode in the case 
7i=l. On the other hand the Vlasov, Epstein- 
Kennard, and Kennard Simplified formulas do 
not yield zero frequencies for the torsional mode 
for ?i = 0 as they should. 

In tables 2.2 and 2.3 frequency parameters are 
given for infinite shells and v = 0.3 according to 
the various theories for R/li = 20 and 500, respec- 
tively, and for n = 0, 1, 2, 3, 4. The formulas of 
table 2.1 are the basis for tables 2.2 and 2.3. Only 
the Epstein-Kennard and Kennard Simplified 
formulas for the radial and circumferential fre- 
quency parameter O 2 depend upon v. Significant 
differences among the shell theories exist only 
for certain of the radial-circumferential modes, 
usually those modes which are primarily radial 


in nature, and these differences decrease as R/h 
is increased. 

Considering table 2.2, which shows up the 
largest differences among the theories, one ob- 
serves that: 

(1) For ?i = 0, the agreement among all the- 
ories is excellent for the one nontrivial frequency 
which exists. 

(2) For 7i = l, the differences among the the- 
ories for the rigid body “beam bending” mode 
are clearly seen. The Houghton- Johns equations 
yield an imaginary frequency. 

(3) For 7i = l, considering the highest fre- 
quency, the theories fall into two groups having- 
frequencies differing by approximately eight 
percent. 

(4) For 7i >2, all theories are in close agree- 
ment except for those of Donnell-Mushtari, 
Fliigge, Houghton-Johns, and the membrane 
theory for the lowest frequency. 

The significant difference arising out of the 
Fliigge theory for infinite circular cylindrical 
shells by neglecting k with respect to unity in the 
characteristic equation apparently has not been 
pointed out previously in the literature. 

Considering table 2.3 for thinner shells 
(R/h = 500) it is seen that the Donnell-Mushtari, 
Fliigge, Houghton-Johns, and membrane equa- 
tions again give results which differ considerably 


Table 2.2. — Frequency Parameters for Circular Cylindrical Shells of Infinite 
Length According to Various Theories; v = 0.S, R/h = 20 






n 

Shell theory 

n 

Axial 

modes 

Radial-circumferential modes 





Lowest 

Highest 

Donnell-Mushtari 


0 

0 

1 

Love-Timoshenlco 




0 

1 

Goldenveizer-N ovozhilo v 




0 

1 

Houghton-Johns 




0 

1 

Fliigge 




0 

1 

Biezeno-Grammel 

0 



1.03441 X10"< 

1.00010 

Reissner-N aghdi-Berry 




0 

1 

Sanders 




0 

1 

Vlasov 




1. 03441 X10- 4 

1 

Epstein-Kennard 




0 

1 . 00028 

Kennard Simplified 




1. 71796 X10~ 4 

1.00013 

Membrane 




0 

1 
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Table 2.2 . — Frequency Parameters for Circular Cylindrical Shells of Infinite 
Length According to Various Theories; v = 0.3, R/li = 20 — Concluded 


Shell theory 

n 

Axial 

modes 

a 

Radial-circumfer 

Lowest 

ential modes 
Highest 

Donnell-Mushtari 


0.591608 

1. 02062X10' 2 

1.41425 

Love-Timoshenko 


. 591608 

1. 47648X10-* 

1 . 30676 

Goldenveizer-Novozhilov 


.591608 

1. 47648X10-* 

1 . 30676 

Houghton-Johns 


.591608 

1 . 02052 x 10 - 2 ; 

1.30672 

Fliigge 


.591608 

1.25000X10-2 

1 . 30657 

Biezeno-Grammel 

i 

.591670 

0 

1.41416 

Reissner-Naghdi-Berry 


.591608 

1. 47648X10-* 

1.30676 

Sanders 


.591623 

1. 47648X10-* 

1.30676 

Vlasov 


.591608 

0 

1.41416 

Epstein-Kennard 


.591676 

0 

1.41372 

Kennard Simplified 


.591608 

0 

1.41420 

Membrane 


.591608 

0 

1.41416 

Donnell-Mushtari 


1 . 18322 

5.16417X10-2 

2.23622 

Love-Timoshenko 


1 . 18322 

3.87307X10-2 

2.23666 

Goldenveizer-N ovozhilo v 


1 . 18322 

3.87307X10-2 

2.23666 

Houghton-Johns 


1 . 18322 

3.65151X10-2 

2.23652 

Fliigge 


1 . 18322 

5.47755X10-2 

2.23614 

Biezeno-Grammel 

2 

1 . 18334 

3.87306X10-2 

2.23615 

Reissner-Naghdi-Berry 


1 . 18322 

3.87307X10-2 

2 . 23666 

Sanders 


1.18325 

3.87307X10-2 

2.23666 

Vlasov 


1 . 18322 

3.87307X10-2 

2.23615 

Epstein-Kennard 


1.18334 

3.87307X10-2 

2.23457 

Kennard Simplified 


1 . 18322 

3.87313X10-2 

2.23606 

Membrane 


1.18322 

0 

2.23607 

Donnell-Mushtari 


1 . 77482 

. 123256 

3 . 16254 

Love-Timoshenko 


1.77482 

. 109548 

3 . 16334 

Goldenveizer-Novozhilov 


1 . 77482 

. 109548 

3.16334 

Houghton-Johns 


1 . 77482 

. 108691 

3.16308 

Fliigge 


1.77482 

. 126637 

3.16301 

Biezeno-Grammel 

3 

1.77501 

. 109557 

3.16249 

Reissner-Naghdi-Berry 


1.77482 

. 109548 

3 . 16334 

Sanders 


1.77487 

. 109548 

3 . 16334 

Vlasov 


1 . 77482 

. 109557 

3 . 16249 

Epstein-Kennard 


1.77501 

. 109638 

3.15962 

Kennard Simplified 


1 . 77482 

. 109560 

3.16232 

Membrane 


1 . 77482 

0 

3 . 16228 

Donnell-Mushtari 


2.36643 

.224118 

4.12348 

Love-Timoshenko 


2.36643 

.210077 

4 . 12463 

Goldenveizer-Novozhilov 


2.36643 

.210077 

4 . 12463 

Houghton-Johns 


2.36643 

.209617 

4.12424 

Fliigge 


2.36643 

. 227600 

4.12482 

Biezeno-Grammel 

4 

2.36668 

.210102 

4.12344 

Reissner-N aghdi-Berry 


2.36643 

.210077 

4 . 12463 

Sanders 


2.36650 

.210077 

4.12463 

Vlasov 


2.36643 

.210102 

4.12344 

Epstein-Kennard 


2.36668 

.210267 

4.11897 

Kennard Simplified 


2.36643 

.210108 

4.12319 

Membrane 


2.36643 

0 

4.12311 


42 


VIBRATION OF SHELLS 


Table 2.3 . — Frequency Parameters for Circular Cylindrical Shells of Infinite 
Length According to Various Theories; v = 0.3, R/h = 500 


Shell theory 

n 

Axial 

modes 


Radial-cireumfer 

Lowest 

ential modes 
Highest 

Donnell-Mushtari 


0 

0 

1 

Love-Timoshenko 




0 



Goldenveizer-Novozhilov 




0 



Houghton-Johns 




0 



Fliigge 




0 



Biezeno-Grammel 

0 



1.00000X10-' 



Reissner-Naghdi-Berry 




0 



Sanders 




0 



Vlasov 




1.00000X10-' 



Epstein-Kennard 




0 



Kennard Simplified 




3.69865X10-“ 



Membrane 




0 



Donnell-Mushtari 


0.59161 

4.08166X10-“ 

1.41421 

Love-Timoshenko 




.541195 



Goldenveizer-N o vozhilov 




.541195 



Houghton-Johns 




. 540924 



Fliigge 




.541196 



Biezeno-Grammel 

1 



0 



Reissner-N aghdi-Berry 




.541195 



Sanders 




.541195 



Vlasov 




0 



Epstein-Kennard 




6 . 90534 X 10 _ “i 



Kennard Simplified 




2.61725X10-“ 



Membrane 




0 



Donnell-Mushtari 


1.18322 

2.06553X10 -2 

2.23607 

Love-Timoshenko 




1.549 19X10- 3 

2.23607 

Goldenveizer-Novozhilov 




1.54919X10-' 

2.23607 

Houghton-Johns 




1.46045X10"' 

2.23607 

Fliigge 




2.19075X10-' 

2.23607 

Biezeno-Grammel 

2 



1. 54916X10“' 

2.23607 

Reissner-N aghdi-Berry 




1.54919X10-' 

2.23607 

Sanders 




1.549 19X10"' 

2.23607 

Vlasov 




1.549 16X10-' 

2.23607 

Epstein-Kennard 




1. 69146X10-' 

2.23606 

Kennard Simplified 




1. 55785X10-' 

2.23607 

Membrane 




0 

2.23607 

Donnell-Mushtari 


1.77482 

4. 92926X10-' 

3.16228 

Love-Timoshenko 




4. 38155X10-' 

3.16228 

Goldenveizer-Novozhilov 




4. 38155X10-' 

3 . 16228 

Houghton-Johns 




4. 34721X10-' 

3.16228 

Fliigge 




4. 42416X10"' 

3 . 16228 

Biezeno-Grammel 

3 



4. 38156X10"' 

3.16228 

Reissner-N aghdi-Berry 




4. 38155X10"' 

3.16228 

Sanders 




4. 38155X10-' 

3.16228 

Vlasov 




4. 38156X10-' 

3.16228 

Epstein-Kennard 




4. 36732X10-' 

3.16227 

Kennard Simplified 




4. 38316X10-' 

3 . 16228 

Membrane 




0 

3.16228 
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Table 2.3 . — Frequency Parameters for Circular Cylindrical Shells of Infinite 
Length According to Various Theories; v=0.3, R/h=500 — Concluded 


Shell theory 

n 

Axial 

modes 

SI 

Radial-circumfer 

Lowest 

ential modes 
Highest 

Donnell-Mushtari 


2.36643 

8.96144X10 -3 

4.12311 

Love-Timoshenko 




8.40119X10 -3 

4.12311 

Goldenveizer-Novozhilov 




8. 40119X10 -3 

4.12311 

Houghton-Johns 




8.38257X10 -3 

4.12311 

Flugge 




7.92069X10 -3 

4.12311 

Biezeno-Grammel 

4 



8.40126 X10 -3 

4.12311 

Reissner-N aghd i-Berry 




8.40119X10" 3 

4.12311 

Sanders 




8.40119X10" 3 

4.12311 

Vlasov 




8.40126 X10“ 3 

4.12311 

Epstein-Kennard 




8.28641X10 -3 

4.12310 

Kennard Simplified 




8.40174X10 -3 

4.12311 

Membrane 




0 

4.12311 


for those of the other theories for the lowest fre- 
quency for n> 2. The Epstein-Kennard theory 
now also differs considerably. 

The amplitude ratios B/C for the coupled 
radial-circumferential modes are determined by 
substituting the corresponding frequency into 
either of the homogeneous equations governing 
these modes (e.g., either of the last two of eqs. 
(2.29)). Thus, for example, from equation (2.29) 
for the Donnell-Mushtari theory the amplitude 
ratio B /C is given by 


where £2 2 is given by equations (2.31). For a 
discussion of the ordering of the frequencies and 
the corresponding mode shapes for various n, see 
section 2.3.2 in the case of long shells (small X) 
of finite length. 

2.3 CLOSED SHELLS— SHEAR DIAPHRAGMS 
AT BOTH ENDS 

Consider the closed circular cylindrical shell of 
finite length l which satisfies the boundary 
conditions 

w=M x = N x =v = 0 at x = 0,l (2.33) 

These conditions can be closely approximated in 
physical application simply by means of rigidly 


attaching a thin, flat, circular cover plate at each 
end. The plates would have considerable stiff- 
nesses in their own planes, thereby restraining 
the v and w components of shell displacement at 
their mutual boundaries. However, the plates, 
by virtue of their thinness, would have very little 
stiffness in the x direction transverse to their 
planes; consequently, they would generate neg- 
ligible bending moment M x and longitudinal 
membrane force N x in the shell as the shell 
deforms. Because of the capability of the plates 
to supply shearing forces N x e to the shell, the type 
of boundary conditions satisfied by equations 
(2.33) will be called shear diaphragm in this work. 
Other terminologies frequently found in the lit- 
erature to describe the edge conditions given by 
equations (2.33) are “simply supported” and 
“freely supported.” The phrase “simply sup- 
ported” is a carryover from linear beam and plate 
theory where it is thought of as a flat edge either 
supported by knife edges or hinged. In the case 
of a beam or plate, hinged ends are usually found 
in practical application as fixed hinges; that is, 
fixed with respect to their longitudinal or inplane 
directions as well as the transverse direction. For 
small deflections yielding the classical linear 
theory, this fixity has no effect on the transverse 
deflections. Of course, in the case of a shell the 
degree of tangential fixity at the edges has a 
major effect on transverse deflections and vibra- 
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tion frequencies. The phrase “freely supported” 
is also misleading for it may connote no tangen- 
tial fixity (i.e., N xv = 0 at x = 0,l) at first en- 
counter with the reader, although it has also 
been used by some authors to identify boundary 
conditions of the type u = v = w = M x = 0 (cf., refs. 
2.32 through 2.34). 

The circular cylindrical shell supported at both 
ends by shear diaphragms (referred to later in 
this monograph as SD-SD) has received by far 
the most attention in the literature. This is due 
to the fact that one simple form of the solutions 
to the eighth order differential equations of 
motion is also capable of satisfying the SD-SD 
boundary conditions exactly. This solution has 
already been presented as equations (2.20). 
Choosing 

X = vnrR /l (m = 1,2, . . .) (2.34) 

the boundary condition equations (2.33) are 
satisfied exactly. Further substitution of equa- 
tions (2.20) into equations (2.1), (2.3), (2.7), and 
(2.9) yields the characteristic (or frequency) deter- 
minant. The charactei'istic determinant according 
to the Donnell-Mushtari theory has already been 
indicated as the determinant of the coefficient 
matrix of equation (2.21). The determinant may 
be expanded to yield a characteristic equation, the 
roots of which are the nondimensional frequency 
parameter eigenvalues. 

2.3.1 Comparison of Theories 

The solution procedure described above has 
been earned out for each of the shell theories 
given in section 2.1.1. The resulting characteristic 
equations can be written as 

— (K 2 -\-k Af!L2)ll 4 -l-(Ai-f-& AfG)0 2 

~(Ko+k A7f 0 )=0 (2.35) 

where U is the nondimensional frequency parame- 
ter given previously in equation (2.26) ; k is the 
nondimensional thickness parameter given in 
equation (2.6); K 0 , K i, K 2 are constants arising 
from the Donnell-Mushtari theory; and A/Cj, 
AK 2 , AKs are modifying constants depending 
upon the shell theory being used. 

When the characteristic equations are written 
in the form of equation (2.35), the differences 
among the shell theories insofar as they affect the 
computed free vibration frequencies can be seen 


more clearly. That is, each coefficient of the cubic 
equation in fi 2 differs from the Donnell-Mushtari 
theory (and each other) by a term multiplied by k, 
which is a small number for thin shells. The 
Donnell-Mushtari constants are 


= 1 +-(3 - r) (n 2 + X 2 ) + k(n 2 +X 2 ) 2 

Zi 




(3+2^)X 2 +n 2 +(?i 2 +X 2 ) 5 
+7; \k(n 2 - |-X 2 ) 3 


-. (2.36) 


( 1 -,) 


i?o=-(l-iO[(l-r 2 )X 4 +lfc(?i 2 +X 2 ) 4 ] 


The modifying constants for each shell theory are 
given in table 2.4. For simplicity the modifying- 
constants given in table 2.4 have been linearized 
with respect to k. That is, terms containing k 3 
and k 2 which arise in the expansion of the char- 
acteristic determinants have been neglected with 
respect to those containing only k. A further 
simplification which can be made at this point is 
to neglect k with respect to unity in the coeffi- 
cients Ko+AKo, etc. of equation (2.35). This is 
precisely the difference between the Biezeno and 
Grammel modifying constants and those of 
Fliigge. Fliigge (ref. 2.31) made this further sim- 
plification, while Biezeno and Grammel (ref. 2.30), 
using the same characteristic determinant, did 
not. The two types of simplification described 
above are examples of why it is often difficult to 
compare equations used in different references on 
shell vibrations. 

The characteristic equation for the membrane 
theory is obtained from that of the Donnell- 
Mushtari theory by simply setting k = 0. 

The cubic equation (2.35) in the nondimen- 
sional frequency parameter if 2 will have three 
roots for fixed values of n and X ( =nnrR/l ) (cf., 
the discussion in ref. 2.3). Thus a shell of a given 
length may vibrate in any of three distinct modes, 
each having the same number of circumferential 
and longitudinal waves, and each having its own 
distinct frequency. The modes associated with 
each frequency can be classified as primarily 
radial (or flexural), longitudinal (or axial), or 
circumferential (or torsional). The lowest fre- 
quency is usually associated with a motion that 
is primarily radial. 


Table 2 . 4 — Modifying Constants for the Characteristic Equation (2.85) 


Shell theory 

A K t 

A Kt 

AKo 

Donnell-Mushtari 

0 

0 

0 

Love-Timoshenko 

(1 - y )X 2 +n 2 

(1 — v)X 2 -t-n 2 + (l — v)X 4 

— 1(3 - x 2 )X 2 n 2 -l(3 + »> 4 
2 2 

1(1 - v) [2 (1 - ? 2 )X 4 + (3 + v ) X 2 ra 2 +n 4 
2 

- (2 ■ +v) (3 - v)\W - (7 + v)X 2 n 4 -2 n 6 ] 

Goldenveizer-Novozhilov 
(also Arnold- 
Warburton) 

2(1 -»)X 2 +n 2 

2(l-v)X 2 +n 2 +2(l-»)X 4 

— (2 — i»)X 2 n 2 — 1(3 -Rvln 4 

1 (1 - v) [4(1 - V 2 ) X 4 +4XW +n i 

2 

- 2 (2 - v) (2 + v) X 4 n 2 - 8X 2 rt 4 - 2 n«] 

Houghton-Johns 

(Simplified 

Goldenveizer- 

Novozhilov) 

0 

2(2 — i>)X 2 n 2 — 2n 4 

1 (1 - v) [ -2(2 - v) (2 + v)W - 8X 2 n 4 - 2n«] 

2 

Biezeno-Grammel a 

1— |(3+v)w*4-|(l — ^)X 2 

- (3 -2r)X 2 + (2 -»)n 2 +l(3 -7>-)X 4 

— (5 — »)X 2 n 2 — -(5 — y)ra 4 

1(1 — r)[(4 — 3r 2 )X 4 T2(2 — r)X 2 n 2 +« 4 

- 2rX 5 -fix 4 ?! 2 - 2 (4 - ») X 2 n 4 - 2n 6 ] 

Flugge b 

0 

0 

1(1 — r)[2(2 — v)X 2 ra 2 +n 4 — 2rX 6 
2 

- 6X% 2 - 2 (4 - v) X 2 n 4 - 2n 6 ] 

Reissner-N aghdi-Berry 

1(1 -r)X 2 +^ 

1(1 — r)X 2 -t-n 2 +l(l — »)X 4 

-1(1 +») (3 - r)X 2 n 2 -1(3 + r)n 4 


l(5+3r)X 2 ra 2 +n 4 -2(2 + r)X 4 ra 2 
— 2(3 + >')X 2 ra 4 — 2n 6 

Sanders 

|(l-r)X*+g(9-r)»* 

^(1 -v)X 2 + l(9-j/)n 2 +-(l-r)X 4 

—1(4— 3j'+3i' 2 )X 2 n 2 — 1(11 +5v)n 4 

1(1 -r) 
2^ 

-(l-j. 2 )X 4 +4X 2 ra 2 +n 4 

4 

— 6X 4 n 2 — 8X 2 n 4 — 2n 6 


a Obtained from equation (2.9d) by keeping all linear terms in k in the expanded determinant. 
b Obtained from Biezeno and Grammel frequency equation by neglecting k with respect to unity. 
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Table 2.4 — Modifying Constants for the Characteristic Equation (2.35 ) — Concluded 


03 


Shell theory 

AK 2 

A Ki 

A K, 

Vlasov 

1 — 2n 2 

i(3 — r)(n 2 +X 2 )-2xX 4 

— (6 — 3v + r 2 )X 2 n 2 — (3 — r)n 4 

-(l-i-)[(ra 2 +X 2 ) 2 +2i-X 6 -6X 4 ra 2 

2 

— 2 (4 — p) X 2 n 4 — 2n 6 ] 

Epstein-Kennard 

(1+3k) (2-8i- 2 +3i- 3 )X 2 

(3 +8i- — 5r 2 — r 3 )X 2 (2 + r)ra 2 

i' 1 —) 

(2 +6i- — 2i- 2 — 3r 3 )X 4 

(l-v) 2(1 — i') 2 

(19-37r + 19r 2 + v 3 ) i- 2 (n 2 +X 2 ) 

2(1 -v) + 2 

(6+4r-8r 2 +3r 3 )X 4 r 2 (n 2 +X 2 ) 3 

2(1 —v) l4X " 

| B 4 

2(1 —r) 2 (1 — »-)* 

4(1 —v) 2(1 —v) 

(26-60r+40r 2 -3r 3 -8r 4 )X 2 w 2 

2(1 — k) 

(13-22i- + 10i- 2 )n 4 

2(1 — r) 


(l-")" (1-1-)" 

— 8X 2 » 4 — 2n 6 

Kennard Simplified 

(2 + y) (4 -vW 

(2 + i-)(3-i-)X 2 (6 + r)n 2 

!(!-„) 

( 

'(2 + r)X 4 , (2 + r)(2-3r)X 2 ?i 2 , 

2(1 - v ) 2(1 -v) 

4(1 —v) 4 

(4 — r) (3 — r)X 2 » 2 (12-17r + r 2 )n 4 

2(l-r) 2(1 -v) 

1-k)XV (8— 8r— 3i- 2 )X 2 n 4 n J 

4(1 -v) 4(1 -v) 

2(1-.-) 2(l-j-) J 

Membrane 

— (w 2 +X 2 ) 

-i(3 ->-)(n 2 +X 2 ) 3 

~(l-,-)(n 2 +X 2 ) 4 


“Obtained from equation (2.9d) by keeping all linear terms in k in the expanded determinant. 
b Obtained from Biezeno and Grammel frequency equation by neglecting k with respect to unity. 
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The mode shapes (or eigenfunctions) of free vibration are found by returning to the homogeneous 
set of equations which yielded the characteristic equation. In the case of the Donnell-Mushtari theory, 
this set is given by equation (2.21). Any two of the equations are chosen and the third is discarded. 
The two remaining equations can be solved for the ratios of amplitudes, the most convenient ratios to 
choose being A/C and B/C. For example, using the first two of equations (2.21), it is clear that they 
can be rewritten as 


(1 — V ) 

-X 2 -- V + ft 2 

2 

(1 + r) 

2 X?l 

A/C 


— P\ 

(f + r) 

Xn 

2 

— X 2 — ?z 2 +12 2 

2 

B/C 


n 


which can be inverted to find A/C and B/C 
corresponding to each of the three frequency 
parameters U which exist for fixed values of n 
and X. The resulting mode shapes will not have 
true nodal lines; that is, there will be no lines on 
the surface of the shell for which u, v, and w will 
all be zero. * As can be seen from equations (2.20) 
nodal lines will occur so that two of the displace- 
ment components will be zero and the other will 
be a maximum. As indicated above, the lowest of 
the three frequencies for each n and X will usually 
yield A/C and B/C ratios less than unity, indi- 
cating that the motion is primarily radial. Typical 
radial nodal patterns for circular cylindrical 
shells supported by shear diaphragms are shown 
in figure 2.2 (taken from ref. 2.35). 

Because exact solutions of equation (2.35) can 
readily be found, this permits comparison of dif- 
ferences in frequencies according to the various 
theories for the particular shell curvature and 
boundary conditions being used here. Numerous 
references are available which take this approach 
to obtain exact solutions; these references, and 
the shell theories which they use are summarized 
in table 2.5. In addition to the references in table 
2.5, there are others following the same exact 
solution procedure, but using a theory other than 
those included in table 2.5; this group includes 
references 2.50 and 2.93 through 2.97. Other 
works, including references 2.98 through 2.107 
deal with an energy formulation of the problem. 
Other analytical methods such as Galerkin, finite 


differences, and finite element techniques are 
used in references 2.12, 2.13, 2.16, 2.36, 2.79, 
2.84, and 2.108 through 2.114. In many of these 
cases the approximate method was used to solve 
a more complicated problem (cf., chapter 3) and 




CIRCUMFERENTIAL NODAL PATTERN 



AXIAL NODAL PATTERN 



* In the ease of axisymmetrie modes (n = 0), the radial, 
longitudinal, and circumferential motions do completely 
uncouple, giving distinct nodal lines. 


Figure 2.2. — Nodal patterns for circular cylindrical 
shells supported at both ends by shear diaphragms. 
(After ref. 2.35) 
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Table 2.5. — References Using the 
Exact Solution Equations {2.9) 


Shell theory 

References 

Donnell-Mushtari 

2.32 through 2.53, 2.115 

Love-Timoshenko 

2.32, 2.37, 2.47, 2.54 
through 2.59, 2.130 

Goldenveizer-Novozhilov 
(also Arnold & Warburton) 

2.3, 2.4, 2.32, 2.42, 2.48, 
2.54, 2.60 through 2.67 

Houghton and Johns 

(Simplified Goldenveizer- 
Novozhilov) 

2.68 

Fliigge 

2.20, 2.27, 2.28, 2.31, 
2.35, 2.47, 2.48, 2.49, 
2.50, 2.54, 2.59, 2.62, 
2.66, 2.69 through 2.82 

Reissner-N aghdi-Berry 

2.83 

Sanders 

2.84, 2.85 

Vlasov 

2.47, 2.86, 2.87 

Epstein and Kennard 

2.54, 2.66, 2.88, 2.89, 
2.90 

Kennard Simplified 

2.91, 2.92 

Coupry 

2.12, 2.13, 2.62 

Yu 

2.227 


results for the more simple problem discussed in 
this section were included as a special case. Lit- 
erature sources for experimental results include 
references 2.3, 2.4, 2.12, 2.29, 2.33, 2.36, 2.37, 
2.39, 2.45, 2.62, 2.64, 2.70, 2.74, 2.83, 2.85, 2.87, 
2.88, 2.90, 2.98, 2.99, 2.101, 2.102, 2.103, 2.106, 
2.107, 2.116, and 2.117. 

To allow for a meaningful comparison between 
the various theories on the circular cylindrical 
shell supported at both ends by shear diaphragms 
it was necessary to perform an independent set of 
calculations for the roots of the cubic equation 
(2.35) in il 2 . This procedure was necessary be- 
cause of the different thickness/radius and 
length/radius ratios used by the various refer- 
ences listed above and because of the paucity 
of numerical results which are available in the 


literature for some theories. Furthermore, to 
allow an accurate comparison of theories, tabular 
results must be available. 

Numerical results for fundamental frequencies 
arising from the solution of equation (2.35) by 
digital computer are given in table 2.6 for the 
shell theories shown, for five circumferential 
wave numbers (n = 0, 1, 2, 3, 4), for six values of 
length/radius ratio (l/mR = 0.1, 0.25, 1, 4, 20, 
100), for R/h = 20, and for v = 0.3. The quotient 
l /in indicates that a shell having twice the length 
and twice the number of axial half-waves as 
another will vibrate at the same frequency as the 
latter, because node lines duplicate shear dia- 
phragm edge conditions. For simplicity, m is 
considered to be unity in the discussion of the 
tables below. In table 2.7 corresponding results 
are given for R/li = 500. 

To emphasize the differences in free vibration 
frequencies which can result from the various 
theories, tables 2.6 and 2.7 list the percent by 
which the shell frequency parameters differ from 
those found by an exact three-dimensional elas- 
ticity solution. Values of the frequency param- 
eter 12 arising from the elasticity solution are 
given in table 2.8. The elasticity solution is 
explained in appendix A. In reference 2.118 com- 
parisons of the results of eighth order shell the- 
ories with the exact three-dimensional elasticity 
solutions are also made. 

For the case of the very thin shell {R/li = 500) 
for l/mR = 0.1 and 0.25, the numerical procedure 
was not able to find the roots of the character- 
istic determinant of the elasticity solution even 
though 30 significant figures were carried during 
all phases of the calculations (expansion of the 
series for Bessel functions, set-up of the fre- 
quency determinant, evaluating the determinant, 
etc.) . Consequently, the corresponding ten values 
listed in table 2.8 are from the widely-used 
Fliigge theory instead. 

Tables 2.6 and 2.7 also divide the shell theories 
into four categories: (1) the Donnell-Mushtari 
theory, (2) other general first approximation shell 
theories, (3) two “simplified” shell theories ob- 
tained from other theories by neglecting k with 
respect to unity in the equations of motion (see 
sec. 2.1.1), and (4) the membrane theory. 

From tables 2.6 and 2.7 the following general 
conclusions are evident: 
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(1) The theories within each group show close 
agreement with each other over essentially the 
entire" range of length parameter 1/mR and for 
both thickness ratios. Significant differences exist 
only between one group and another. 

(2) All theories show close agreement for shells 
of moderate length ( 1/viR = 1, 4) and small num- 
bers of circumferential waves (n = 0, 1, 2). 

(3) For very thin shells (R/h = 500) the theo- 
ries are in closer agreement than for thicker ones 
(R/h = 20). 

(4) For very short shells (l/mR = 0.1, 0.25) 
none of the shell theories compare favorably 
with elasticity theory (due to end effects), 
although they compare well with each other. The 
membrane theory is inadequate in this region. 

(5) For very long shells, and n = 0 ( 1/mR = 20, 
100) the theories are in essentially exact agree- 
ment (the mode shape is pure torsional for the 
fundamental frequency) . 

(6) For very long shells the membrane theory 
is grossly inadequate except for n = 0, 1. 

(7) For very long shells and n = 1, most of the 
“simplified” theories are completely inadequate, 
yielding frequencies which are imaginary (nega- 
tive values of the roots for fi 2 ). These theories 
behave acceptably, however, for all other n. 
This same type of behavior was found for 
corresponding “simplified” versions of the Love- 
Timoshenko, Reissner-Nagh di-Berry, and San- 
ders theories, although the simplified Kennard 
theory behaved acceptably. 

(8) For very long shells and n = 1, 2 the 
Donnell theory is in substantial error, although 
the error decreases if n continues to increase 
(» = 3, 4 . . .). 

These qualitative conclusions are more readily 
apparent from figures 2.3 through 2.10 (from 
ref. 2.119) wherein S2 is plotted versus 1/mR for 
the thicker shell (R/h = 20). The numbers used 
on these graphs identify the groups of shell 
theories as in tables 2.6 and 2.7. The number 
“5” indicates the exact, three-dimensional elas- 
ticity solution. 

As indicated previously, for each n three roots 
of the frequency equation exist. Tables 2.6 and 
2.7 give the percent by which the lowest non- 
trivial frequency for each n deviates from the 
corresponding three-dimensional elasticity solu- 


tion. The agreement is generally much better 
for the higher two modes than the lowest. It 
was found that the higher frequencies agreed 
within 0.01 percent for all theories, all n, and all 
1/mR when R/h was 500. The percentages by 
which the higher two frequencies differ from 
those of the Fltigge theory are listed in table 
2.9 for R/h = 20. Again it is seen that the agree- 
ment among the theories is excellent, with only 
the Epstein-Kennard theoi-y showing significant 
deviation for very short shells. The frequency 
parameters according to the Fliigge theory which 
are the basis for the comparisons made in table 
2.9 are given in table 2.10. 

The amplitude ratios A/C and B/C accord- 
ing to the Fliigge theory for the lowest fre- 
quencies are presented in table 2.11 for ?i = 0, 
1, 2, 3, 4 and l/niR = 0.25, 1, 4, 20. The percen- 
tages by which the amplitude ratios differ from 
these values according to the other shell theories 
are given in table 2.12 for R/h = 20. These ratios 
and the corresponding mode shapes agree very 
closely for all the theories except for very short 
shells (l/mR = 0.25). The Biezeno-Grammel, Vla- 
sov, and Fliigge equations agree closely on ampli- 
tude ratios even for short shells. For R/h = 500, 
the agreement among the theories for the ampli- 
tude ratios was even better. For l/mR = 1, 4, 20 
the values of A/C and B/C differed from the 
Fliigge theory by less than 0.01 percent for 
all theories, as well as for the B/C ratio for 
l/mR = 0.25. The A/C ratio for 1/mR = 0.25 
differed among the theories by 0.02 percent or 
less for all theories except for n = 1 where the 
Fliigge, Biezeno-Grammel, Vlasov, and Epstein- 
Kennard results agreed to within 0.01 percent, 
but the others all differed from Fliigge by 
approximately 4 percent. 
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Figure 2.3. — Variation of the fundamental frequency- 
parameter R with 1/mR ; v =0.3, R/h =20, n=0. (Nos. 
1, 2, 3, 4 refer to the groups listed in tables 2.6 and 
2.7. No. 5 indicates the three-dimensional elasticity 
solution.) (After ref. 2.119) 



0.1 0.2 0.5 1.0 2.0 5.0 10.0 20.0 50.0 100.0 

AXIAL WAVELENGTH PARAMETER 1/mR 

Figure 2.4. — Variation of the fundamental frequency 
parameter fl with 1/mR ; v =0.3, R/h= 20, n = 1. (Nos. 
1, 2, 3, 4 refer to the groups listed in tables 2.6 and 
2.7. No. 6 indicates the three-dimensional elasticity 
solution.) (After ref. 2.119) 



0.01 1— VJ 

0.1 0.2 0.5 1.0 2,0 5.0 10.0 20.0 50,0 100,0 

AXIAL WAVELENGTH PARAMETER JR mR 


Figure 2.5. — Variation of the fundamental frequency 
parameter R with 1/mR ; v =0.3, R/h = 20, n =2. (Nos. 
1, 2, 3, 4 refer to the groups listed in tables 2.6 and 
2.7. No. 5 indicates the three-dimensional elasticity 
solution.) (After ref. 2.119) 



0.1 i 11 

0.1 0.2 0.5 1.0 2.0 5.0 10.0 20.0 50.0 100.0 

AXIAL WAVELENGTH PARAMETER 1 / mR 


Figure 2.6. — Variation of the fundamental frequency 
parameter R with 1/mR ; v =0.3, R/h = 20, n=3. (Nos. 
1, 2, 3, 4 refer to the groups listed in tables 2.6 and 
2.7. No. 5 indicates the three-dimensional elasticity 
solution.) (After ref. 2.119) 
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AXIAL WAVELENGTH PARAMETER 7/mR 


Figure 2.7. — Variation of the fundamental frequency 
parameter ft with 1/mR; x=0.3, R/h=20, n= 4. (Nos. 
1, 2, 3, 4 refer to the groups listed in tables 2.6 and 
2.7. No. 5 indicates the three-dimensional elasticity 
solution.) (After ref. 2.119) 



0.001 1 ^ 

0.1 0.2 0.5 1.0 2.0 5.0 10.0 20.0 50.0 100.0 


AXIAL WAVELENGTH PARAMETER 7/mR 

Figure 2.8. — Variation of the fundamental frequency 
parameter 12 with 1/mR ; v =0.3, R/h = 500, n= 2. (Nos. 
1, 2, 3, 4 refer to the groups listed in tables 2.6 and 
2.7. No. 5 indicates the three-dimensional elasticity 
solution.) (After ref. 2.119) 



Figure 2.9. — Variation of the fundamental frequency 
parameter II with 1/mR ; v = 0.3, R/h =500, n= 3. (Nos. 
1, 2, 3, 4 refer to the groups listed in tables 2.6 and 
2.7. No. 5 indicates the three-dimensional elasticity 
solution.) (After ref. 2.119) 



AXIAL WAVELENGTH PARAMETER 7/m R 

Figure 2.10. — Variation of the fundamental frequency 
parameter SI with 1/mR; v =0.3, R/h = 500, n =4. (Nos. 
1, 2, 3, 4 refer to the groups listed in tables 2.6 and 
2.7. No. 5 indicates the three-dimensional elasticity 
solution.) (After ref. 2.119) 
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Table 2.6 . — Percent Differences in Lowest Frequency Parameters Between Shell Theories 
and Three-Dimensional Elasticity Theory; SD-SD Supports; v = O.S ; R/h = 20 


Shell theory 


1/mR 

Group 

Name 


0.1 

0.25 

1 

4 

20 

100 

1 

Donnell-Mushtari 


36.51 

8.10 

0.17 

(a) 

(a) 

(a) 


Love-Timoshenko 


36.44 

8.08 

.17 

(a) 

0.02 

0.02 


Goldenveizer-Novozhilov 


36.37 

8.06 

.17 

0.03 

.04 

.04 


Biezeno-Grammel 


36.35 

7.89 

.11 

.03 

.03 

.03 

2 

Pliigge 


36.38 

7.90 

.07 

-.01 

(a) 

(a) 


Reissner-N aghdi-Berry 

0 

36.47 

8.09 

.15 

-.01 

-.01 

-.01 


Sanders 


36.43 

8.08 

.17 

.02 

.02 

.02 


Vlasov 


36.45 

7.92 

.11 

(a) 

(a) 

(a) 


Epstein-Kennard 


39.78 

7.90 

(a) 

-.09 

-.07 

-.05 

3 

Houghton-Johns 


36.51 

8.10 

.17 

(a) 

(a) 

(a) 


Kennard Simplified 


36.51 

8.10 

.19 

(a) 

(a) 

(a) 

4 

Membrane 


-90.88 

-58.27 

- .93 

(a) 

(a) 

(a) 

1 

Donnell-Mushtari 


36.53 

8.16 

.25 

.15 

18.89 

1683.80 


Love-Timoshenko 


36.46 

8.12 

.16 

-.02 

-.02 

-.06 


Goldenveizer-Novozhilov 


36.39 

8.10 

.14 

-.02 

-.02 

-.06 


Biezeno-Grammel 


36.38 

7.94 

.12 

.01 

(a) 

-.05 

2 

Pliigge 


36.41 

7.94 

.07 

-.05 

-.05 

-.11 


Reissner-N aghdi-Berry 

1 

36.50 

8.14 

.17 

-.02 

.14 

3.90 


Sanders 


36.45 

8.12 

.16 

-.02 

-.02 

-.08 


Vlasov 


36.48 

7.97 

.11 

-.05 

-.67 

-17.92 


Epstein-Kennard 


39.81 

7.95 

(a) 

-.01 

.02 

-.02 

3 

Houghton-Johns 


36.53 

8.14 

.13 

-.16 

-23.45 

1432. 23i 


Kennard Simplified 


36.53 

8.16 

.24 

.68 

.94 

20.97 

4 

Membrane 


-90.90 

-58.69 

-1.34 

-.05 

-.03 

-.03 

1 

Donnell-Mushtari 


36.62 

8.33 

.62 

4.85 

32.97 

33.21 


Love-Timoshenko 


36.55 

8.26 

.21 

.15 

.17 

-.11 

2 

Goldenveizer-Novozhilov 


36.48 

8.23 

.13 

-.04 

.10 

-.12 


Biezeno-Grammel 


36.47 

8.09 

.19 

.17 

.17 

-.10 


Pliigge 


36.49 

8.09 

.10 

.08 

.12 

-.14 


Reissner-N aghdi-Berry 


36.59 

8.28 

.28 

.35 

.25 

-.10 


Sanders 

2 

36.54 

8.26 

.20 

.02 

.09 

-.11 


Vlasov 


36.57 

8.12 

.17 

.06 

.13 

-.09 


Epstein-Kennard 


39.92 

8.13 

.02 

.03 

.19 

-.02 

3 

Houghton-Johns 


36.62 

8.27 

.01 

-.74 

-5.52 

-5.82 


Kennard Simplified 


36.62 

8.32 

.46 

1.11 

.60 

-.07 

4 

Membrane 


-90.94 

-59.93 

-3.46 

-7.07 

-86.68 

-99.45 


Differences of less than 0.01 percent. 


THIN CIRCULAR CYLINDRICAL SHELLS 


53 


Table 2.6 . — Percent Differences in Lowest Frequency Parameters Between Shell Theories and 
Three-Dimensional Elasticity Theory; SD-SD Supports; v — 0.3 ; P/h — 20 — Concluded 


Shell theory 

71 

1/mR 

Group 

Name 

0.1 

0.25 

1 

4 

20 

100 

1 

Donnell-Mushtari 


36.77 

8.62 

1.57 

10.35 

12.87 

12.87 


Love-Timoshenko 


36.69 

8.50 

.39 

.46 

.32 

.31 


Goldenveizer-Novozhilov 


36.62 

8.45 

.21 

.25 

.31 

.30 


Biezeno-Grammel 


36.61 

8.35 

.39 

.46 

.33 

.32 

2 

Fliigge 


36.63 

8.35 

.31 

.40 

.28 

.26 


Reissner-N aghdi-Berry 

3 

36.72 

8.53 

.56 

.69 

.33 

.31 


Sanders 


36.68 

8.50 

.35 

.28 

.30 

.30 


Vlasov 


36.71 

8.38 

.36 

.04 

.34 

.33 


Epstein-Kennard 


40.09 

8.42 

.15 

.35 

.42 

.42 

3 

Houghton-Johns 


36.75 

8.50 

.16 

-.37 

-.47 

-.47 


Kennard Simplified 


36.76 

8.59 

.98 

1.54 

.40 

.33 

4 

Membrane 


-91.03 

-61.89 

-10.82 

55.48 

-97.74 

-99.93 

1 

Donnell-Mushtari 


36.97 

9.01 

2.94 

7.18 

7.34 

7.34 


Love-Timoshenko 


36.88 

8.83 

.78 

.70 

.61 

.61 


Goldenveizer-Novozhilov 


36.81 

8.77 

.53 

.61 

.61 

.61 


Biezeno-Grammel 


36.81 

8.70 

.79 

.71 

.63 

.63 

2 

Fliigge 


36.83 

8.70 

.71 

.64 

.57 

.56 


Reissner-N aghdi-Berry 

4 

36.92 

8.87 

1.03 

.78 

.62 

.61 


Sanders 


36.88 

8.83 

.69 

.62 

.61 

.60 


Vlasov 


36.91 

8.73 

.77 

.71 

.64 

.64 


Epstein-Kennard 


40.33 

8.82 

.55 

.74 

.74 

.74 

3 

Houghton-Johns 


36.95 

8.81 

.47 

.41 

.39 

.39 


Kennard Simplified 


36.97 

8.95 

1.68 

1.13 

.65 

.63 

4 

Membrane 


-91.14 

-64.44 

-28.13 

84.34 

-99.32 

-99.52 


Table 2.7 . — Percent Differences in Lowest Frequency Parameters Between Shell Theories 
and Three-Dimensional Elasticity Theory; SD-SD Supports ; v = 0.3; R/li = 500 


Shell theory 

n 

1/mB 

Group 

Name 

“0.1 

“0.25 

1 

4 

20 

100 

1 

Donnell-Mushtari 


(b) 

(b) 

(b) 

(b) 

(b) 

(b) 


Love-Timoshenko 


(b) 

(b) 

(b) 

(b) 

(b) 

(b) 


Goldenveizer-N ovozhilov 


(b) 

(b) 

(b) 

(b) 

(b) 

(b) 


Biezeno-Grammel 


(b) 

(b) 

(b) 

(b) 

(b) 

(b) 


Fliigge 


(b) 

(b) 

(b) 

(b) 

(b) 

(b) 


Reissner-N aghdi-Berry 

0 

(b) 

(b) 

(b) 

(b) 

(b) 

(b) 


Sanders 

(b) 

(b) 

(b) 

(b) 

(b) 

(b) 


Vlasov 


(b) 

(b) 

(b) 

(b) 

(b) 

(b) 


Epstein-Kennard 


-0.01 

(b) 

(b) 

(b) 

(b) 

(b) 

3 

Houghton-Johns 


(b) 

(b) 

(b) 

(b) 

(b) 

(b) 


Kennard Simplified 


(b) 

(b) 

(b) 

(b) 

(b) 

(b) 

4 

Membrane 


-14.14 

-0.45 

(b) 

(b) 

(b) 

(b) 

1 

Donnell-Mushtari 


(b) 

(b) 

(b) 

(b) 

0.03 

17.37 


Love-Timoshenko 


(b) 

(b) 

(b) 

(b) 

(b) 

(b) 


Goldenveizer-N ovozhilov 


(b) 

(b) 

(b) 

(b) 

(b) 

(b) 


Biezeno-Grammel 


(b) 

(b) 

(b) 

(b) 

(b) 

(b) 

o 

Fliigge 


(b) 

(b) 

(b) 

(b) 

(b) 

(b) 


Reissner-N aghdi-Berry 


(b) 

(b) 

(b) 

(b) 

(b) 

0.01 


Sanders 

1 

(b) 

(b) 

(b) 

(b) 

(b) 

(b) 


Vlasov 


(b) 

(b) 

(b) 

(b) 

(b) 

-.03 


Epstein-Kennard 


-.01 

(b) 

(b) 

(b) 

(b) 

(b) 

3 

Houghton-Johns 


(b) 

(b) 

(b) 

(b) 

(b) 

-21.10 


Kennard Simplified 


(b) 

(b) 

(b) 

(b) 

(b) 

.04 

4 

Membrane 


-14.19 

-.46 

(b) 

(b) 

(b) 

(b) 

1 

Donnell-Mushtari 


(b) 

(b) 

(b) 

0.01 

.02 

32.92 


Love-Timoshenko 


(b) 

(b) 

(b) 

(b) 

.02 

.09 


Goldenveizer-Novozhilov 


(b) 

(b) 

(b) 

(b) 

.01 

.09 


Biezeno-Grammel 


(b) 

(b) 

(b) 

(b) 

.02 

.09 

2 

Fliigge 


(b) 

(b) 

(b) 

(b) 

.02 

.09 


Reissner-N aghdi-Berry 


(b) 

(b) 

(b) 

(b) 

.02 

.10 


Sanders 

2 

(b) 

(b) 

(b) 

(b) 

.01 

.09 


Vlasov 


(b) 

(b) 

(b) 

(b) 

.01 

.09 


Epstein-Kennard 


-.01 

(b) 

(b) 

(b) 

.01 

.09 

3 

Houghton-Johns 


(b) 

(b) 

(b) 

(b) 

-.44 

-5.53 


Kennard Simplified 


(b) 

(b) 

(b) 

(b) 

.05 

.11 

4 

Membrane 


-14.32 

-.50 

-0.01 

-.01 

-4.16 

-86.53 


“Comparisons for l/mB = 0.1, 0.25 are made with the Fliigge theory, rather than with the three-dimensional 
elasticity theory. 

b Differences of less than 0.01 percent. 


Table 2.7 . — Percent Differences in Lowest Frequency Parameters Between Shell Theories and 
Three-Dimensional Elasticity Theory; SD-SD Supports; v = 0.3; R/h = BOO — Concluded 


Shell theory 

n 

1/mR 

Group 

Name 

“ 0.1 

“ 0.25 

1 

4 

20 

100 

1 

Donnell-Mushtari 


(b) 

(b) 

(b) 

0.09 

9.71 

12.42 


Love-Timoshenko 


(b) 

(b) 

(b) 

(b) 

.09 

-.07 


Goldenveizer-Novozhilov 


(b) 

(b) 

(b) 

(b) 

.09 

-.07 


Biezeno-Grammel 


(b) 

(b) 

(b) 

(b) 

.09 

-.07 


Fliigge 


(b) 

(b) 

(b) 

(b) 

.09 

-.07 


Reissner-Naghdi-Berry 


(b) 

(b) 

(b) 

(b) 

.10 

-.07 


Sanders 

3 

(b) 

(b) 

(b) 

(b) 

.08 

-.07 


Vlasov 


(b) 

(b) 

(b) 

(b) 

.09 

-.07 


Epstein-Kennard 


-.01 

(b) 

(b) 

(b) 

.08 

-.07 

3 

Houghton-Johns 


(b) 

(b) 

(b) 

-.01 

-.51 

-.85 


Kennard Simplified 


(b) 

(b) 

(b) 

.01 

.14 

-.06 

4 

Membrane 


-14.56 

-.56 

(b) 

-.33 

-50.89 

-97.74 

1 

Donnell-Mushtari 


(b) 

(b) 

.01 

-.15 

6.48 

6.66 


Love-Timoshenko 


(b) 

(b) 

(b) 

.01 

(b) 

-.01 


Goldenveizer-N ovozhilov 


(b) 

(b) 

(b) 

(b) 

(b) 

-.01 


Biezeno-Grammel 


(b) 

(b) 

(b) 

.01 

(b) 

-.01 


Fltigge 


(b) 

(b) 

(b) 

(b) * 

(b) 

-.01 


Reissner-N aghdi-Berry 


(b) 

(b) 

(b) 

.01 

(b) 

-.01 


Sanders 

4 

(b) 

(b) 

(b) 

(b) 

(b) 

-.01 


Vlasov 


(b) 

(b) 

(b) 

(b) 

(b) 

-.01 


Epstein-Kennard 


-.01 

(b) 

(b) 

(b) 

(b) 

-.01 

3 

Houghton-Johns 


(b) 

(b) 

(b) 

-.01 

-.22 

-.20 


Kennard Simplified 


(b) 

(b) 

(b) 

.03 

.02 

-.01 

4 

Membrane 


-14.88 

-.66 

(b) 

-3.08 

-83.30 

-99.32 


“Comparisons for l/mR = 0.1, 0.25 are made with the Fltigge theory, rather than with the three-dimensional 
elasticity theory. 

b Differences of less than 0.01 percent. 


Table 2.8 . — Lowest Frequency Parameters According to Three-Dimensional 
Theory; SD-SD Supports; v = 0.3 


R/h 

n 

1/mR 

0.1 

0.25 

1 

4 

20 

100 




0 

10.4586 

2.28505 

0 . 958083 

0.464648 

0.0929296 

0.0185859 


1 

10.4670 

2.29380 

. 856414 

.257011 

.0161063 

.000665031 

20 

2 

10.4914 

2.32041 

.675486 

. 121249 

. 0392332 

.0347711 


3 

10.5326 

2.36597 

. 539294 

. 129881 

. 109477 

.109186 


4 

10 . 5898 

2.43231 

.492343 

.219098 

. 209008 

.208711 


0 

(1.11103) 

(.957994) 

. 949203 

.464648 

. 0929296 

.0185859 


1 

(1.11049) 

(.951993) 

. 844952 

.256883 

.0161011 

. 002664824 

500 

2 

(1 . 10890) 

(.934462) 

.652148 

.112689 

. 00545243 

.00156235 


3 

(1.10630) 

(.906734) 

.481028 

. 0580087 

. 00503724 

. 00438626 


4 

(1 . 10276) 

(.870765) 

.354118 

.0353927 

. 00853409 

.00840299 


Note: Values in parentheses are from the Fltigge shell theory. 
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Table 2.9. — Percent Differences in Higher Frequency Parameters Between Shell Theories 
and Flugge Theory; SD-SD Supports; v = 0.3; R/h = 20 


Shell theory 

n 

1/mR 

Group 

Name 

0.1 

0.25 

1 

4 

20 

100 

1 

Donnell-Mushtari 


-0.07 

-0.03 

-0.04 

(a) 

(a) 

(a) 




(a) 

(a) 

(a) 

(a) 

(a) 

(a) 


Love-Timoshenko 


-.02 

(a) 

-.02 

(a) 

(a) 

(a) 




(a) 

(a) 

(a) 

(a) 

(a) 

(a) 


Goldenveizer-N ovozhilo v 


.03 

.02 

(a) 

(a) 

(a) 

(a) 




(a) 

(a) 

(a) 

(a) 

(a) 

(a) 


Biezeno-Grammei 


(a) 

(a) 

(a) 

(a) 

(a) 

(a) 




.01 

(a) 

.01 

0.01 

0.01 

0.01 

2 

Reissner-N aghdi-Berry 


-.04 

-.02 

-.02 

(a) 

(a) 

(a) 




(a) 

(a) 

(a) 

(a) 

(a) 

(a) 


Sanders 

0 

(a) 

(a) 

-.01 

(a) 

(a) 

(a) 



(a) 

(a) 

(a) 

(a) 

(a) 

.01 


Vlasov 


-.07 

-.03 

-.04 

(a) 

(a) 

(a) 




.01 

(a) 

.01 

.01 

0.01 

.01 


Epstein-Kennard 


-.07 

-.03 

-.02 

.29 

.17 

.17 




-2.43 

-.31 

-.03 

-.19 

-.08 

-.07 

3 

Houghton-Johns 


-.07 

-.03 

-.04 

(a) 

(a) 

(a) 




(a) 

(a) 

(a) 

(a) 

(a) 

(a) 


Kennard Simplified 


-.07 

-.03 

-.04 

(a) 

(a) 

(a) 




(a) 

(a) 

(a) 

.01 

.02 

.02 

4 

Membrane 


-.07 

-.03 

-.04 

(a) 

(a) 

(a) 




(a) 

(a) 

(a) 

(a) 

(a) 

(a) 

1 

Donnell-Mushtari 


-.07 

-.03 

-.05 

-.02 

-.02 

-.02 




(a) 

(a) 

(a) 

(a) 

(a) 

(a) 


Love-Timoshenko 


-.02 

(a) 

-.02 

-.02 

-.02 

-.02 




(a) 

(a) 

(a) 

.01 

(a) 

(a) 


Goldenveizer-Novozhilov 


.03 

.01 

(a) 

-.02 

-.02 

-.02 




(a) 

(a) 

(a) 

.01 

(a) 

(a) 


Biezeno-Grammel 


(a) 

(a) 

-.03 

-.04 

-.02 

-.02 



1 

.01 

.01 

.02 

.02 

(a) 

(a) 

2 

Reissner-Naghdi-Berry 

-.04 

-.02 

-.02 

-.02 

-.02 

-.02 




(a) 

(a) 

(a) 

.01 

(a) 

(a) 


Sanders 


-.01 

(a) 

-.01 

-.02 

-.02 

-.02 




(a) 

(a) 

(a) 

.01 

(a) 

(a) 


Vlasov 


-.07 

-.03 

-.05 

-.03 

-.02 

-.02 




.01 

.01 

.01 

(a) 

(a) 

(a) 


Epstein-Kennard 


-.07 

-.03 

-.04 

-.01 

-.03 

-.03 




-2.43 

-.31 

-.02 

-.03 

-.03 

-.03 


Difference <0.01 percent. 
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Table 2.9 . — Percent Differences in Higher Frequency Parameters Between Shell Theories 
and Fliigge Theory; SD-SD Supports; v = 0.3; R/h = 20 — Continued 


Shell theory 

n 

1/mR 

Group 

Name 

0.1 

0.25 

1 

4 

20 

100 

3 

Houghton-Johns 


-0.07 

(a) 

-0.03 

(a) 

-0.03 

(a) 

-0.02 

.01 

-0.02 

(a) 

-0.02 

(a) 


Kennard Simplified 

i 

-.07 

(a) 

-.03 

(a) 

-.05 

(a) 

-.02 

(a) 

-.01 

(a) 

-.01 

(a) 

4 

Membrane 


-.07 

(a) 

-.03 

(a) 

-.06 

(a) 

-.03 

(a) 

-.02 

(a) 

-.02 

(a) 

1 

Donnell-Mushtari 


-.07 

(a) 

-.04 

(a) 

-.07 

(a) 

-.06 

(a) 

-.06 

(a) 

-.06 

(a) 


Love-Timoshenko 


-.02 

(a) 

(a) 

(a) 

-.03 

.01 

-.05 

.03 

-.06 

.02 

-.06 

.02 


Goldenveizer-Novozhilov 


.03 

(a) 

.01 

(a) 

-.01 

.02 

-.05 

.03 

-.06 

.02 

-.06 

.02 


Biezeno-Grammel 


(a) 

.01 

(a) 

.01 

-.06 

.03 

-.07 

.03 

-.07 
.02 -• 

-.07 

.02 

2 

Reissner-N aghdi-Berry 


-.04 

(a) 

-.02 

(a) 

-.03 

.01 

-.05 

.02 

-.06 

.02 

-.06 

.02 


Sanders 

2 

-.01 

(a) 

(a) 

(a) 

-.02 

.02 

-.05 

.02 

-.05 

.02 

-.06 

.02 


Vlasov 


-.07 

.01 

-.03 

.01 

-.06 

.02 

-.06 

(a) 

-.06 

(a) 

-.06 

(a) 


Epstein-Kennard 


-.07 

-2.44 

-.04 

-.31 

-.09 

00 

-.13 

.02 

-.14 

.02 

-.14 

.02 

3 

Houghton-Johns 


-.07 

(a) 

-.03 

(a) 

-.03 

.01 

-.05 

.02 

-.06 

.02 

-.06 

.02 


Kennard Simplified 


-.07 

(a) 

-.04 

(a) 

-.07 

(a) 

-.05 

(a) 

-.04 

(a) 

-.04 

(a) 

4 

Membrane 


-.07 

(a) 

-.04 

(a) 

-.09 

(a) 

-.07 

(a) 

-.06 

(a) 

-.06 

(a) 

1 

Donnell-Mushtari 


-.07 

(a) 

-.04 

(a) 

-.08 

.01 

-.08 

(a) 

1 1 
© o 

-.07 

(a) 


Love-Timoshenko 


-.02 

(a) 

-.01 

(a) 

-.04 

.02 

-.07 

.03 

-.07 

.03 

-.07 

.03 


Goldenveizer-Novozhilov 

3 

.03 

(a) 

.01 

(a) 

-.03 

.03 

-.07 

.03 

-.07 

.03 

-.07 

.03 

2 

Biezeno Grammel 


(a) 

.01 

-.01 

.01 

-.08 

.03 

-.09 

.03 

-.09 

.06 

-.09 

.03 


Reissner-N aghdi-Berry 


-.04 

(a) 

-.02 

(a) 

-.05 

.02 

-.07 

.03 

-.07 

.03 

-.07 

.03 


Difference <0.01 percent. 
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Table 2.9. — Percent Differences in Higher Frequency Parameters Between Shell Theories 
and Fliigge Theory; SD-SD Supports; v = 0.3; R/h = 20 — Concluded 


Shell theory 

n 

1/mR 

Group 

Name 

0.1 

0.26 

1 

4 

20 

100 


Sanders 


- 0.01 

(a) 

-0.03 

-0.07 

-0.07 

-0.07 




M 

(a) 

.02 

.03 

.03 

.03 

2 

Vlasov 


-.07 

-.04 

-.08 

-.08 

-.07 

-.07 




.01 

.01 

.02 

(a) 

.04 

(a) 


Epstein-Kennard 


-.07 

-.05 

-.13 

-.18 

-.19 

-.19 




-2.46 

-.32 

(a) 

.03 

.04 

.04 



3 







3 

Houghton-Johns 


-.07 

-.03 

-.05 

-.07 

- .07 

-.07 




(a) 

(a) 

.02 

.02 

.02 

.02 


Kennard Simplified 


-.07 

-.04 

-.08 

-.06 

-.06 

-.06 




(a) 

(a) 

(a) 

(a) 

(a) 

(a) 

4 

Membrane 


-.07 

-.05 

-.11 

-.08 

-.07 

-.07 




(a) 

(a) 

(a) 

(a) 

(a) 

(a) 

1 

Donnell-Mushtari 


-.08 

-.05 

-.09 

-.08 

-.08 

-.08 




(a) 

(a) 

.01 

(a) 

(a) 

(a) 


Love-Timoshenko 


-.02 

-.01 

-.05 

-.08 

-.08 

-.08 




(a) 

(a) 

.03 

.04 

.04 

.04 


Goldenveizer-Novozhilov 


.03 

(a) 

-.05 

-.08 

-.08 

-.08 




(a) 

(a) 

.03 

.04 

.04 

.04 


Biezeno-Grammel 


(a) 

-.02 

-.09 

-.10 

- .10 

-.10 




.01 

.02 

.04 

.03 

.03 

.03 

2 

Reissner-N aghdi-Berry 


-.04 

-.03 

-.06 

-.08 

-.08 

-.08 




(a) 

(a) 

.03 

.04 

.07 

.04 


Sanders 


-.01 

(a) 

-.04 

-.07 

-.08 

-.08 




(a) 

(a) 

.03 

.04 

.10 

.04 


Vlasov 


-.07 

-.05 

-.08 

-.08 

-.08 

-.08 




.01 

.01 

.02 

(a) 

(a) 

(a) 


Epstein-Kennard 


-.08 

-.06 

-.16 

-.20 

-.21 

-.21 




-2.48 

-.33 

(a) 

.03 

.04 

.04 

3 

Houghton-Johns 


-.07 

-.03 

-.06 

-.08 

-.08 

-.08 




(a) 

(a) 

.02 

.03 

.03 

.03 


Kennard Simplified 


-.08 

-.05 

-.09 

-.07 

-.06 

-.06 




(a) 

(a) 

(a) 

(a) 

.02 

(a) 

4 

Membrane 


-.08 

-.06 

-.12 

-.09 

-.08 

-.08 




(a) 

(a) 

(a) 

(a) 

(a) 

(a) 


Difference <0.01 percent. 
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Table 2.10. — Higher Frequency Parameters According to Flugge 
Theory; SD-SD Supports; v = 0.3 


R/h 

n 

1/mR 

0.1 

0.25 

1 

4 

20 

100 

20 

0 

18.5983 

31.4164 

7.43666 

12.5696 

1 . 85928 
3 . 15724 

0.710511 
1 . 05458 

0.149675 

1.00113 

0.029968 

1.00004 

1 

18.6079 

31.4323 

7.46093 

12.6095 

1 . 98755 
3.31870 

. 888499 
1.52574 

.609951 

1.41818 

.592466 

1.41440 

2 

18.6368 

31.4800 

7.53317 

12.7281 

2.27370 

3.75991 

1.32106 

2.34035 

1.19015 

2.24024 

1.18415 

2.23628 

3 

18.6847 

31.5593 

7.65176 

12.9235 

2.63998 

4.39158 

1 . 85602 
3.24657 

1.77950 
3 . 16569 

1.77627 

3.16245 

4 

18.7516 

31.6699 

7.81423 

13.1921 

3.06600 

5.13976 

2.42323 

4.19160 

2.37061 

4.12587 

2.36845 
4 . 12323 

500 

0 

18.5859 

31.4173 

7.43437 

12.5700 

1.85859 

3.15731 

.710460 

1.05456 

. 149674 
1.00113 

.029968 
1 . 00004 

1 

18.5954 

31.4332 

7.45847 

12.6098 

1.98631 

3.31882 

.888232 

1.52571 

.609841 

1.41815 

.592359 

1.41437 

2 

18.6237 

31.4809 

7.53021 

12.7285 

2.27160 

3.76012 

1.32017 

2.34034 

1.18946 

2.24019 

1 .18347 
2.23623 

3 

18.6708 

31.5603 

7.64802 

12.9239 

2.63711 

4.39184 

1.85451 

3.24657 

1.77817 

3.16566 

1.77496 

3.16241 

4 

18.7366 

31.6710 

7.80949 

13.1927 

3 . 06248 
5.14004 

2.42114 

4.19162 

2.36867 

4.12585 

2.36652 

4.12321 


Table 2.11. — Amplitude Ratios for the Lowest Frequencies According to the Flugge 
Theory; SD-SD Supports; v — 0.3 


R/h 

n 

Mode 

No. 

1/mR 

0. 

25 

1 

4 

20 

A/C 

B/C 

A/C 

B/C 

A/C 

B/C 

A/C 

B/C 


0 

1 

0 . 027453 

0 

0.105051 

0 

0.560678 

0 

2 . 80248 

0 


1 

1 

. 028648 

. 023467 

. 175923 

.358264 

.993739 

1 . 30367 

.407336 

1 . 03268 

20 

2 

1 

.032050 

.045471 

.248136 

.427311 

.410777 

.575505 

. 105419 

. 504356 


3 

1 

.037160 

.064801 

.253258 

.372694 

.209999 

.360895 

. 047283 

. 334954 


4 

1 

. 043299 

. 080678 

.224076 

. 302545 

. 125034 

.263035 

. 026765 

.251122 


0 

1 

. 024004 

0 

.104146 

0 

. 560487 

0 

2.80243 

0 


1 

1 

. 025077 

.021729 

. 174560 

.356523 

.994089 

1.30423 

.407511 

1 . 03293 

500 

2 

1 

.028120 

. 042056 

. 246201 

.425264 

.410458 

.575377 

. 105361 

. 504293 


3 

1 

. 032664 

. 059825 

.250773 

.370494 

.209260 

.360420 

.047129 

.334617 


4 

1 

. 038064 

. 074290 

.221055 

.300182 

. 124085 

.262315 

. 026570 

.250544 
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Table 2 . 12 . — Percent Differences in Amplitude Ratios Betiueen Shell Theories and Fliigge 
Theory; SD-SD Supports; Lowest Frequency v = 0.3, R /h = 20 


Shell theory 

n 

1/mR 

0.25 

1 

4 

20 

Group 

Name 


A/C 

B/C 

A/C 

B/C 

A/C 

B/C 

A/C 

B/C 

1 

Donnell-Mushtari 


-9.87 

(a) 

-0.66 

(a) 

-0.03 

(a) 

(a) 

(a) 


Love-Timoshenko 


-9.87 

(a) 

-.66 

(a) 

-.01 

(a) 

0.02 

(a) 


Goldenveizer-Novozhilov 


-9.87 

(a) 

-.66 

(a) 

(a) 

(a) 

.04 

(a) 


Biezeno-Grammel 


(a) 

(a) 

(a) 

(a) 

.04 

(a) 

.03 

(a) 

2 

Reissner-N aghdi-Berry 


-9.87 

(a) 

-.67 

(a) 

-.05 

(a) 

(a) 

(a) 


Sanders 


-9.87 

(a) 

-.66 

(a) 

-.01 

(a) 

.02 

(a) 


Vlasov 

0 

(a) 

(a) 

(a) 

(a) 

(a) 

(a) 

(a) 

(a) 


Epstein-Kennard 


-3.32 

(a) 

-.24 

(a) 

-.08 

(a) 

-.06 

(a) 

3 

Hought in-Johns 


-9.87 

(a) 

-.66 

(a) 

-.03 

(a) 

(a) 

(a) 


Kennard Simplified 


-9.87 

(a) 

-.66 

(a) 

-.03 

(a) 

(a) 

(a) 

4 

Membrane 


-12.58 

(a) 

-.86 

(a) 

-.03 

(a) 

(a) 

(a) 

1 

Donnell-Mushtari 


-9.33 

1.94 

-.25 

0.21 

.09 

0.08 

.08 

0.04 


Love-Timoshenko 


-9.46 

-.92 

-.39 

-.07 

(a) 

-.02 

.01 

-.02 


Goldenveizer-N o vozhilov 


-9.55 

-2.92 

-.46 

-.24 

-.02 

-.03 

.01 

-.02 


Biezeno-Grammel 


(a) 

(a) 

.02 

.02 

.02 

.01 

(a) 

(a) 

2 

Reissner-Naghdi-B erry 


-9.46 

-.89 

-.38 

-.05 

(a) 

(a) 

.01 

-.02 


Sanders 


-9.52 

-1.91 

-.44 

-.14 

-.03 

-.03 

(a) 

-.02 


Vlasov 


(a) 

(a) 

.02 

.03 

.03 

.03 

.03 

.02 


Epstein-Kennard 


-3.19 

.79 

-.13 

.10 

.12 

.19 

.12 

.20 

3 

Houghton-Johns 


-9.54 

-2.82 

-.43 

-.15 

-.02 

-.02 

(a) 

(a) 


Kennard Simplified 


-9.33 

1.94 

-.26 

.20 

.07 

.07 

.05 

.02 

4 

Membrane 


-12.48 

-7.42 

-.78 

-.49 

.04 

.04 

.04 

.02 

1 

Donnell-Mushtari 


-8.01 

1.98 

(a) 

.26 

.16 

.09 

.16 

.05 


Love-Timoshenko 


-8.46 

-.95 

-.27 

-.11 

-.02 

-.07 

(a) 

-.08 


Goldenveizer-Novozhilov 


-8.76 

-2.96 

-.38 

-.27 

-.03 

-.08 

(a) 

-.08 


Biezeno-Grammel 


(a) 

(a) 

.01 

.01 

(a) 

(a) 

(a) 

(a) 

2 

Reissner-Naghdi-Berry 


-8.45 

-.92 

-.24 

-.08 

-.01 

-.07 

(a) 

-.08 


Sanders 

2 

-8.68 

-1.95 

-.36 

-.19 

-.07 

-.08 

-.05 

-.08 


Vlasov 


(a) 

(a) 

.02 

.03 

.03 

.03 

.04 

.02 


Epstein-Kennard 


-2.88 

.83 

-.06 

.18 

.10 

.25 

.11 

.27 

3 

Houghton-Johns 


-8.74 

-2.86 

-.34 

-.21 

-.02 

-.06 

(a) 

-.06 


Kennard Simplified 


-8.01 

2.01 

(a) 

.26 

.11 

.09 

.10 

.06 

4 

Membrane 


-12.28 

-7.52 

-.78 

-.48 

-.08 

-.02 

-.05 

-.01 


Difference <0.01 percent. 
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Table 2.12. — Percent Differences in Amplitude Ratios Betiueen Shell Theories and Flugcje 
Theory; SD-SD Supports; Lowest Frequency v = 0.8, R /h = 20 — Concluded 


Shell theory 


1/mR 

n 

0.25 

1 

4 

20 

Group 

Name 


A 1C 

B/C 

A/C 

B/C 

A/C 

B/C 

A/C 

B/C 

1 

Donnell-Mushtari 


-6.45 

2.03 

0.13 

0.30 

0.22 

0.09 

0.22 

0.06 

2 

Love-Timoshenko 

Goldenveizer-N ovozhilov 

Biezeno-Grammel 

Reissner-Naghdi-Berry 

Sanders 

Vlasov 

Epstein-Kennard 

3 

-7.30 

-7.85 

(a) 

-7.29 

-7.72 

(a) 

-2.52 

-1.00 

-3.01 

(a) 

-.98 

-2.03 

.01 

.89 

-.25 

-.36 

(a) 

-.22 

-.39 

.03 

-.04 

-.17 

-.32 

(a) 

-.15 

-.27 

.03 

.28 

-.05 

-.06 

(a) 

-.05 

-.14 

.04 

.08 

-.17 

-.18 

(a) 

-.17 

-.18 

.02 

.35 

-.04 

-.04 

(a) 

-.04 

-.12 

.04 

.09 

-.19 

-.19 

(a) 

-.19 

-.19 

.02 

.38 

3 

Houghton-Johns 
Kennard Simplified 


-7.82 

-6.43 

-2.92 

2.11 

-.33 

.14 

-.27 

.35 

-.05 

.19 

-.16 

.16 

-.03 

.18 

- .17 
.13 

4 

Membrane 


-12.12 

-7.69 

-.98 

-.59 

-.35 

-.13 

-.33 

-.10 

1 

Donnell-Mushtari 


-5.02 

2.10 

.23 

.33 

.28 

.09 

.28 

.06 

2 

Love-Timoshenko 

Goldenveizer-Novozhilov 

Biezeno-Grammel 

Reissner-N aghdi-Berry 

Sanders 

Vlasov 

Epstein-Kennard 

4 

-6.27 

-7.05 

(a) 

-6.25 

-6.90 

(a) 

-2.19 

-1.08 

-3.10 

(a) 

-1.05 

-2.14 

.01 

-.98 

-.27 

-.38 

(a) 

-.25 

-.47 

.03 

-.05 

-.27 

-.42 

(a) 

-.25 

-.39 

.03 

.41 

-.09 

-.10 

(a) 

-.09 

-.23 

.04 

.05 

-.31 

-.32 

(a) 

-.31 

-.33 

.02 

.50 

-.08 

-.08 

(a) 

-.08 

-.22 

.04 

.06 

-.33 

-.33 

(a) 

-.33 

-.33 

.02 

.52 

3 

Houghton-Johns 
Kennard Simplified 


-7.02 

-4.97 

-3.00 

2.26 

-.35 

.29 

-.38 

.46 

-.09 

.30 

-.30 

.25 

-.07 

.30 

-.31 

.22 

4 

Membrane 


-12.11 

-7.93 

-1.35 

-.78 

-.76 

-.27 

-.73 

-.23 


Difference <0.01 percent. 
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2.3.2 Additional Results for Frequencies and 
Mode Shapes 

In the previous subsection the accuracy of the 
shell theories was compared for n = 0, 1, 2, 3, 4 
circumferential waves. The lowest of three fre- 
quencies for each n was determined. However, 
no attempt was made to determine the “funda- 
mental frequency” (i.e., the lowest frequency 
for all n) for any shell. Some fundamental fre- 
quencies may have occurred in the tables for 
particular values of 1/mR, but others will require 
larger values of n. 

Thus, the complexity of the frequency spec- 
trum for the shell is apparent. There appears to 
be no simple rule for determining the spacing of 
the frequencies as the wave numbers m and n 
are varied. This condition is in contrast with 
other, more simple, physical systems. For exam- 
ple, in the case of the transversely vibrating 
prestretched string, the successive natural fre- 
quencies are spaced according to the longi- 
tudinal wave number n (an integer), while for 
a simply supported beam they are spaced by 
1/n 2 . Considering two dimensional problems, for 
an initially taut rectangular membrane the fre- 
quencies depend upon \/(m/a) 2 -\-(n/b) 2 , where 
to and n are integers and a and b are the mem- 
brane length and width, and for a simply sup- 
ported rectangular plate they vary according to 
(m/a)' iJ r(n/b) 2 . Such simple behavior is not the 
case for the circular cylindrical shell supported 
by shear diaphragms (which is the generaliza- 
tion of the simple support conditions used in the 
other problems described above). To determine 
the response of a structure excited in a very 
complex or random manner it is important to 
know the relative spacing of the frequencies. 
This spacing can be expressed in terms of the 
“modal density” concept. Studies of the modal 
density of circular cylindrical shells supported 
by shear diaphragms were made in references 
2.88, 2.90, 2.120, and 2.195. 

A comprehensive study of the circular cylin- 
drical shell supported at both ends by shear 
diaphragms was made by Forsberg (refs. 2.35, 
2.72, and 2.73) using the Donnell and Fliigge 
theories. In figure 2.11 (taken fr om ref. 2.3 5) 
the frequency parameter Q, = wR\ // p(l — v i )/E is 
plotted as a function of the length/radius ratio 


1/mR for numbers of circumferential waves n 
varying between 0 and 28 for a relatively thin 
shell (R/h = 500) according to the Fliigge theory. 
It is obvious from figure 2.11 that, for a fixed 
number of circumferential waves, the frequency 
increases with an increased number of longi- 
tudinal half-waves to, and that the fundamental 
(lowest) frequency always occurs for to = 1 , but 
for varying n depending strongly upon the 
length/radius ratio of the shell. For example, 
for a shell having 72//i = 500 and l/R = 2, the 
fundamental frequency occurs for to=1, n = 8. 
However, there are over 90 modes with values 
of to up to 6 and n up to 24 having natural fre- 
quencies which are less than that for the simple 
mode shape to=1, n = 2 (ref. 2.35)! The funda- 
mental frequencies, which are given by the 
envelope of figure 2.11 when m = l, are shown 
in figure 2.12 for various R/h ratios (ref. 2.35). 
Results from both the Fliigge and Donnell- 
Mushtari theories are given. Further com- 
parisons of frequencies obtained from the 
Donnell-Mushtari and Fliigge theories can be 
made in figures 2.13 where n is taken to be 2. 



Figure 2.11. — Variation of the frequency parameter SI 
according to the Fliigge theory (R/h =500). (After 
ref. 2.35) 
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Figure 2.12. — Fundamental frequency parameters O 
for various l/R and R/h ratios. (After ref. 2.35) 



0.3 0.5 1.0 2 5 to 20 50 100 

LENGTH TO RADIUS RATIO JU R 


Figure 2.13. — Comparison of Fliigge and Donnell 
frequency spectra for n= 2. (After ref. 2.35) 


As found in section 2.3.1, figures 2.12 and 2.13 
show that the Fliigge and Donnell theories agree 
closely for short shells, but that the frequencies 
differ increasingly as the length (l/R) and 
thickness ( h/R ) ratios increase. 

A similar numerical study was made by 
Bozich (ref. 2.69), also using the Fliigge theory 
and (apparently) ^ = 0.3. Figures 2.14 through 
2.17 show lowest values of 0 plotted versus 
1/viR for R/h = 20, 50, 100, and 2000, respec- 
tively. In these figures the solid lines corre- 
spond to motions which are primarily radial 
(A < C, B<C). However, it is also seen that for 
the axisymmetric (?i = 0) and beam bending 
(n = 1) modes, as 1/ mR is increased, the motions 
become axial and mixed, respectively, as shown 
by the dashed lines. More precisely, Bozich 
showed that for n = 0 the motion associated with 
l/mR<2 in these figures is primarily radial, 
and for 1/mR > 2 it is torsional. Furthermore, for 
1/ mR > 7r , radial motion corresponds to the largest 
of the three eigenvalues. For n = 1 the amplitude 
of the radial and circumferential displacements 
corresponding to the lowest eigenvalue are ap- 
proximately equal and greater than the axial (or 
longitudinal) displacement for l/viR> 3.5, and 
the resulting deflection is similar to beam bend- 
ing with little deviation in circular cross section. 

In figure 2.14 the envelope of the frequency 
curves establishes the fundamental frequency 
for the R/h ratio of 20. It is interesting to note 
that for shells having an l/R ratio in the vicinity 
of unity, the fundamental frequency is asso- 
ciated with four circumferential waves (n = 4), 
whereas for both larger and smaller l/R ratios 
the fundamental frequency occurs for smaller 
n. For very short shells (l/R <0.3) it is seen that 
the fundamental mode is axisymmetric. 

Figures 2.18 and 2.19 (taken from ref. 2.69) 
show the frequency spectra of the second and 
third eigenvalues for given n and A. A single 
figure covers the range of R/h from 20 to 5000 
for modes corresponding to the second and third 
eigenvalues. For small values of 1/mR and n 
the second eigenvalue yields amplitude ratios 
such that B>A, C (torsional modes) while 
modes having larger 1/viR and n have ampli- 
tude ratios such that A>B, C (axial modes). 
The converse of this is found for the third 
eigenvalues. In figures 2.20, 2.21, and 2.22 the 



Figure 2.14. — Variation of the fundamental frequency 
parameter S2 with 1/mR according to the Fliigge theory; 
*=0.3, R/h = 20. (After ref. 2.69) 



Figure 2.16. — Variation of the fundamental frequency 
parameter SI with 1/mR according to the Fliigge theory; 
*=0.3, R/h = 100. (After ref. 2.69) 



.2 .4 .6 .8 1.0 2 4 6 8 10 15 


AXIAL WAVELENGTH PARAMETER — 

mR 

Figure 2.15. — Variation of the fundamental frequency 
parameter SI with 1/mR according to the Fliigge theory; 
* = 0.3, R/h =50. (After ref. 2.69) 



Figure 2.17. — Variation of the fundamental frequency 
parameter SI with 1/mR according to the Fliigge theory; 
*=0.3, J?/A = 2000. (After ref. 2.69) 


40 



AXIAL WAVELENGTH PARAMETER — 

jnR 

Figure 2.18. — Second vibration frequencies; Fliigge 
theory, v = 0.3, R/h = 20 to 5000. (After ref. 2.69) 
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Figure 2.20. — Variation of the fundamental frequency 
parameter B with n; Fliigge theory, v =0.3, R/h =20. 
(After ref. 2.69) 



NUMBER OF CIRCUMFERENTIAL WAVES n 

Figure 2.21. — Variation of the fundamental frequency 
parameter B with n; Fliigge theory, p=0.3, R/h = 100. 
(After ref. 2.69) 
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Figure 2.22. — Variation of the fundamental frequency 
parameter 12 with n; Fliigge theory, v =0.3, R/h =2000. 
(After ref. 2.69) 


lowest frequency parameter is plotted versus n 
for R/h = 20, 100, and 2000, respectively (in 
ref. 2.69 similar plots are also given for R/li = 50, 
500, 1000, and 5000). This last set of figures 
serves to emphasize clearly that the minimum 
frequency for a thin circular cylindrical shell 
of given length and supported by shear dia- 
phragms occurs for n = 2 or greater, unless 
l/R> 10. On the other for very long shells, the 
minimum frequency always occurs for n = l, 
that is in the beam bending mode. 

Axisymmetric motion (ra = 0) in the case of 
shear diaphragm supports leads to more simple 
solutions than for 0. Looking at the matrix 
differential operators for the various theories, 
equations (2.7) and (2.9), it is seen that sub- 
stitution of the shear diaphragm displacement 
functions given by equations (2.20) results in 
the vanishing of the terms arising from the off- 
diagonal elements £12, £21, £23, and £ 32 of the 
matrix in the case of n — 0 for every theory. This 


can be seen explicitly in equation (2.21) for the 
Donnell-Mushtari theory. Thus, the second of 
the three equations of motion becomes uncou- 
pled and yields a purely torsional mode shape. 
From equation (2.21) the frequency parameter 
for this torsional mode according to the Donnell- 
Mushtari theory is found to be 



Furthermore, the other theories lead to varying 
results for the simple formula given in equation 
(2.38). Corresponding formulas arising from the 
various theories are given in table 2.13. It is 
important to note that in every case the for- 
ulas differ from each other by a term which 
is multiplied by k = h 2 /l2R 2 , which is small for 
thin shells. Thus, for practical purposes the 
theories all agree for axisymmetric torsion. 

Returning to the equations of motion in the 
axisymmetric case, the two remaining equations 
are uncoupled from the torsional mode, but do 
yield a coupling of radial and axial displace- 
ments. These equations can be written as 


a — Q 2 

b 

~ A 


' 0 " 

b 

c-fi 2 _ 

C 


0 _ 


where, for example, in the case of the Donnell- 
Mushtari theory 

a = X 2 , b = —v\ c= 1+ZcA 4 (2.40) 

as seen from equations (2.21). The roots of the 
characteristic determinant can be determined 
from the quadratic formula to be 

° 2 = A[( a + c )± V(a-c) 2 +4& 2 ] (2.41) 

Equation (2.41) has two real, positive roots for 
O 2 provided that ac>b 2 . Substituting from equa- 
tion (2.40), it is seen that this inequality is al- 
ways satisfied for the Donnell-Mushtari theory. 
Frequency parameters for the axial-radial modes 
are given in table 2.13 for each of the theories 
considered here. A plot of all three frequency 
parameters 12 2 arising in the axisymmetric case 
is shown in figure 2.23 for the Fliigge theory 
(from ref. 2.69). The lowest frequency in the 
axisymmetric case can correspond to either a 
radial or torsional mode, depending upon 1/viR, 
but is never an axial mode. 
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Table 2.13. — Axisymmetric ( n = 0 ) Frequency Formulas According to the Various Shell Theories 


Shell theory 


S2 2 


Torsional mode 


Coupled axial-radial modes 


Donnell-Mushtari 

Love-Timoshenko 

Goldenveizer-N ovozhilov 
(also Arnold-Warburton) 
Houghton-Johns 
(Simplified 

Goldenveizer-Novozhilov) 

Biezeno-Grammel 

Fliigge 

Reissner-Naghdi-Berry 

Sanders 

Vlasov 

Epstein-Kennard 


-(l-x)X 2 
2 V ’ 

^(l-x)(l+2fc)X 2 

i(l-x)(l+4fc)X 2 
Same as 

Donnell-Mushtari 


-(l-x)(l+3/fc)X 2 


Same as 

Donnell-Mushtari 


-(l-*)(l+ft)X 2 


X 2 


l (1 -.,(i + ? t ) 

Same as 

D onnell-Mushtari 
Same as 

Donnell-Mushtari 


(1+X 2 +A;X 4 ) + [(1 — X 2 ) 2 -f-2X 2 (2x 2 -|-A;X 2 — &X 4 )] U2 } 

Same as Donnell-Mushtari 

Same as Donnell-Mushtari 
Same as Donnell-Mushtari 


-1(1 +fc+X 2 +fcX 4 ) 

+ [(1 -X 2 ) 2 +21e+2(2x 2 -fc)X 2 +2(l — 4x)fcX 4 — 2/fcX 6 ] 1 
(l+X 2 +fcX 4 ) + [(1 — X 2 ) 2 +4x 2 X 2 — 2fcX 6 ] 1,2 j 

Same as Donnell-Mushtari 


Same as Donnell-Mushtari 
Same as Biezeno-Grammel 

if/ 1 +3r 1 — 4x 2 +4x 3 \ 

2j( 1+ w^ 2 --7r^^ +fcx V 

2(1 +3x) 4+3x-18x 2 +12x 4 

(1 -X 2 ) 2 -k +4x 2 X 2 TT j *X 2 


1 — v 


4(1 — v — 2x 2 — 2y 3 ) 

+ — -A;X 4 - 2fcX 6 


d-r) 2 


Kennard Simplified 


Membrane 


Same as 

Donnell-Mushtari 


Same as 

Donnell-Mushtari 


(1-x) 2 

iR 1+ 5A^) l+x,+ ‘ x ' 


i{(‘ 


M 


2 + x 

(1 — X 2 ) 2 -| — lfe-|-4x 2 X 2 

1 —v 

-^^A;X 2 +4x 2 X 2 +2ifcX 4 -4fcX 6 

1 V 


D 


-f(l+A 2 ) + [(l-X 2 ) 2 +4x 2 X 2 ]i' 2 ) 


Another interesting set of frequency spectra is 
shown in figures 2.24 through 2.27. In these 
figures the frequency 0 is plotted versus X giving- 
rise to a family of curves for different thickness 
ratios in the range 0.002 <h/R< 0.100. Looking 
at these curves, it is obvious that the frequency 
increases as the length of the shell decreases and 
as h/R increases; but, in addition, as one moves 
from figure 2.24 to figure 2.27 it is apparent that 
the family of curves spreads apart, indicating 
greater frequency differences with increasing h/R 
for larger values of n. These curves were presented 
by Arnold and Warburton (ref. 2.4) using their 


own theory (which is the same as the Golden- 
veizer-Novozhilov theory). 

Behavior of the amplitude ratios for n = 1 and 
?i = 2 is shown pictorially in figures 2.28 and 2.29 
(from ref. 2.50, where the Fliigge theory was 
used). The ratios A/C and B/C are shown for 
/i/I? = 0.01 and 0.1 for the three possible modes 
which can occur for a fixed value of n and mR/l. 
The change in character of the vibration modes 
with changing mR/l (as was discussed in con- 
junction with figures 2.14 through 2.19) is clearly 
seen from these curves. 

It should be mentioned that another extensive 
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Figure 2.23. — Axisymmetric (n— 0) frequency param- 
eters; Fltigge theory, </=0.3. (After ref. 2.69) 



X=m7r R/A 


Figure 2.24. — Variation of the fundamental SI with X 
and h/R\ Arnold and Warburton theory, n =2. (After 
ref. 2.4) 



X=m7r R/A 

Figure 2.25. — Variation of the fundamental SI with X 
and h/R] Arnold and Warburton theory, n = 3. (After 
ref. 2.4) 



X = mirR/A 

Figure 2.26. — Variation of the fundamental SI with X 
and h/R; Arnold and Warburton theory, n= 4. (After 
ref. 2.4) 
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Figure 2.27. — Variation of the fundamental ft with A 
and h/R] Arnold and Warburton theory, n =5. (After 
ref. 2.4) 


set of results is available in the paper by Baron 
and Bleich (ref. 2.121), where the three fre- 
quencies and their corresponding amplitude ratios 
for fixed n and X are given for n = 0 through 6, 
r = 0.3, and over a range of X. The procedure 
followed by them is particularly interesting 
because of the saving in numerical computation 
time. First, they obtained the frequencies and 
corresponding amplitude ratios according to 
membrane theory (see sec. 2.3.1). Then they 
substituted the mode shapes determined from 
membrane theory into a strain energy integral 
including bending effects which was derived in 
ref. 2.122 using the Flugge theory. Finally, adding 
the kinetic energy, they computed corrected 
frequencies by the simple Rayleigh method. This 
procedure is particularly useful because it not 
only avoids finding roots of the cubic equation in 
Q 2 , equation (2.35), but at the same time it 
includes tangential inertia effects, although the 



Figure 2.28. — Amplitude ratios for n = 1 ; Flugge 
theory. (After ref. 2.50) 



mR/L 


Figure 2.29. — Amplitude ratios for n = 2; Flugge 
theory. (After ref. 2.50) 

tangential displacement amplitudes are only 
approximated in the final results. 

No information is available in the literature 
which shows the variation of the frequency 
parameter as a function of Poisson’s ratio. To 
gain insight into this question a separate set of 
calculations were made for this monograph using 
the Flugge theory. The results are shown in tables 
2.14 and 2.15 for R/h = 20 and 500, respectively. 
Data are given for shells of short, medium, and 
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Table 2 . 14 . — Variation of Q, with Poisson’s Ratio; Fliigge Theory, R /h = 20 


n 

l/mR 

V 


1/mR 

V 

0 

0.25 

0.49 


0 

0.25 

0.49 


0.25 

2.48900 

8.88576 

12.5664 

2.47205 

7.69720 

12.5685 

2.43032 

6.34969 

12.5758 

4 

20 

0.210224 

2.83314 

4.12548 

0.210197 

2.45374 

4.12582 

0.210146 
2 . 02382 
4.12606 

0 

2 

1 . 00063 
1.11072 
1 . 57079 

.944513 
. 967521 
1.60179 

.788615 
. 823925 
1 . 67245 


0.25 

2.76785 
9.57999 
13 . 5242 

2 . 75579 
8.29843 
13.5284 

2.72697 

6.84604 

13.5360 


20 

.111072 
. 157080 
1 . 00000 

.0961909 
. 151972 
1 . 00079 

. 0793209 
. 136518 
1 . 00302 

5 

2 

.383129 

3.63215 

5.31967 

. 382416 
3.23062 
5.32368 

. 380482 
2.66477 
5.32757 


0.25 

2.49923 
8.91476 
12 . 6060 

2.48252 

7.72232 

12.6083 

2.44144 

6.37042 

12.6157 


20 

. 339780 
3.54024 
5.10085 

. 339735 
3.06614 
5.10124 

.339648 

2.52894 

5.10152 

1 

2 

.617720 
1.49179 
1 . 89647 

. 584886 
1.29248 
1 . 93845 

.513257 
1 . 06622 
1.98842 


0.25 

2.90202 

9.86783 

13.9251 

2.89148 

8.54771 

13.9299 

2.86658 

7.05182 

13.9374 


20 

.0169336 

.727043 

1.41716 

.0163488 

.631095 

1.41796 

. 0146782 
.521410 
1.41919 

6 

2 

.535651 

4.40258 

6.27214 

.535328 

3.81310 

6.27492 

. 534499 
3.14516 
6.27751 


0.25 

2.53045 
9.00109 
12 . 7243 

2.51444 

7.79708 

12.7270 

2.47525 

6.43216 

12.7343 


20 

.498294 
4.24760 
6 . 08415 

.498225 

3.67878 

6.08463 

.498094 

3.03425 

6.08494 

2 

2 

.353470 

1.91566 

2.62966 

.339731 

1.65992 

2.65154 

. 304552 
1 . 36949 
2.67526 


0.25 

3.26240 

10.5619 

14.8974 

3.25461 
9 . 14881 
14.9029 

3.23667 

7.54803 

14.9101 


20 

.0393118 

1.42214 

2.23972 

.0392916 

1.23187 

2.24015 

. 0392237 
1.01610 
2.24061 

8 

2 

. 936933 
5.77598 
8.20864 

. 936740 
5.00253 
8.21038 

. 936327 
4.12622 
8.21185 


0.25 

2.58419 

9.14283 

12.9192 

2.56927 

7.91982 

12.9223 

2.53297 

6.53349 

12.9297 


20 

.901993 

5.66266 

8.06298 

.901862 

4.90435 

8.06362 

.901608 

4.04516 

8.06404 

3 

2 

.248049 

2.45960 

2.49463 

.242124 

2.13089 

3.49223 

.225888 
1 . 75794 
3 . 50394 


0.25 

3.74921 

11.3884 

16.0616 

3.74347 

9.86473 

16.0675 

3 . 73060 
8.13902 
16.0741 


20 

. 109795 
2 . 12666 
3.16533 

. 109782 
1.84190 
3.16563 

. 109753 
1.51918 
3.16591 

10 

2 

1.45587 

7.16734 

10.1685 

1.45562 

6.20758 

10.1699 

1.45513 

5.12024 

10.1710 

4 

0.25 

2.66257 
9.33700 
13 . 1872 

2.64901 

8.08798 

13.1909 

2.61629 

6.67232 

13.1984 


20 

1.42114 

7.07796 

10.0501 

1.42092 

6.13015 

10.0509 

1.42049 

5.05630 

10.0514 

2 

.274969 

3.07645 

4.38543 

.272912 

2.66482 

4.39181 

. 267254 
2.19817 
4.39820 
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Table 2.15. — Variation of fi ivith Poisson’s Ratio; Fliigge Theory, R / h = 500 


71 

l /mR 

V 

n 

1/mR 

V 

0 

0.25 

0.49 

0 

0.25 

0.49 


0.25 

1.00415 

8.88576 

12.5664 

0.972321 

7.69530 

12.5689 

0.875778 

6.34571 

12.5760 

4 

20 

0.00854580 

2.83109 

4.12576 

0.00853766 

2.45181 

4.12585 

0.00851444 

2.02182 

4.12592 

0 

2 

1 . 00000 
1.11072 
1 . 57079 

. 949456 
.961939 
1.60184 

.793191 

.818764 

1.67244 


0.25 

. 868558 
9.57575 
13.5252 

.841133 

8.29285 

13.5292 

. 758256 
6 . 83847 
13.5362 


20 

1.11072 
1 . 57080 
1 . 00000 

.0961911 

.151972 

1.00079 

.0793213 
.136518 
1 . 00302 

5 

2 

. 0892546 
3 . 72665 
5.32028 

. 0864402 
3.22755 
5.32385 

. 0780402 
2.66160 
5 . 32744 


0.25 

. 997853 
8.91456 
12.6061 

.966227 

7.72024 

12.6087 

.870312 

6.36628 

12.6158 


20 

.0136348 

3.53754 

5.10125 

.0136326 
3 . 06360 
5.10130 

.0136266 

2.52632 

5.10134 

l 

2 

.616967 
1.49094 
1 . 89672 

.584281 
1.29165 
1 . 93854 

.512748 
1 . 06532 
1 . 98841 


0.25 

.820611 

9.86211 

13.9265 

. 794789 
8.54085 
13.9308 

.716833 

7.04298 

13.9376 


20 

.0169361 

.726941 

1.41714 

.0163518 
. 630987 
1.41792 

.0146818 
. 521288 
1.41916 

6 

2 

.0667205 

4.39870 

6.27284 

. 0647987 
3.80948 
6.27509 

.0590512 

3.14142 

6.27734 


0.25 

.979464 

9.00031 

12.7245 

.948425 

7.79450 

12.7274 

. 854349 
6.42752 
12.7345 


20 

.0199572 

4.24425 

6.08468 

.0199565 
3.67564 
6 . 08471 

.0199545 
3.03101 
6 . 08473 

2 

2 

.346579 

1.91416 

2.63002 

.332670 
1 . 65854 
2.65165 

.296780 
1 . 36807 
2.67524 


0.25 

.721495 

10.5532 

14.8996 

.699090 

9.13931 

14.9041 

.631558 

7.53648 

14.9104 


20 

. 00569731 
1.42144 
2.23975 

. 00552868 
1.23118 
2.24011 

.00502229 

1.01536 

2.24053 

8 

2 

. 0525428 
5.77090 
8.20954 

.0517266 

4.99777 

8.21058 

. 0493413 
4.12129 
8.21161 


0.25 

. 950371 
9.14111 
12.9196 

.920267 

7.91644 

12.9228 

.829109 

6.52808 

12.9299 


20 

.0361080 

5.65801 

8.06375 

.0361078 

4.89999 

8.06375 

.0361075 

4.04063 

8.06376 

3 

2 

. 204007 
2.45747 
3.48142 

. 196852 
2.12892 
3.49238 

. 176627 
1 . 75591 
3.50388 


0.25 

.628660 

11.3769 

16.0644 

. 609649 
9.85264 
16.0688 

. 552444 
8.12471 
16.0744 


20 

.00510157 

2.12528 

3.16547 

.00506018 

1.84058 

3.16563 

.00494075 

1.51780 

3.16579 

10 

2 

.0630049 

7.16100 

10.1696 

.0627190 

6.20162 

10.1702 

.0619007 

5.11400 

10.1707 

4 

0.25 

.912812 

9.33410 

13.1879 

. 883735 
8.08358 
13.1915 

. 796384 
6.66591 
13.1986 


20 

. 0568884 
7.07198 
10.0511 

. 0568884 
6.12452 
10.0511 

. 0568883 
5.05041 
10.0511 


2 

. 129782 
3.07373 
4.38594 

. 125497 
2.66228 
4.39195 

.112898 

2.19557 

4.39811 







72 


VIBRATION OF SHELLS 


long length (i.e., 1/mR =0.25, 2, 20) and over a 
range of circumferential wave numbers 0 < n <10. 
Poisson’s ratio is allowed to vary over its limiting 
range for isotropic materials, 0<r<0.5, although 
the value 0.49 was taken to avoid difficulties 
associated with dividing by zero at certain places 
in the computer routine. In addition to the lowest 
frequency for each n, the higher two frequencies 
are also given. 

As shown in table 2.14 the frequencies corre- 
sponding to modes which are predominantly 
transverse are affected only slightly by changing 
Poisson’s ratio (see earlier discussion in this sec- 
tion to associate frequencies with modes), that 
the effect is most important for shells of moderate 
length (1/mR — 2), and that the effect is reduced 
as the number of circumferential waves increases. 
Further, comparing tables 2.14 and 2.15 it is seen 
that the frequency parameter Q is more signifi- 
cantly affected by v for thinner shells. Finally, it 
must be remembered that the frequency -parame- 
ter 0 contains v (i.e., 12 = uR V" p(l — p 2 ) /2?) . Thus, 
although 12 may decrease with increasing v, the 
actual free vibration frequency co will increase 
with increasing v, as expected. 

From tables 2.14 and 2.15 it can be seen that 
the two largest frequencies for given values of n 
and 1/mR essentially do not depend upon R/h. 

Forsberg (ref. 2.35) used the exact solution 
obtained from the Fliigge theory (including tan- 
gential inertia) for the SD-SD shell as a basis 
for comparison of approximate solutions obtained 
by the finite difference method. Sinusoidal vari- 
ation of u, v, and w with respect to 6 and t was 
assumed, as in equations (2.20), and the resulting 
set of ordinary differential equations of motion 
were replaced by their finite difference equiv- 
alents. Convergence of the finite difference tech- 
nique was then studied, using 10, 20, 50, and 
100 equally spaced points along the length of the 
shell. Results for the frequency parameters and 
modal characteristics exhibited by the various 
solutions are displayed in figure 2.30 for a shell 
having R/h = 500, l/R = 10, ?i = 4, m= 1, and 
v = 0.3. It is interesting to note that although the 
eigenfunctions (mode shapes) are represented 
very accurately with as little as 10 points, the 
eigenvalues (frequency parameters) converge 
much more slowly. This is due to significant dif- 
ferences between the higher derivatives of the 


MODAL CHARACTERISTICS OF CYLINDRICAL SHELL 

R/h = 500 O ■ 0 01232 ( 10 PTS ) BOUNDARY 

i/R = IOO 12 ■ 001076 (20 PTS ) CONDITIONS 

„=03 J2 - 0.01028 ( 50 PTS) w=0 

n = 4 12 *0.01021 (100 PTS) M„=0 

12 *0.01017 ( EXACT) N, =0 


v*° 

AT x*0,f? 



AXIAL COORDINATE, X/i 

Figure 2.30. — Comparison of finite difference and exact 
(Fliigge) solutions for an SD-SD shell; R/h =500, 
2/22 = 10, n=4, m — \. (After ref. 2.35) 


eigenfunctions, as shown by the plots of the force 
and moment resultants in figure 2.30, particularly 
for the circumferential (hoop) force resultant N o- 
Further results showing the convergence of eigen- 
values obtained from finite difference solutions 
are shown in table 2.16. In reference 2.35 the 
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Table 2.16. — Comparison of Frequencies Obtained from Finite Difference and 
Exact ( Fliigge ) Solutions for a SD-SD Shell; v = 0.3 


n 

1/mR 

R/h 

Number of grid points 

10 

20 

50 

100 

Exact 

2 

2 

100 

500 

5000 

0.3277 

.3274 

.3274 

0.3275 

.3272 

.3272 

0.3275 

.3272 

.3272 

0.3274 

.3272 

.3272 

0.3274 

.3272 

.3271 

10 

100 

500 

5000 

. 02520 
. 02397 
.02392 

. 02282 
.02146 
.02140 

.02210 
. 02069 
. 02063 

. 02200 
.02058 
. 02052 

.02195 
. 02053 
. 02047 

4 

2 

500 

.1264 

.1243 

.1237 

.1237 

.1236 

10 

500 

.01232 

.01076 

.01028 

.01021 

.01017 


following was generally found for frequency 
parameters : 

(1) Finite difference solutions will give better 
results for a short (small 1/mR), thick (small 
R/h) shell than for a long, thin one. 

(2) The accuracies of the finite difference 
results slowly decrease as R/h or n increases. 

(3) The accuracies of the finite difference 
results rapidly decrease as 1/mR is increased. 

These statements are substantiated by table 
2.16. 

Further comparisons of the results obtained 
using various shell theories and various solution 
techniques were made in an excellent survey 
paper by Warburton (ref. 2.123). 

2.3.3 Strain Energy Distribution 

It is interesting to observe how the total strain 
energy which occurs at any instant in the shell 
(being a maximum, of course, when cos wt = 1 in 
eqs. (2.20) ; i.e., at maximum amplitude) is appor- 
tioned between bending and stretching (see eqs. 
(2.17) and (2.18)). Arnold and Warburton (ref. 
2.3) plotted curves (figs. 2.31 and 2.32) showing 
this apportionment for a circular cylindrical shell 
having h/R = 0.0525 and n= 2 and 4. In figure 
2.31 for n = 2 the strain energy is extremely small 
for values of X up to 0.5, resulting almost entirely 
from bending. At higher values of X, however, the 
stretching energy increases rapidly and becomes 
predominant, as may be seen from the shaded 



Figure 2.31. — Nondimensional strain energy due to 
bending and stretching; h/R =0.0525, n< 2. (After 
ref. 2.3) 



Figure 2.32. — Nondimensional strain energy due to 
bending and stretching; h/R =0.0525, n= 4. (After 
ref. 2.3) 


74 


VIBRATION OP SHELLS 


area representing the bending contribution. For 
n = 4, however, the bending effect is predominant 
throughout the range 0<X<4, always contribut- 
ing over 1 /2 of the total strain energy. Compar- 
ing the two figures for A =1.2, it is seen that 
although the total strain energy is approxi- 
mately the same for either n = 2 or n = 4, the 
portions due to bending in the two cases are al- 
together different. Looking at figure 2.14 (where 
h/R = 0.0500 and the Fltigge theory was used) 
it is evident that the frequency parameter curves 
for n = 2 and ?i = 4 cross at the corresponding- 
value of l/mR = 7r/A = 2.6. Another plot of the 
strain energy as a function of the circumfer- 
ential wave number n is shown in figure 2.33 
(from ref. 2.3) for a thinner shell (i2/A=100) 
and for A = 3.82. One observes that the stretching 
energy decreases rapidly as n increases, whereas 
the bending energy increases. This results in a 
curve for total strain energy which has a mini- 
mum at n = 7. As seen in figure 2.21, the 
corresponding minimum in frequency parameter 
occurs also in the vicinity of n = 7 for 

l/mR=i r/3.82 = 0.82 

Strain energy apportionment between bending 
and stretching for circular cylindrical shells sup- 
ported by shear diaphragms was also discussed in 
references 2.35 and 2.61. 

Figure 2.33 helps to demonstrate the rationale 



Figure 2.33. — Nondimensional strain energy due to 
bending and stretching; h/R = 0.01, X = 3.82. (After 
ref. 2.3) 


for using the membrane theory for small n and a 
theory which considers bending only for large n. 
This latter theory (called an “inextensional the- 
ory”) was proposed by Rayleigh (ref. 2.124) in 
1881 and will be discussed in connection with 
free-free shells (see sec. 2.4.5). 


2.3.4 Neglect of Tangential Inertia 

As seen earlier in this section, for wide ranges of 
h/R, A, and n (but not for all values) the funda- 
mental frequency corresponds to a mode shape 
which is primarily radial, and the tangential 
displacements are then relatively small. Con- 
sequently, one important simplification which 
is frequently made in the equations of mo- 
tion is to neglect the tangential (axial and 
circumferential) inertia terms. 

Neglect of tangential inertia terms in the equa- 
tions of motion eliminates two of the terms con- 
taining iV in the characteristic determinant (cf., 
eq. (2.21)) and reduces the characteristic equa- 
tion (2.35) to a linear equation in £2 2 . The 
resulting simple formulas for the frequency 
parameter can be written as 


Ko~\~k AK 0 
Ri +k All i 


(2.42) 


where Ko and A K 0 are as given previously in 
equation (2.36) and table 2.4, respectively, 

Ai = <l^(X 2 +?i 2 ) 2 ( 2.43) 

and values of AK\, according to the various 
theories, are given in table 2.17. The single 
frequency in every case, of course, describes a 
radial mode of vibration. 

The effects of neglecting tangential inertia in 
the various theories can be seen in tables 2.18 
and 2.19. In these tables the percent change in 
the frequency parameter 0 when tangential 
inertia is neglected is given relative to the value 
of S2 obtained from each shell theory when 
tangential inertia is included. 

The following general conclusions are apparent : 


(1) Neglecting tangential inertia causes all 
frequencies associated with radial modes to 
increase, with the exception of the axisymmetric 
(n = 0) case. 

(2) For R/h = 20 and any given n and 1/mR, 


THIN CIRCULAR CYLINDRICAL SHELLS 


75 


the frequency changes are approximately the 
same for all theories. The approximation becomes 
practically exact for R/h — 500. 

(3) The frequency changes are essentially 
independent of R/h ratio. 

(4) The differences are generally more signifi- 
cant for long shells than for short ones. 

(5) Large differences occur for small n(n = 0, 
1, 2) and decrease as n increases. Neglecting 
tangential inertia is completely unacceptable for 
long shells in their beam bending (?i= 1) modes. 

It must be remembered that tables 2.18 and 2.19 
only indicate the changes in frequencies due to 
neglecting tangential inertia, and that con- 
siderable differences can exist among the fre- 
quencies generated by the various theories, as 
was discussed earlier in section 2.3.1. 

It was pointed out by Forsberg (ref. 2.35) that 
neglect of tangential inertia in the beam bending 
(n = 1) mode effectively results in leaving half of 
the shell inertia out of the calculations. Because 
the frequency depends upon the square root of 
the mass, having half as much mass yields a 
frequency which is h/ 2 greater when tangential 
inertia is omitted for long shells and n = 1. This 
was also observed in tables 2.18 and 2.19. 

The change in frequency spectrum in the case 
of axisymmetric (n = 0) motion is clearly shown 
in figure 2.34 (from ref. 2.35). The three distinct 
modes are replaced by a single mode which is 
primarily radial when tangential inertia is 
neglected. This causes the significant negative 
difference where the transition zone between 
longitudinal and radial modes normally occur 
(i.e., 2<l/mR<5). 

A comparison of the effects of neglecting 
tangential inertia for other numbers of cir- 
cumferential waves can also be seen in figure 2.35 
(from ref. 2.35), where the lowest 12 is plotted 
versus l/R for various R/h ratios. Results from 
the Fliigge theory, with and without tangential 
inertia, and the Donnell theory without tan- 
gential inertia are shown in this figure. For very 
thin shells (R/h = 5000) the effect of neglecting 
tangential inertia is essentially negligible, but 
the frequency is increased considerably for large 
h/R and l/R ratios. Again it is seen that the 
differences between the Donnell-Mushtari and 
Fliigge theories (this time neglecting tangential 
inertia) increase as h/R and l/R increase. 


Table 2.17. — Parameters AKi for the Direct 
Calculation of Frequency Parameters (by eq. 
(2. 42)) when Tangential Inertia Is Neglected 


Shell theory 

A/G 

Donnell-Mushtari 

0 

Love-Timoshenko 

w 

(l-»)X* + (3-2» + v*)— 

n 4 

+ (1-)- 

Goldenveizer-N ovozhilov 
(also Arnold- 
Warburton) 

2(l-v)X 4 + (2-2 v + v*)\*n* 

7l 4 

+a-w y 

Biezeno-Grammel 

3(l-»0y+(l -f)*X*»* 

n 4 

+ (1-)- 

Fliigge 

0 

Reissner-Naghdi-Berry 

X 4 X 2 7l 2 

(l-«')- + (5-2r + r 2 )— - 
z z 

/ N n4 

+a-r)- 

Sanders 

9(l-r)^ + (8-5r + * 2 )^-' 

8 4 

n 4 

+5(1 — r)— 

Vlasov 

0 

Epstein-Kennard 

r(2-9r+6r 2 ) xil 

4(1 — r) X 

14 — 23r+7i' 2 

— X 2 re 2 

4(1 — v) 

8-17r + 10r 2 

; : — 7i 4 

4(1 -f) 

V 2 

; r(X 2 +?i 2 ) 3 

2(1 -v) 

Houghton-Johns (Simpli- 
fied Golden.-Novo.) 

0 

Kennard Simplified 

0 

Membrane 

0 
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Table 2.18. — Percent Change in Transverse Mode Frequency Parameter by Neglecting Tangential 
Inertia Terms; SD-SD Supports, v = 0.3, R/li = 20 


Shell theory 

n 

1/mR 

Group 

Name 

0.1 

0.25 

1 

4 

20 

100 

1 

Donnell-Mushtari 


0.01 

0.03 

0.50 

-9.54 

-4.71 

-4.61 


Love-Timoshenko 


.04 

.03 

.50 

-9.54 

-4.71 

-4.61 


Goldenveizer-N ovozhilov 


.06 

.03 

.50 

-9.54 

-4.71 

-4.61 


Biezeno-Grammel 


.05 

.04 

.51 

-9.54 

-4.71 

-4.61 

2 

Fltigge 


.07 

.06 

.54 

-9.54 

-4.71 

-4.61 


Reissner-N aghdi-Berry 

0 

.02 

.03 

.51 

-9.55 

-4.72 

-4.62 


Sanders 


-2.80 

.03 

.50 

-9.54 

-4.71 

-4.61 


Vlasov 


.01 

.04 

.51 

-9.54 

-4.71 

-4.61 


Epstein-Kennard 


-.53 

.02 

.51 

-9.35 

-4.61 

-4.51 

3 

Houghton-Johns 


.01 

.03 

.50 

-9.54 

-4.71 

-4.61 


Kennard Simplified 


.01 

.03 

.50 

-9.63 

-4.70 

-4.61 

4 

Membrane 


(a) 

.03 

.50 

-9.54 

-4.71 

-4.61 

1 

Donnell-Mushtari 


.01 

.04 

2.53 

41.69 

42.67 

41.48 


Love-Timoshenko 


.04 

.04 

2.54 

41.69 

42.67 

41.48 


Goldenveizer-N ovozhilov 


.07 

.05 

2.55 

41.68 

42.67 

41.48 


Biezeno-Grammel 


.06 

.05 

2.54 

41.68 

42.67 

41.48 

2 

Fltigge 


.07 

.07 

2.57 

41.72 

42.69 

41.51 


Reissner-Naghdi-Berry 

1 

.02 

.04 

2.54 

41.68 

42.67 

41.48 


Sanders 


.04 

.04 

2.54 

41.69 

42.67 

41.48 


Vlasov 


.14 

.05 

2.54 

41.69 

42.67 

41.48 


Epstein-Kennard 


-.53 

.03 

2.54 

41.70 

42.67 

41.48 

3 

Houghton-Johns 


.01 

.04 

2.55 

42.09 

42.68 

41.49 b 


Kennard Simplified 


.01 

.04 

2.53 

41.69 

42.67 

41.49 

4 

Membrane 


(a) 

.04 

2.51 

41.68 

42.67 

41.48 

1 

Donnell-Mushtari 


.01 

.07 

4.13 

13.13 

11.92 

11.82 


Love-Timoshenko 


.04 

.07 

4.16 

13.15 

11.93 

11.83 

2 

Goldenveizer-Novozhilov 

2 

.07 

.08 

4.16 

13.15 

11.93 

11.83 


Biezeno-Grammel 


.06 

.08 

4.14 

13.13 

11.92 

11.81 


Fltigge 


.07 

.10 

4.21 

13.19 

11.98 

11.88 


Reissner-Naghdi-Berry 


.02 

.07 

4.14 

13.14 

11.93 

11.83 


Sanders 


.04 

.07 

4.16 

13.15 

11.93 

11.83 


Vlasov 


.02 

.07 

4.14 

13.13 

11.92 

11.81 


Epstein-Kennard 


-.53 

.06 

4.14 

13.12 

11.89 

11.79 

3 

Houghton-Johns 


.01 

.07 

4.17 

13.16 

11.93 

11.83 


Kennard Simplified 


.01 

.07 

4.12 

13.13 

11.92 

11.82 

4 

Membrane 


.01 

.06 

4.10 

13.12 

11.91 

11.81 


“ Frequency changes less than 0.01 percent. 
b Imaginary frequencies. 
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Table 2.18 . — Percent Change in Transverse Mode Frequency Parameter by Neglecting Tangential 
Inertia Terms; SD-SD Supports, v = 0.8, R/h = 20 — Concluded 


Shell theory 

n 

1/mR 

Group 

Name 

0.1 

0.25 

1 

4 

20 

100 

1 

Donnell-Mushtari 


0.01 

0.10 

3.78 

5.84 

5.44 

5.42 


Love-Timoshenlco 


.04 

.12 

3.82 

5.86 

5.46 

5.44 


Goldenveizer-Novozhilov 


.07 

.12 

3.82 

5.86 

5.46 

5.44 


Biezeno-Grammel 


.06 

.12 

3.79 

5.84 

5.44 

5.42 

2 

Fliigge 


.08 

.14 

3.85 

5.91 

5.51 

5.49 


Reissner-N aghdi-Berry 

3 

.03 

.11 

3.80 

5.84 

5.46, 

5.44 


Sanders 


.05 

.12 

3.82 

5.86 

5.46 

5.44 


Vlasov 


.02 

.11 

3.79 

5.84 

5.44 

5.42 


Epstein-Kennard 


-.54 

.01 

3.79 

5.82 

5.41 

5.39 

3 

Hough ton-Johns 


.01 

.12 

3.83 

5.86 

5.46 

5.44 


Kennard Simplified 


.01 

.10 

3.78 

5.84 

5.45 

5.42 

4 

Membrane 


.01 

.10 

3.75 

5.82 

5.43 

5.41 

1 

Donnell-Mushtari 


.01 

.15 

2.89 

3.25 

3.10 

3.09 


Love-Timoshenko 


.05 

.17 

2.92 

3.27 

3.11 

3.11 


Goldenveizer-Novozhilov 


.08 

.17 

2.93 

3.27 

3.11 

3.11 


Biezeno-Grammel 


.07 

.16 

2.90 

3.25 

3.09 

3.08 

2 

Fliigge 


.08 

.19 

2.97 

3.22 

3.17 

3.16 


Reissner-Naghdi-Berry 


.03 

.16 

2.91 

3.27 

3.11 

3.11 


Sanders 

4 

.05 

.17 

2.93 

3.27 

3.11 

3.11 


Vlasov 


.02 

.16 

2.90 

3.25 

3.09 

3.09 


Epstein-Kennard 


-.54 

.14 

2.89 

3.22 

3.06 

3.06 

3 

Houghton-Johns 


.02 

.17 

2.93 

3.27 

3.11 

3.11 


Kennard Simplified 


.01 

.15 

2.88 

3.25 

3.10 

3.09 

4 

Membrane 


.01 

.14 

2.85 

3.23 

3.09 

3.08 
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Table 2 . 19 . — Percent Change in Transverse Mode Frequency Parameter by Neglecting Tangential 
Inertia Terms; SD-SD Supports; v = 0.3, R/h = 500 


Shell theory 


1/mR 

Group 

Name 


0.1 

0.25 

1 

4 

20 

100 

1 

Donnell-Mushtari 


(a) 

0.03 

0.50 

-9.54 

-4.71 

-4.61 


Love-Timoshenko 


(a) 

.03 

.50 

-9.54 

-4.71 

-4.61 


Goldenveizer-Novozhilov 


(a) 

.03 

.50 

-9.54 

-4.71 

-4.61 


Biezeno-Grammel 


(a) 

.03 

. 50 

-9.54 

-4.71 

-4.61 

2 

Fliigge 


(a) 

.03 

.50 

-9.54 

-4.71 

-4.61 


Reissner-N aghdi-Berry 

0 

(a) 

.03 

.50 

-9.54 

-4.71 

-4.61 


Sanders 


(a) 

.03 

.50 

-9.54 

-4.71 

-4.61 


Vlasov 


(a) 

.03 

.50 

-9.54 

-4.71 

-4.61 


Epstein-Kennard 


(a) 

.03 

.50 

-9.54 

-4.71 

-4.61 

3 

Houghton-Johns 


(a) 

.03 

.50 

-9.54 

-4.71 

-4.61 


Kennard Simplified 


(a) 

.03 

.50 

-9.54 

-4.71 

-4.61 

4 

Membrane 


(a) 

.03 

.50 

-9.54 

-4.71 

-4.61 

1 

Donnell-Mushtari 


(a) 

.04 

2.51 

41.68 

42.67 

41.48 


Love-Timoshenko 


(a) 

.04 

2.51 

41.68 

42.67 

41.48 


Gold °nveizer-N ovozhilov 


(a) 

.04 

2.51 

41.68 

42.67 

41.48 


Biezeno-Grammel 


(a) 

.04 

2.51 

41.68 

42.67 

41.48 

2 

Fliigge 


(a) 

.04 

2.51 

41.68 

42.67 

41.48 


Reissner-N aghdi-Berry 

1 

(a) 

.04 

2.51 

41.68 

42.67 

41.48 


Sanders 


(a) 

.04 

2.51 

41.68 

42.67 

41.48 


Vlasov 


(a) 

.04 

2.51 

41.68 

42.67 

41.48 


Epstein-Kennaid 


(a) 

.04 

2.51 

41.68 

42.67 

41.48 

3 

Houghton-Johns 


(a) 

.04 

2.51 

41.68 

42.67 

41.48 


Kennard Simplified 


(a) 

.04 

2.51 

41.68 

42.67 

41.48 

4 

Membrane 


(a) 

.04 

2.51 

41.68 

42.67 

41.48 

1 

Donnell-Mushtari 


.01 

.06 

4.10 

13.12 

11.91 

11.81 


Love-Timoshenko 


.01 

.06 

4.10 

13.12 

11.91 

11.81 

2 

Goldenveizer-Novozhilov 

2 

.01 

.06 

4.10 

13.12 

11.91 

11.81 


Biezeno-Grammel 


.01 

.06 

4.10 

13.12 

11.91 

11.81 


Fliigge 


.01 

.06 

4.10 

13.12 

11.91 

11.81 


Reissner-N aghdi-Berry 


.01 

.06 

4.10 

13.12 

11.91 

11.81 


Sanders 


.01 

.06 

4.10 

13.12 

11.91 

11.81 


Vlasov 


.01 

.06 

4.10 

13.12 

11.91 

11.81 


Epstein-Kennard 


.01 

.06 

4.10 

13.12 

11.91 

11.81 

3 

Houghton-Johns 


.01 

.06 

4.10 

13.12 

11.91 

11.81 


Kennard Simplified 


.01 

.06 

4.10 

13.12 

11.91 

11.81 

4 

Membrane 


.01 

.06 

4.10 

13.12 

11.91 

11.81 


“ Frequency changes less than 0.01 percent. 
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Table 2.19 . — Percent Change in Transverse Mode Frequency Parameter by Neglecting Tangential 
Inertia Terms; SD-SD Supports; v = 0.3, R/h = 500 — Concluded 


Shell theory 

n 

1/mR 

Group 

Name 

0.1 

0.25 

1 

4 

20 

100 

1 

Donnell-Mushtari 


0.01 

0.10 

3.75 

5.83 

5.43 

5.41 


Love-Timoshenko 


.01 

.10 

3.75 

5.83 

5.43 

5.41 


Goldenveizer-N ovozhilov 


.01 

.10 

3.75 

5.82 

5.42 

5.41 


Biezeno-Grammel 


.01 

.10 

3.75 

5.82 

5.43 

5.41 

2 

Fliigge 


.01 

.10 

3.75 

5.83 

5.43 

5.41 


Reissner-Naghdi-Berry 

3 

.01 

.10 

3.75 

5.83 

5.43 

5.41 


Sanders 


.01 

.10 

3.75 

5.82 

5.43 

5.41 


Vlasov 


.01 

.10 

3.75 

5.82 

5.43 

5.41 


Epstein-Kennard 


.01 

.10 

3.75 

5.82 

5.43 

5.41 

3 

Houghton-Johns 


.01 

.10 

3.75 

5.83 

5.43 

5.41 


Kennard Simplified 


.01 

.10 

3.75 

5.82 

5.43 

5.41 

4 

Membrane 


.01 

.10 

3.73 

5.83 

5.43 

5.41 

1 

Donnell-Mushtari 


.01 

.14 

2.85 

3.23 

3.09 

3.08 


Love-Timoshenko 


.01 

.14 

2.85 

3.23 

3.09 

3.08 


Goldenveizer-N ovozhilov 


.01 

.14 

2.85 

3.23 

3.09 

3.08 


Biezeno-Grammel 


.01 

.14 

2.85 

3.23 

3.09 

3.08 

2 

Fliigge 


.01 

.14 

2.85 

3.23 

3.09 

3.08 


Reissner-N aghdi-Berry 

4 

.01 

.14 

2.85 

3.23 

3.09 

3.08 


Sanders 


.01 

.14 

2.85 

3.23 

3.09 

3.08 


Vlasov 


.01 

.14 

2.85 

3.23 

3.09 

3.08 


Epstein-Kennard 


.01 

.14 

2.85 

3.23 

3.09 

3.08 

3 

Houghton-Johns 


.01 

.13 

2.85 

3.23 

3.09 

3.08 


Kennard Simplified 


.01 

.14 

2.85 

3.23 

3.09 

3.08 

4 

Membrane 


.01 

.14 

2.77 

3.23 

3.09 

3.08 
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Figure 2.34. — Effect of tangential inertia terms on 
axisymmetric (re = 0) mode. (After ref. 2.35) 
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Figure 2.35. — Effect upon SI of neglecting tangential 
inertia. (After ref. 2.35) 


Neglecting tangential inertia also allows some 
simplification of the equations of motion (ref. 
2.125) and permits uncoupling of them. Con- 
sidering, for example, the Donnell-Mushtari 
equations (2.1) and (2.7), if the inertia terms 
are dropped from the first two of the three 
detailed scalar equations, it is easily found that 
the resulting equations can be manipulated to 
give 


/cV 8 w+(l-i/ 2 ) 


5 ho 
ds 4 


P {l-v*)R* d 2 w 
E dt 2 


(2.44) 


and two other fourth order equations in terms of 
u and to, and v and w containing the tangential 
displacements which are 


V 4 m = 


dhv 


d 3 W 

ds dd 2 


V%=-(2 + v) 


dhv 
ds 2 dd 



(2.45) 


This uncoupling permits the calculation of the 
eigenvalues directing from the single equation 

(2.44) , whereas amplitude ratios are obtained 
by substituting the resulting solutions for w into 
equations (2.45). Further, whereas the type of 
uncoupling shown above in equations (2.44) and 

(2.45) can be accomplished for each of the theo- 
ries when tangential inertia is neglected, the 
Donnell-Mushtari equations can also be uncou- 
pled without neglecting tangential inertia. The 
resulting Donnell-type equations, which are more 
complicated than equations (2.44) and (2.45) are 
given by Yu (ref. 2.32). 


2.3.5 Further Simplifications 

Another type of simplification in the shell 
equations can be made when the circumferential 
wave length is small relative to the axial wave 
length, ^.e., 

A 2 «n 2 (2.46) 

This simplification was proposed by Yu (ref. 
2.32) and seems particularly reasonable for a 
Donnell-Mushtari (or shallow shell) type of the- 
ory because, as seen earlier in this chapter, the 
Donnell-Mushtari theory is less applicable for 
small n. Thus, as in reference 2.32, under the 
assumption of equation (2.46) the Donnell- 
Mushtari coefficients of the characteristic equa- 


THIN CIRCULAR CYLINDRICAL SHELLS 


81 


tion (2.35) simplify from those of equations 
(2.36) to give 


£2=l+-(3-r)R 2 +/m 4 

z 


Ki =i[(l - f>)n 2 (n 2 +l) + (3 - i)kn 6 ] > 
z 

Ko = -(l — i') [(1 — » ,2 )X 4 +/cr 8 ] 

2 


(2.47) 


The modifying constants for equation (2.35) 
given in table 2.4 for other shell theories can 
similarly be simplified by the assumption of 
equation (2.46). For example, the modifying 
constants for the Fliigge characteristic equation 
become (ref. 2.32) 

A/F 2 = 0 

A/Fi = 0 

AK 0 =^-^n 4 (l-2n 2 ) 
z 

No extensive calculations are available in the 
literature which show the effect of Yu’s simplifi- 
cation on the results obtained, although some dis- 
cussion of loss of accuracy is given in references 
2.32 and 2.48. Armenakas (ref. 2.50) examined 
the effect of the Yu simplification when tangen- 
tial inertia was also neglected. He showed that 
for this extensive simplification the frequency 
parameter reduces to 

(1 — j/ 2 )X 4 

fl 2 =~ ^-+fc(n 2 -X 2 ) 2 (2.49) 

(n 2 — X 2 ) 2 v 

for both the Fliigge and Donnell-Mushtari the- 
ories. This formula was also obtained by Reissner 
(ref. 2.125) by making the same assumptions in 
shallow shell theory. In figures 2.36 and 2.37 
(from ref. 2.50) the percent change in 12 resulting 
from neglecting tangential inertia alone (in the 
Fliigge theory) and from Yu’s simplification in 
addition (i.e., using eq. (2.49)) is shown for 
R/li = 100 and 10, respectively. 

Another simplification of equation (2.35) can 
be made when it is known that one of the three 
roots is much smaller than the others (cf., refs. 
2.33, 2.62 and 2.69), as in the case of large values 
of R/h and 1/mR (however, often the lowest two 
roots are of the same order of magnitude, despite 




mR n 


Figure 2.36. — Percent error in frequency parameter by 
neglecting tangential inertia and assuming X 2 <5Cn 2 in 
the Fliigge theory; R/h = 100. (After ref. 2.50) 



Figure 2.37. — Percent error in frequency parameter by 
neglecting tangential inertia and assuming X 2 «n 2 in 
the Fliigge theory; R/h — 10. (After ref. 2.50) 


frequent statements to the contrary which ap- 
pear in the literature). In such cases the cubic 
and second degree terms in 12 2 can be dropped 
from equation (2.35), leaving a linear equation 
for the fundamental frequency. The frequency 
parameter thus obtained is given by 


Ko~\~k AKo 
Ki~\-k AKi 


(2.50) 


where K 0 and K\ are as given previously in equa- 
tions (2.36) and A K 0 and AKi as given in table 
2.4. The single frequency thus obtained is not the 
same, however, as that when tangential inertia 
is ignored. 

In reference 2.50 the errors introduced by 
using either equation (2.49) or equation (2.50) 
(for the Fliigge theory) are compared. 
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Intermediate accuracy can be obtained by 
dropping only the cubic term in ST in equation 
(2.35) and solving the resultant quadratic equa- 
tion in iV. In reference 2.50 the errors introduced 
by using the linearized form (eq. (2.50)) and the 
quadratic forms of simplification of equation 
(2.35) were analyzed. The results are shown in 
table 2.20. 

Another approximate formula arising from a 
modification of the quadratic equation in O 2 (cf., 
refs. 2.4, 2.126, and 2.127) for small values of fi 2 is 



(2.51) 


for the Donnell-Mushtari theory. For other 
theories, of course, K 0 , K i, and K 2 in equation 
(2.51) are replaced by K 0 +AK 0 , Ki+AKi, and 
K 2 +AK 2 . One obtains this formula from a 
quadratic equation of the form 


-K 2 W+K 1 W-K 0 = O (2.52) 

by substituting the linear solution Q, 2 = K 0 /Ki 
for O 4 and then solving the resulting linear equa- 
tion in Q 2 . 

It has been seen above that the number of 
“simplifications” and “approximations” which 
can be made to simplify the procedure of com- 
puting frequency parameters is large and tends 
to cause confusion. To help clarify the picture, 
these simplifications will be summarized below. 
Beginning with a single shell theory, as defined 
by a set of equations of motion (i.e., eqs. (2.3), 
(2.5), (2.7) and (2.9)) the following types of 
simplifying assumptions have been encountered 
in various places in this section and in preceding 
sections of this chapter: 

(1) Neglecting k with respect to unity in 
equations of motion. 


Table 2.20. — Percent Error in Frequency Parameter by Using Linearized and Quadratic 
Simplifications of Eq. {2.23); Flilgge Theory 


n 

Frequency 

equation 

mR/l 

0.01 

0.03 

0.05 

0.1 

0.20 

0.30 

0.50 

0.60 

0.8 

1.0 

2.0 

5.0 

10.0 


h/R =0.001 


Linear 

< Less than 1% > 

-1.6 

-7.0 

-12.2 

-13.1 

-12.4 

-10.4 

-3.9 

1.0 

1.0 

Quadratic 

< Less than 1% > 

+ 1.4 

+ 1.7 

+ 1.3 

Less than 1 % 

Linear 

< Less than 1 % 

► 

-2.0 

-2.7 

-3.6 

-4.5 

-5.1 

-3.1 

-1.0 

-1.0 

Quadratic 

' T 



-LICQO bliail 1-/0 






Linear 

* Less than 1 %- 


► 

-1.0 

-1.0 

-1.6 

-2.2 

Less than 1 % 

Quadratic 











fc / fl = 0.01 


1 

Linear 

< Less than 1% ► —3.3 

-7.0 

-12.2 

-13.0 

-12.4 

-10.4 

-3.9 

-1.1 


Quadratic 

< Less than 1% ► 

+ 1.4 

+ 1.7 

+ 1.3 

Less than 1 % 

2 

Linear 

< Less than 1% ► 

-1.0 

-2.8 

-3.6 

-4.8 

-5.2 

-3.2 

-1.1 


Quadratic 


3S than 



1% ► 

3 

Linear 

< Less than 1 % ► 

-1.0 

-1.7 

-2.2 

-2.3 

-1.0 



Quadratic 


-Negligible- 
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(2) Neglecting tangential inertia in equations 
of motion. 

(3) Neglecting terms containing k 2 and k 3 in 
characteristic equation. 

(4) Neglecting k with respect to unity in char- 
acteristic equation. 

(5) Neglecting $2 6 and 12 4 terms in character- 
istic equation (linearization). 

(6) Neglecting 12 6 terms in characteristic 
equation. 

(7) Modified quadratic form of characteristic 
equation, 12 2 = ( Ko/Ki) + (Ko/Ki) 2 (Kt/Ki ). 

(8) Yu’s assumption, X 2 <Kn 2 . 

Most of these assumptions are capable of caus- 
ing very large changes in the calculated values 
of S2 over some ranges of the shell parameters. 

Finally, an interesting simplification of an 
altogether different type was suggested by 
Simmonds (ref. 2.128) to account for the “beam- 
like” (n = 1) vibrations of thin shells and was 
demonstrated for the case of shear diaphragm 
end supports. The shell was represented in turn 
by a set of Timoshenko beam equations (i.e., 
including shear deformation), a set of modified 
Euler-Bernoulli beam equations, and a set of 
modified Timoshenko equations derived so as 
to include Poisson ratio and normal pressure 
effects in the computation of overall stress-dis- 
placement relations for the beam. A cubic fre- 
quency equation in fl 3 which is identical to that 
of membrane shell theory (see sec. 2.3.1) evolved 
from the modified Timoshenko equations. Of 
course, as seen in section 2.3.2, membrane theory 
is very accurate to describe the beam-like mode 



Figure 2.38. — Frequency parameters of an SD-SD shell 
as predicted by various beam theories. (After ref. 
2.128) 


providing the shell is not exceptionally short. 
Results for natural frequencies of a thin shell 
according to the three beam theories used in 
reference 2.128 are given in figure 2.38. Kornecki 
(ref. 2.129) showed that the “beam-like” (n = 1) 
modes of long (Z/fi2S> 1), circular cylindrical 
shells can be represented by the elementary 
beam theory, including rotary inertia, but neglect- 
ing shear deformation. 

2.4 OTHER SIMPLE EDGE CONDITIONS 

We now turn to the remaining 135 cases of 
closed circular cylindrical shells of finite length 
having “simple” boundary conditions of the type 
given in section 1.8 at each end. By assuming 
solution functions which are generalizations of 
equations (2.20) it is possible to obtain exact 
solutions for the frequencies and mode shapes of 
free vibration for each of the 135 cases, although 
the amount of computational work required is 
relatively great. The procedure which will be 
followed was suggested by Fliigge (ref. 2.31) in 
1934, although he did not solve any specific 
problem using it. Subsequently, several other 
researchers (cf., refs. 2.17, 2.32, 2.34, 2.35, 2.40, 
2.72, 2.73, 2.78) have carried the method through 
to its fruition. 

Suppose that the Donnell- Mushtari thin shell 
theory is to be used. The equations of motion 
are then determined by the matrix operator 
(eq. (2.7)). Periodic behavior with respect to 
time and the circumferential angle 6 is preserved 
in the solution functions for u, v, and w, but the 
periodic variation with respect to s in equations 
(2.20) is generalized to an exponential one; i.e., 

u = Ae Xs cos nd cos coZ | 

v = Be^ s sin nd cos coZ > (2.53) 

w = Ce u cos nd cos coZ J 

where s = x/R ; A, B, C, and X are undetermined 
constants; n determines the number of circum- 
ferential waves; and co is the frequency, all as 
before. Substituting equations (2.53) into the 
equations of motion (eq. 2.3) leads to the same 
set of equations given in matrix form by equa- 
tion (2.21) except that X 2 is replaced by —X 2 in 
the diagonal elements, and X is replaced by — X 
in the first column of the coefficient matrix. 
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For a nontrivial solution, the determinant of the 
coefficient matrix is set equal to zero, which 
yields an algebraic equation of the fourth degree 
in X 2 : 

X 8 +<76X 6 +<74X 4 +<72X 2 + <7o = 0 (2.54) 


where (ref. 2.40) 


4 n 2 


<74 = 6?i 4 — — r 2 S2 2 

1 — v 

+-^-ft 4 +i(l-F ! -a 2 ) 

1 — v k 

n 2 £l 2 

g*=z -[3(3-,)n 2 -4Q 2 ] 

1 — v l 

o a r 3 — v 

— 4n 6 +— 3+2;/+2n 2 — fi 2 

fc I 1 — V 


> (2.55) 


1 


9 o = 


-[(1 — j/)r 2 — 20 2 ] 


fc(l — v) 

[kn 6 — O 2 ( 1 + fc?i 4 + n 2 — fi 2 ) ] 


and fl 2 is the nondimensional frequency param- 
eter given by equation (2.26). 

The characteristic equation (2.54) is also ob- 
tainable from equation (2.35) by substituting 
— X 2 for X 2 (in this case, of course, X is not given 
by eq. (2.34)) into the terms of equations (2.36) 
and collecting terms having like powers of X 2 in- 
stead of co 2 . In this manner characteristic equa- 
tions corresponding to equation (2.35) can be 
obtained for the other shell theories by substi- 
tuting — X 2 for X 2 in table 2.4. 

For the usual range of parameters and n> 1, 
the roots of equation (2.54) were found by Hu 
and Wah (ref. 2.40) to have the form 

X=+Xi, + 1 X 2 , + (X 3 + 1 X 4 ) (2.56) 

where Xi, X 2 , X 3 , and X 4 are real, positive num- 
bers. Similar roots were found by Forsberg (ref. 
2.72) for the more complicated characteristic 
equation arising from the Fliigge theory. For a 
finite shell there will always be at least two roots 
of the form ±fX 2 . For each root the ratios A/C 
and B/C can be found by returning to the origi- 
nal matrix equation in A, B, and C. The general 
solutions for u, v, and w are then expressible in 
terms of eight independent, real constants Ai, 
A 2 , A 3 , . . . , A 8 as follows (ref. 2.40): 


u = { Ai??ie x i s — A 2 ??ie~V — A 3 7) 2 sin X 2 s 
+ Ait }2 cos X 2 s-f-A 6 e ?, a s (?73 cos X 4 s 
— r ? 4 sin X 4 s) + A 6 e x J s (7j4 cos X 4 s 
+ 1)3 sin X 4 s) — A 7 e _x 3 s (r ) 3 cos X 4 s 
+?) 4 sin X 4 s) + A 8 e _x a s (?j 4 cos X 4 s 
— 7]z sin X 4 s} cos nd cos c of 


v= { Ai£ieh s + A 2 £ie~ XlS +A 3 £2 cos X 2 s 
+ A 4 £ 2 sin A 2 s+A 6 e X3S (£ 3 cos X 4 s 

— £4 sin A 4 s)+A 6 e > ' 3S (£4 cos X 4 s 
+ £3 sin X 4 s) + A 7 e _x as (^ 3 C os X 4 s 
+ £4 sin X 4 s) — A 8 e _x a s (£ 4 cos X 4 s 

— £3 sin X 4 s) } sin nd cos c ot 


(2.57) 


w= { Aie x i s +A 2 e~ x i s +A 3 cos X 2 s 
+ A 4 sin X 2 s+A 6 e XlS cos X 4 s 
+ A 6 e XjS sin X 4 s+ A 7 e _x a s cos X 4 s 
+ A 8 e _x a s sin X 4 s} cos nd cos wt 


where 


£1 — G1/D1, fa — Gi/Dz, 
_ R 1 Q 1 +R 2 Q 2 

_RiQ \ — R 1 Q 2 
5j= Qi 2 +Q 2 2 


vi~ H i/ Di, r)2 — H2/D2, 


173 = 


S 1 Q 1 +S 2 Q2 
Qi 2 +Q 2 2 ’ 


774 = 


4 H 2 Q 1 — SIQ 2 

Ql 2 +Q2 2 ’’ 


(2.58) 


with 

Hi = (1 — r)Xi 4 +X 1 2 [2w 2 ( ! / - 1) + (3 - v)W] 
+(n 2 -w)[(i- v )n 2 -2a 2 ] 

G\ = r[Xi 2 (i ' 2 + v — 2) + (1 — v)n 2 — 2fi 2 ] 

H\ = — Xi[Xi 2 i/(l — v) + 2»<(fl 2 — n 2 ) +?i 2 (l + y)] 

H 2 = (1 — r)X 2 4 — X 2 2 [2 r 2 (j/ — 1) + (3 — r)fi 2 ] 

+ (?i 2 — fi 2 ) [ (1 — j/) n 2 — 2fi 2 ] 

f? 2 = n[ — A 2 2 (v 2 +j< — 2) + (1 — v)n 2 — 2Q 2 ] 

H 2 = X 2 [X 2 2 iv( 1 - v ) - 2v (W - n 2 ) - n 2 (1 ■ + v)] 

Qi = (1 -v) { (X, 2 - X 4 2 ) 2 -4X 3 2 X4 2 } 

+ (As 2 - A 4 2 ) { 2n 2 {v - 1) + (3 ■ - r)0 2 } 

+ (?i 2 — Q 2 ) { (1 — »/)?i 2 — 2f2 2 } 


Q 2 — 4AsA 4 (A3 2 — A 4 2 ) (1 — v) 

+2\ 3 \i{27i 2 (v — 1) + (3 — v) O 2 } 

Ri = n{ (X 3 2 - A 4 2 ) (v 2 + v - 2) + (1 - v )n 2 - 2 Q 2 j 

R 2 = 2?lA3A4(r 2 + r — 2) 


Si= — A 3 {r(l — r)(A 3 2 — 3A 4 2 ) 

+ 2 v (W-n 2 )+n 2 (l + v )} 

)S 2 = — A4{r(l — »>)(3A3 2 — A4 2 ) 

+ 2^(12 2 — n 2 )+n 2 (l + j/) } (2.59) 
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Note that the procedure followed above is the 
same as would be used to determine the deflected 
mode shapes of statically loaded circular cylindri- 
cal shells having arbitrary end conditions. The 
corresponding characteristic equation is obtained 
in this case simply by setting S2 = 0 in equation 
(2.35), with K 0 and A K 0 defined as before by 
equations (2.36) and table 2.4. However, for the 
static problem it is found that all of the roots of X 
are complex (ref. 2.131, p. 228), in contrast with 
those (eqs. (2.56)) of the free vibration problem. 

To complete the solution of the free vibration 
problem, four boundary conditions must next 
be applied at each end of the shell, s = 0 and 
s = l/R. Because the boundary conditions must 
be satisfied for all values of 6 and t allowed to 
vary independently this yields a set of eight 
homogeneous, simultaneous, linear, algebraic 
equations in terms of the eight unknown con- 
stants Ai, , A 8 . For a nontrivial solution 
the determinant of the coefficient matrix of these 
equations is set equal to zero, which yields the 
frequency parameters il 2 . These are the roots of 
the characteristic determinant for each particular 
value of n. If the boundary conditions at the two 
ends are identical, the eighth order determinant 
can be replaced by two determinants of the 
fourth order by taking the origin of the x coor- 
dinate at the middle section of the cylinder and 
considering separately modes which are sym- 
metric and antisymmetric with respect to the 
middle section. 

Another procedure for the numerical evalua- 
tion of the frequency determinant was suggested 
by Fliigge (ref. 2.131). Briefly, the procedure 
consists of selecting the circumferential wave 
number n and the frequency parameter 0 in 
advance and finding the proper length of the 
shell to give the chosen frequency. 

Vronay and Smith (ref. 2.80) discussed a 
method of applying exact solutions whereby the 
arbitrary constants are not redefined as real con- 
stants, but are left complex, thereby eliminating 
the need to monitor the form of the roots of the 
characteristic equation (2.54) during its solution. 

Yu (ref. 2.32) showed that the characteristic 
equation (2.54) is considerably simplified if one 
can assume 

|X 2 |«n 2 (2.60) 

This assumption restricts one to longitudi- 
nal wave lengths which are large in comparison 


to the circumferential wave lengths. The 
characteristic equation then simplifies to 

(1 — *»)(! — r 2 )x 4 = 2fi 3 — £2 2 [2+ (3 - v)n*+2kn i \ 
+fi[(l-r)rc 2 (?i 2 +l) 

+ (3 — v)kn 6 ] — (1 — v)kn s 

(2.61) 

having four roots of the type 

\ = K, —K, iK, —iK (2.62) 


where A is a real number. The ratios A/C and 
B/C in equation (2.53) are then 


A X[2yl2-f- (1 — v)n 2 ] 

~C ~ 2fi 2 - (3 - r)?i 2 0+ (1 - v)n 4 

B — 2nfi-|-(l — v)n 3 

~C ~ 2fi 2 - (3 - y)n 2 f2+(l - v )n\ 


(2.63) 


Reismann (ref. 2.75) showed that the modes 
of vibration of circular cylindrical shells of finite 
length, for any of the 136 possible sets of simple 
boundary conditions, are related by the orthog- 
onality condition 


f 

Jo 


{U in U jn +V in V in A-W in W jn ) dx = 0 (2.64) 


provided that 12 tn ^Q, n , where i, j identify sep- 
arate modes for a given value of n and U, V, W 
are the mode shapes such that 

u{x,0,t) = U„(x) cos nd cos to 1 1 

v(x,d,t) = F„(:r) sin nd cos oit > (2.65) 

w(x,6,t ) = W n (x) cos nd cos wf J 

Gontkevich (refs. 2.126 and 2.127) used the 
Rayleigh-Ritz method with beam functions (see 
sec. 2.4.1 for discussion of this solution method) 
to obtain characteristic equations for the six 
problems having clamped, shear diaphragm, or 
free end conditions at either or both ends of a 
circular cylindrical shell. The mode shapes used 
are 

u = A m X m '(x) cos nd cos coH 

v = B m X m (x) sin nd cos ut > (2.66) 

io — C m X m {x) cos nd cos oit J 

where A m , B m , C m are amplitude coefficients; 
primes are used to indicate differentiation with 
respect to the independent variable x; and 
X m (x) is a beam function which is the ??ith eigen- 
function of free vibration of a beam having the 
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desired boundary conditions. After employing the Rayloigh-Jtitz procedure, a cubic characteristic 
equation in S 2 2 was obtained as follows: 


W-K 2 n i +K 1 W-K 0 = 0 


(2.67) 


where 


^2 = -. H~(3 — r)?i 2 +l+-(l — r) 8 m n m 2 +k[n i + 2(1 — v) 5 m /i m 2 +/i m 4 — 2n i n m i y m +n i 

o m 2 2 


+2n 2 /j m 2 (l — r)(S m + 7 m )] 

8 m Ki = j^/x„, 2 +-(l — v) 8 m n 2 j r 2 +-(1 — v) 5 m jum 2 + 1 j +^(1 — v 


( 2 . 68 a) 


’) 8 m 2 y m 2 —v 2 


0 Vm 2 


Mm 2 +-(1 — v)8 m n 2 +8 


-\-2n 2 n m 2 (l — v ) (S m + 7 m) J + |^n 2 + 2(1 — 1 >) < 5 „,m 
— 2?i 2 5 m ^?i 2 +M m 2 [2(l — v)8 m — 7 m r]^ | 

| [ 2 ^ ~ ~'>'m 2 r 2 ) 


‘7 mV» ! 


Mm 4 — 2?lV m 2 7m 2 + R 4 




mj 


( 2 . 68 b) 


0 = “ (1 — v) 8 m Mm 4 (l ~ 7 mV) + fc 

A 


n 2 +2(l — v)8, 


1 Mm 


+ ^Mm 2 +-(1 — 1»)8«» 2 ^» 2 +-(1 — v)8 m iiJ S j— n 2 Mm 2 |^— ^8m+r^7 m +^8 m ^J j|^ 

Mm 2 8m7m(l — r)r — 2^ 2 M m 2 7 m 2 +2^ 


— 2?i 2 Mm 2 7m+R 4 +2ra 2 Mm 2 (l — V ) (5 m + 7 m ) 


+i(l-r)5 m n 2 


} 

n 2 +Mm 2 (2S m (l — v)— y m v) j 


( 2.68 c) 


where k = h 2 /12R 2 , as before, and 
Mm 


where 


7» 


= ±r 

1 2 / 
«mV 0 

-V 


{xjy dx 


X m "X m dx 


(2.69) 


11 = J dx 

1 2 ^ 1pm 1pm dx 

h = J ipm" X m dx 

h = J^X m iv X m dx 

h = [ X m 2 dx 


(2.71) 


and the values of e m , 8 m , 7 ,,, are listed in table 
2.21 (ref. 2.127) for the six types of boundary 
conditions. 

Ivanyuta and Finkelshteyn (ref. 2.110) used 
the Donnell-Mushtari shell equations and the 
Bubnov-Galerkin approximate procedure with - 

beam functions to arrive at the following general where f 1 » = +™ {x) > Xm = *-<*) are beam functlons 

formula for frequency parameters for the axi- separate y c losen so t lat 

symmetric modes of shells having arbitrary 
boundary conditions: 


(2.72) 


n = *£+( 1-v 2 )^ (2.70) 

65 ills 


Wm(%) ~ B m X m {x) J 

satisfy all of the boundary conditions at the ends. 
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Table 2.21 . — Constants for the Characteristic Equation (2.67) 


0 

1 

2 

3 

4 

5 

>5 


0 

1 

2 

3 

4 

5 

>5 


0 

1 

2 

3 

4 

5 

>5 


Item 


SD- 

SD 


1.0 

1.0 

1.0 

1.0 

1.0 

1.0 


- 5„, 


2tt 

Si r 

47 r 
5tt 


Clamped- 

clamped 


1- 


0.549880 
. 746684 
.818051 
. 858553 
. 884249 
2 

( m+ 0 ,r 


-s n 


4 . 73004 
7.853204 
10.995608 
14.137166 
17.27876 
(2m + 1) 


Clamped- 

free 


1 + 


1.321886 
1.471208 
1.252875 
1.181963 
1.141465 
1.115749 
2 

(m+i). 


0.244094 
- . 603337 
-.744024 
-.818169 
- . 858524 
-.869100 
2 

l m -\ — ]ir 

\ y 


1.875104 
4 . 69409 
7.854757 
10.995541 
14.137168 
17.27880 

(2??i + l) 


Free- 

free 


1 + 


2.211601 
1.766169 
1.545592 
1.424419 
1.347244 
_6 

( m+ i) r 


-0.549879 
-.744024 
-.818051 
- . 858533 
- . 884249 


4 . 73004 
7.853204 
10.995608 
14.137166 
17.27876 
(2m + 1) 


Clamped- 

SD 


0.723422 
. 856926 
.902022 
.925136 
.939525 
1 

(” l+ i) 7r 


3.92660 
7.06858 
10.2102 
13.3518 
16.4934 
(4m +1) 


SD- 

free 


1 + 


1 . 742905 
1.422809 
1.293787 
1 . 224722 
1 . 181899 
3 

( m+ i) ?r 


-1 + 


-0.723422 
-.902022 
-.902022 
-.925136 
-.939525 
1 


(m+i). 


3.92660 
7.06858 
10.2102 
13.3518 
16.4934 
(4m +1) 


The function <p is an Airy stress function related 
to the stress resultants by 


N x = 


N e = 


1 d 2 tp 

R 2 dd 2 

d 2 ip 

dx 2 


1 d 2 <p 
R dx dd. 


(2.73) 


It is clear that because of the independence of 
the beam function i p and X that this procedure 
allows for more general boundary conditions than 
using equations (2.66). 


2.4.1 Clamped-Clamped 

The boundary conditions for the circular cylin- 
drical shell which is completely clamped (the 
terms “fixed” or “fully fixed” are sometimes used 


in the literature) at both ends are 

u = v = iv = — = 0 at x = 0,l (2.74) 

dx 

For this problem many authors have used the 
exact method for obtaining frequencies and mode 
shapes which was outlined in section 2.4 (cf. , 
refs. 2.32, 2.33, 2.34, 2.35, 2.41, 2.44, 2.45, 2.72, 
2.73, and 2.132 through 2.136). However, partly 
because of the complexity of the exact procedure, 
even more have used the Rayleigh-Ritz method 
or an equivalent (cf., refs. 2.4, 2.16, 2.33, 2.34, 
2.42, 2.49, 2.65, 2.78, 2.85, 2.103, 2.107, 2.110, 
2.114, 2.126, 2.127, and 2.137 through 2.140). The 
Ritz method depends upon selection of a set of 
trial functions and determination of the relative 
amplitudes of the trial functions by minimization 
of a suitable energy functional (refs. 2.141 and 
2.142). The trial functions need only satisfy the 
“essential” or “geometric” boundary conditions 
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(these dealing with generalized displacements) of 
the problem. The additional boundary conditions 
(sometimes called “natural” or “generalized 
force” boundary conditions) are then approached 
in the limit as long as the set of trial functions 
has sufficient completeness. The Rayleigh pro- 
cedure assumes a single trial function (or set 
of trial functions in u, v, iv in this case) and a 
frequency is found by substituting this trial 
function into Rayleigh’s Quotient (ref. 2.24) in- 
volving the maximum potential and kinetic ener- 
gies of the system. One procedure equivalent to 
the Rayleigh-Ritz method for this problem uses 
Lagrange’s equations and the assumed displace- 
ment components to obtain a characteristic 
determinant for the frequencies. Another equiv- 
alent procedure in this case for a given set of 
trial functions is that of Bubnov-Galerkin (cf., 
refs. 2.143, 2.144, 2.145, 2.146, and 2.196). All 
these procedures give upper bounds on the fre- 
quency parameters. Beam functions (see discus- 
sion later in this section) are usually used with 
the Rayleigh-Ritz methods. 

The series method was used in reference 2.147; 
the Southwell method, giving lower bounds on 
frequency parameters, in reference 2.148; Bolo- 
tin’s (ref. 2.149) “dynamic edge effect” method in 
reference 2.150; the method of “parallel springs” 
in reference 2.111; finite differences in references 
2.35 and 2.151; and finite elements in reference 
2.132. Experimental results were reported in 
references 2.4, 2.33, 2.34, 2.44, 2.45, 2.85, 2.103, 
2.107, 2.117, 2.137, 2.139, 2.140, 2.152, and 2.153. 
The vibration of a clamped-clamped circular 
cylindrical shell was also discussed in references 
2.68, 2.154, 2.155, and 2.156. 

Warburton (ref. 2.78) used the exact proce- 
dure and gave the characteristic equations for 
symmetric modes which arises from applying the 
boundary conditions (for the Fliigge theory) : 

b i (tanh 0 3 cos 2 0 4 +coth 0 3 sin 2 0 4 ) cos 0 2 
+f> 2 (tanh 0 3 tanh 0i 
— coth 0 3 coth 0i) sin 0 4 cos 0 4 cos 0 2 
+6 3 tanh 0 X cos 0 2 

+bi (coth 0 3 — tanh 0 3 ) sin 0 4 cos 0 4 sin 0 2 
+& 5 sin 0 2 

+&6 (tanh 0 3 sin 2 0 4 + coth 0 3 cos 2 0 4 ) tanh 0 X sin 0 2 
+5 7 (coth 0 3 — tanh 0 3 ) tanh 0 4 sin0 4 cos 0 4 cos0 2 
= 0 (2.75) 


where 


0i \il/2R 
02 = \ 2 l/2R 
03 = X 3 l/2R 


04 


X 4 Z 
2 R 


and the X,- are the roots identified in equation 
(2.56). The corresponding equation for the anti- 
symmetric modes is obtained from equation (2.75) 
by making the following interchanges : 


tanh 0 x <=»coth 0 X 
sin 0 2 — > — cos 0 2 
cos 0 2 * sin 0 2 
tanh 0 3 <=>coth 0 3 




(2.76) 


The coefficients 6,- which appear in equation 
(2.75) are given by 


b 1— (k 3 — 7 ci) (/C7X4 — k 3 X 3 ) 

62 = (/C7X1 — fc 2 X 3 ) (Jc 5 — k 3 ) 

-\-k 3 (kg\i — /c 2 X 4 ) 

b 3 = (^ 7 X 1 — 7c 2 X 3 ) /eg 

— (fcs — k 3 ) (k 3 X 1 — A; 2 X 4 ) 


64 — (k 3 — ki) (/C 4 X 3 — ^ 7 X 2 ) ’ 

— |— /C6 (/C 4 X 4 — ksX/) 


(2.77) 


b 5 — — k 3 (ki \ 3 — &7X2) 

T (ks — ki ) (^04X4 — /c 8 X 2 ) 

f>6 — k 6 (k4\i — /C 2 X 2 ) 

67 = 0 


with the constants ki related to the amplitude 
ratios by 


ki = B/C, 

with 

II 

>* 

k 2 = A/C, 

with 

X,=Xi 

k 3 = B/C, 

with 

X r = X 2 

ki= A/C, 

with 

X r = X 2 

lc 6 -\-ik 6 = B/C, 

with 

X r = X 3 “|-fX 4 

k 2 -\-ik 3 = A/C, 

with 

Xr = X 3 — 1~ ^X 4 

and, for r = 0.3, 
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A/C= A r {0.35 — 0.65Q 2 + fc[0.65(A r 2 
-R 2 ) 2 +1.405A r 2 -0.95?i 2 
+0.65]} {0.35n 2 — 0.805A r 2 

-O 2 +/c[-0.7A r 2 n 2 +0.7A r 4 
+0.35n 2 + 1.35A r 2 fi 2 ]} 

5/C = n{0.35-0.650 2 +/c[0.65(A r 2 
— n 2 ) 2 +1.405A r 2 — 0.95?i 2 
+0.65]} h- {0.35n 2 +0.105A r 2 
+0.3ft 2 +/c[— 0.35A r 4 +0.35n 4 
— A r 2 0 2 — 0.35?i 2 Q 2 +0.315A r 2 ]} 


> (2.79) 


Approximate solutions (to provide initial values 
for iterative solutions) can be found by setting 
the hyperbolic functions in equations (2.75) 
equal to unity, giving 


(61+63) cos $2+ (65+63) sin 0 2 — 0 (2.80) 


for symmetric modes. Similarly, for antisym- 
metric modes 


(61+63) sin d 2 — (65+65) cos 02 = 0 (2.81) 

Successive roots taken alternatively from equa- 
tions (2.80) and (2.81) have increments 0 2 of 
7t/2. The solutions of equations (2.75) and (2.76) 
depend only slightly upon the 0i and 0 3 terms. 

Forsberg (ref. 2.35) used the exact procedure 
and obtained results using the Fliigge and 
Donnell-Mushtari theories, with and without 
tangential inertia. It was found that for the 
axisymmetric (n = 0) mode the frequencies are 
essentially the same^as for the SD-SD boundary 
conditions (see sec. 2.3) when the tangential 
inertia is considered, and that the frequency 
differs slightly when it is neglected, as shown 
in figure 2.34. For the beam-type (n= 1) modes, 
however, there is considerable difference be- 
tween the results obtained from the two types 
of boundary conditions, as shown in figure 2.39. 
It is clear from figure 2.39 that the frequency 
increase for clamped ends is almost entirely due 
to the added stiffness resulting from restraining 
the axial displacement u at the ends, rather than 
from restraining the end rotations div/dx. For 
large values of l/R the effect of end fixity dis- 
appears in this mode. The effects of neglecting 
tangential inertia in the two theories for the 
clamped boundaries is seen in figure 2.40. En- 
velopes of lowest frequencies according to the 
Fliigge and Donnell-Mushtari theories, with and 
without tangential inertia, for all n are shown 



Figure 2.39. — Effects of SD-SD and elamped-clamped 
ends upon the frequency parameter; beam bending 
mode (ra<l). (After ref. 2.35) 
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Figure 2.40. — Effects of neglecting tangential inertia on 
the frequency parameter for clamped-clamped circular 
cylindrical shells; beam bending mode (n = 1). (After 
ref. 2.35) 
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in figure 2.41. As for the SD-SD supports, in- 
creasing the number of longitudinal half-waves 
m always increases the associated vibration fre- 
quency, as shown in figure 2.42 for n = 2, 
B/h= 100. 

Forsberg (ref. 2.72) made some further com- 
parisons between the circular cylindrical shell 
having both ends fixed and one having shear 
diaphragm supports at both ends (see sec. 2.3). 
Exact solutions according to the Fliigge theory 
were used in both cases. These comparisons are 
shown in figures 2.43, 2.44, and 2.45. In each 
case as the number of axial half-waves m is 
increased the frequency becomes less depen- 
dent upon the type of boundary conditions. 
This statement is, of course, qualitatively ex- 
tendable to changing the shell length rather 
than m. However, for m= 1, figure 2.43 shows 
that the clamped-clamped frequency is almost 
100 percent higher than the SD-SD frequency 
in the range 5 <l/R < 15. In this range the differ- 
ence in minimum frequencies is about 50 percent. 

An interesting three-dimensional plot showing 
the variation of the frequency parameter as a 
function of the parameters n and l/R is depicted 
in figure 2.46 (ref. 2.72) for R/h= 100, r = 0.3, 
and m= 1. Two surfaces are shown on the same 
figure — one for the clamped-clamped shell, the 
other for the SD-SD shell. The difference be- 
tween the surfaces, for l/R< 1, is primarily due 
to the effect of moment restraint; for l/R> 1, 
the difference is primarily due to the effect of 
axial restraint. The curves for m = 1 given pre- 
viously in figures 2.43 through 2.45 are cross 
sections of figure 2.46. Although figure 2.46 is 
only for one longitudinal half-wave m= 1, for 
l/R= 1 there are nine values of n which have 
frequencies less than the minimum value for 
m = 2, and for l/R = 10 there are three values, 
as can be seen in figure 2.44. 

Yu (ref. 2.32) showed that a considerable sim- 
plification of the procedure for finding the eigen- 
values results if one uses the Donnell equations 
and the assumption that the number of circum- 
ferential waves is large relative to the number 
of axial waves (in particular, if |X| 2 <Sfn 2 ). In this 
case the characteristic equation determining the 
frequency parameter U for clamped-clamped cir- 
cular cylindrical shells reduces to 

(2.82) 



0.5 1.0 2 5 10 20 50 100 


LENGTH TO RADIUS RATIO JL/ R 

Figure 2.41. — Effects of lowest frequencies for clamped- 
clamped circular cylindrical shells (n= number of cir- 
cumferential waves). (After ref. 2.35) 
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Figure 2.42. — Variation of frequency parameter with 
number of longitudinal half-waves (m); clamped- 
clamped circular cylindrical shell. (After ref. 2.35) 
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Figure 2.43. — Comparison of frequency parameters be- 
tween shells haying clamped and shear diaphragm 
supports at both ends; n = 2, m> 1. (After ref. 2.72) 
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Figure 2.45. — Comparison of frequency parameters be- 
tween shells having clamped and shear diaphragm 
supports at both ends, l/R = 100; m> 1. (After ref. 
2.72) 
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Figure 2.44. — Comparison of frequency parameters be- 
tween shells having clamped and shear diaphragm 
supports at both ends; l/R = 1, 10; m> 1. (After ref. 
2.72) 


Figure 2.46. — Frequency parameter surfacesfor clamped- 
clamped and SD-SD shells; R/h = 100, v =0.3, m = 1 
(After ref. 2.72) 
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where 

- x (i) < 2 - 83) 

and where X is related to the frequency param- 
eter by 

(l-v)(l-y 2 )X 4 = 2fi 6 -n 4 [2 + (3-r)?i 2 
+ kn 4 ] + 0 2 [ (1 — v) ?i 2 (n 2 + 1 ) 

+ (3 — v)kn 6 \ — (1 — v)kn s (2.84) 

(Yu actually gave 2 kn\ for the term /c?i 4 in eq. 
(2.84), but it was corrected by Koval (ref. 2.33), 
and the correct form can also be seen from eq. 
(2.36) by neglecting X 2 with respect to n 2 .) Equa- 
tion (2.82) is recognized to take the same form as 
the characteristic equation of free vibration for 
a clamped-clamped beam. Successive roots of 
equation (2.82) are 

t— 1.5067T, 2.500ir, 3.500 tt, 4.500ir, . . . (2.85) 


Substituting these roots into equation (2.84) per- 
mits solution for the corresponding 12. The mode 
shapes are given by 


T 1 i 

iv = 2 C\ sinhe — sine - 

cosh e — cose, 

[(sinh e — sin e)(cosh Xs — cos Xs) 

— (cosh e — cos e)(sinh Xs — sin Xs)] 

cos nO cos cof 

> 

2M 2 +(l-v)n 2 div 

u — - — 

2S2 4 — (3 — ;/)?z 2 fl 2 -(- (1 — v)n* ds 


( 2 . 86 ) 


2?il2 2 — (1 — y)w 3 /l\dw 
2W-(3-v)n 2 W+(l- v )n\n)dd - 


Koval and Cranch (refs. 2.33 and 2.34) used 
equation (2.84) to obtain frequencies of clamped, 
steel shells and compared results with experi- 
ment. Calculations were further simplified by 
neglecting the terms containing 12 6 and S2 4 in 
equation (2.84) (see the relevant discussion in 
sec. 2.3.5). The resulting frequency formula is 


n 2 = - 


fc?i 8 +(l — i' 2 )X 4 


n 2 (n 2 + 1)- 


3 — v 

TV 


(2.87) 


kn 6 


Numerical results are shown in table 2.22 for 
steel shells 6 in. in diameter, 12 in. long, and 
0.010 in. thick. Theoretical results were calcu- 
lated from equation (2.87). In table 2.22 the 


parameter |X/?i| 2 is also given, which was as- 
sumed to be much less than unity in the theory 
used. The percent difference between the theo- 
retical and experimental frequencies increases as 
|X/?i| 2 increases. 

Nodal patterns were determined experimen- 
tally by sprinkling a mixture of tiny polyvinyl- 
chloride (PVC) pellets and magnesium stearate 
(in a fine powder form) in a ratio of 10 parts PVC 
to one part magnesium stearate. The stearate 
coated the PVC pellets so that they tended to 
stick to a curved surface and gather at the nodes. 
In this way it was possible to count the number 
of axial and circumferential waves over the top 
180 degrees of the cylinder. One of the nodal pat- 
terns obtained with this technique is shown in 
figure 2.47. Nodal lines over the bottom half of 
the cylinder were detected either by use of a 
medical stethoscope or by lightly running a 
finger over the shell surface. 

In reference 2.33 a comparison was also made 
between the Donnell equations and the Morley 
(ref. 2.14) modification of the Donnell equations. 
When tangential inertia is neglected and Yu’s 
assumption (see sec. 2.3.5) is made the Donnell 
frequency formula becomes 


52 2 = fcn 4 -(-(l — v) 



whereas Morley’s modification gives 


12 2 = fc(?i 2 — 1) 2 + (1 — T 



( 2 . 88 ) 


(2.89) 



Figure 2.47. — Experimentally observed nodal pattern 
for a clamped-clamped circular cylindrical shell; to =5, 
» = 11. (After refs. 2.33 and 2.34) 


Table 2.22. — Experimental and Theoretical Frequencies ( cps ) for a Steel Shell ; l/R = 4 , R/h = 300 , h = 0.010 in. 


Number of 
axial 

half-waves, 

m 

Source 

Number of circumferential waves, n 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 


Experiment 

1025 

700 

522“ 

525 

592- 

720 

885 

1095 

1310 

1560 

1850 

2140 


Equation (2.87) 

1587 

926 

646 

563 

606 

727 

891 

1088 

1311 

1554 

1827 

2118 


Equation (2.88) 

1671 

951 

655 

564 

603 

721 

855 

1082 

1305 

1552 

1821 

2113 

1 

Equation (2.89) 

1673 

955 

659 

573 

614 

733 

899 

1097 

1316 

1563 

1833 

2124 


Equation (2.90) 

1431 

872 

629 

565 

617 

739 

905 

1101 

1323 

1569 

1837 

2127 


Equation (2.98) 

1176 

783 

597 

552 

611 

736 

902 

1100 

1321 

1568 

1837 

2128 


|X/n| 2 

0.155 

0.087 

0.056 

0.039 

0.028 

0.022 

0.017 

0.013 

0.012 

0.010 

0.008 

0.007 


Experiment 



1620 

1210 

980 

856“ 

900 

995 

1140“ 

1365 

1578“ 

1865 

2160 


Equation (2.87) 

4365 

2515 

1645 

1197 

987 

940 

1009 

1153 

1349 

1577 

1841 

2128 


Equation (2.88) 

— 

2592 

1676 

1211 

992 

940 

1006 

1149 

1343 

1575 

1835 

2113 

2 

Equation (2.89) 

— 

2593 

1678 

1214 

998 

948 

1015 

1160 

1356 

1586 

1847 

2134 


Equation (2.90) 

— 

2084 

1460 

1118 

964 

949 

1034 

1186 

1384 

1616 

1877 

2162 


Equation (2.98) 

— 

— 

— 

— 

— 

— 

— 

— 

— 

— 

— 

— 


|X/re| 2 

0.428 

0.241 

0.154 

0.107 

0.079 

0.060 

0.048 

0.039 

0.032 

0.027 

0.023 

0.020 


Experiment 





— 

1650 

1395 

1350 

1278“ 

1325 

1465 

1690“ 

1915“ 

2210 


Equation (2.87) 

8551 

4921 

3193 

2256 

1721 

1434 

1323 

1346 

1466 

1650 

1886 

2156 


Equation (2.88) 

— 

5072 

3253 

2284 

1735 

1439 

1324 

1344 

1462 

1647 

1881 

2151 

3 

Equation (2.89) 

— 

5073 

3255 

2287 

1739 

1445 

1331 

1353 

1472 

1658 

1892 

2163 


Equation (2.90) 

— 

3434 

2503 

1911 

1551 

1366 

1319 

1380 

1520 

1717 

1955 

2228 


Equation (2.98) 

4350 

3139 

2342 

1823 

1503 

1338 

1302 

1369 

1512 

1710 

1950 

2224 


|A/n| 2 

0.840 

0.472 

0.302 

0.210 

0.154 

0.118 

0.093 

0.076 

0.062 

0.052 

0.045 

0.039 


Experiment 

— 



— 

— 

1960 

1765 



1690 

1730 

1830 

2020 

2260 


Equation (2.87) 

14135 

8133 

5267 

3695 

2759 

2190 

1862 

1715 

1709 

1806 

1989 

2224 


Equation (2.88) 

— 

— 

5370 

3744 

2786 

2203 

1868 

1715 

1707 

1807 

1985 

2219 

4 

Equation (2.89) 

— 

— 

5370 

3745 

2787 

2207 

1874 

1724 

1716 

1816 

1995 

2230 


Equation (2.90) 

— 

— 

— 

2800 

2268 

1928 

1746 

1695 

1751 

1888 

2088 

2335 


Equation (2.98) 

— 

— 

— 

— 

' 

— 

— 

— 

— 

— 

— 

— 


|X/n| 2 

1.388 

0.781 

0.500 

0.347 

0.255 

0.195 

0.154 

0.125 

0.103 

0.087 

0.074 

0.064 


Experiment 





— 

— 

— 



2300 

2100 

2080 

2190 

2200 

2330 


Equation (2.87) 

21116 

12147 

7860 

5502 

4080 

3181 

2606 

2265 

2102 

2077 

2174 

2349 


Equation (2.88) 

— 

— 

— 

— 

— 

— 

— 

— 


— 

— 

— 

5 

Equation (2.89) 

— 

— 

— 

— 

— 

— 

— 

— 

— 

— 

— 

— 


Equation (2.90) 

— 

— 

— 

— 

— 

— 

— 

— 

— 

— 

— 

— 


Equation (2.98) 

— 

— 

— 

— 

— 

— 

— 

— 

— 

— 

— 

— 


|X/n| 2 

2.073 

1.166 

0.746 

0.518 

0.381 

0.292 

0.230 

0.187 

0.154 

0.124 

0.110 

0.095 


Experimental data obtained from the average of two values. 
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with values of X determined by equations (2.83) 
and (2.85). The differences between results pre- 
dicted by these theories can be seen in table 2.22. 
It is seen that the frequencies differ little from 
each other. However, when compared with the 
results from equation (2.87) in table 2.22, one 
observes that neglecting tangential inertia for 
the clamped-clamped shell (as was seen for the 
SD-SD case in sec. 2.3.4) can cause considerable 
difference, particularly for small n. 

Weingarten (refs. 2.64 and 2.197) also used the 
Donnell equations and neglected tangential iner- 
tia to obtain the following frequency formula : 


12 2 = fc(X 2 +n 2 ) 2 


(1 r 2 )X 4 

^ (X 2 +?i 2 ) 2 


(2.90) 


It is clear that if Yu’s assumption (A 2 «?i 2 ) is 
made, then equation (2.88) results. He used this 
formula to compare frequencies with the exper- 
imental results of Koval and Cranch. These 
numerical results are also included in table 2.22. 

Consider now approximate solutions of the 
clamped-clamped circular cylindrical shell prob- 
lem by use of the Rayleigh-Ritz technique or 
equivalent methods. Displacement functions of 
the following form may be assumed : 


u = ^d m Y m '(.r) cos nd cos «f 

m 

v=^B m X m (x) sin nd cos wf 

m 

io = ^jC m X m (x) cos nd cos c of 


- (2.91) 


where A m , B m , C m are amplitude coefficients, 
primes are used to indicate differentiation, and 
X m (x) is a clamped-clamped “beam function”; 
i.e., it represents the mth mode shape of free 
vibration of a clamped-clamped beam according 
to the classical Euler-Bernoulli theory. Obvi- 
ously, equations (2.91) will satisfy the boundary 
condition equations (2.74) exactly. 

Beam functions are widely used also in the 
solution of plate vibration problems (ref. 2.157). 
The clamped-clamped beam function is 


with s = x/R and \ m =Rt m /l as before, e m are the 
roots of the equation 

cosh e m cos e m = l 

and 

cosh e m — cos t m 
sinh e m — sin e m 

Accurate values of e„, and a m are given in table 
2.23. A comparison of the clamped-clamped mode 
shape with that of the SD-SD case can be seen 
in figure 2.48 for m = 1. 

Two of the advantages of the beam functions 
have already been suggested above: (1) the 
equation of motion and (2) the boundary con- 


(2.93) 

(2.94) 


Table 2.23. — Eigenfunction Parameters for a 
Clamped-Clamped Beam 
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1 

0.98250222 

4.7300408 

2 

1.00077731 

7.8532046 

3 

. 99996645 

10.9956078 

4 

1 . 00000145 

14.1371655 

5 

.99999994 

17.2787596 

6 

1 . 00000000 

20.4203522 

m> 6 

1.0 

(2??i-f*l)7r/2 



X m (x) = cosh A m s — cos X m s 

— a m (sinh X m s — sin \ m s) (2.92) 


Figure 2.48. — Comparison of mode shapes between 
shells having clamped and shear diaphragm supports 
at x = 0, l. (After ref. 2.78) 
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ditions of the beam are exactly satisfied. Be- 
cause the behavior of a longitudinal strip of shell 
between its ends is similar to that of a beam, 
quite often the beam functions can adequately 
represent the shell displacements by single terms 
of equations (2.91), rather than requiring a series 
of terms. There is one contradiction in using the 
clamped-clamped beam functions as in equations 
(2.91) to represent the shell boundary conditions, 
namely, not only is v = 0, but also N x e = 0. Another 
advantage of the beam functions is the orthogo- 
nality of the integrals of their products and of 
products of certain of their derivatives over the 
interval of interest (0<s<l). Those integrals 
which do not vanish due to the orthogonality 
of the beam functions have been tabulated in a 
number of places (cf., refs. 2.127, 2.139, 2.158, 
2.159, and 2.160). 

Arnold and Warburton (ref. 2.4), using their 
theory (see sec. 2.1.1) and only a single term of 
each summation in equation (2.91) arrived at the 
following frequency equation for the clamped- 
clamped shell: 

W-K 2 a i +K 1 W-K 2 = 0 (2.95) 


#o = ^(l-r)(l-^ f2 2)X 4 
+fc{^(i-r)(x 8 +n 8 ) 

+ [(l-2r)f 2 +fi][X 6 n 2 +/ i 2 n6] 

+ [3 — v — 2rf 2 2 ]X 4 n 4 
— (2 — r) [2 — (1 + r) j/f 2 2 ]X 4 w 2 
~ [2f i +2(1 — 2r)f 2 ]X 2 n 4 — (1 — v)n 6 
+ [2(1 v) — 2r 2 (l — r)f 2 2 ]X 4 

+ [(1 — 2r)f 2 +fi]X 2 n 2 +^(l — j+i 4 j 

and where 


fi — * 


1 + (-!)"+ W 


l + t-l^+Y- 

V* 


sm €, 


i — a« 2 j 


= 7 (2.97) 

S2 


and v, k, n, 0, X, e, and a are as used consistently 
elsewhere in this chapter. 

The corresponding characteristic equation 
(2.95) for the Donnell theory using the clamped- 
clamped beam functions was shown by Kraus 
(ref. 2.138) to be determined by the coefficients 


where 
K 2 = 


ri+~c^ — 2 


X 2 + -(3 — r)?l 2 + l 


+fc[X 4 +2f 2 X 2 ?i 2 +n 4 

+2(l-r)f 2 X 2 +R 2 ] 


Ki^a-rXX^" 4 ) 


+ (fi— rf 2 )X 2 re 2 +-(l — v)n 2 


+ 

+k 

+ 

+ 


-(l-r-2r 2 )f 2 + f 1 |X 2 


4 


-(1 — r)f 2 + fi |X 6 


4 


i(7-r) + (l-r)f 2 2 


X 4 n 2 


-(7 — 3r)f 2 +fi 


X 2 n 4 


+-(3— r)n 6 +2(l — r)X 4 

-[(3-r 2 )f 2 -fi]X 2 R 2 

-^(3+r)n 4 +2(l-r)f 2 X 2 +ra 2 


(2.96) 


K 2 = 



X 2 +^(3 — r)ra 2 

+ l+A(X 4 +2f 2 X 2 ra 2 +n 4 ) 


Ki = ^( 1 - r) (X 4 +n 4 ) + (f ! - vU) X 2 n 2 

+i(l - r)n 2 + ^(l - V- 2r 2 )f 2 +f x jx 2 

+^( 1 -«')(n 2 +X 2 f 2 )+n 2 +X 2 nJ 

[X 4 +n 4 +2X 2 ?i 2 f 2 ] (2.98) 

K 0 = -(l — r)(l — rf 2 2 )X 4 


+fc | X 2 n 2 ^(l + 2 - f i - ^(1 - r) 2 f 2 

“(1 - ") (X 4 +n 4 ) J [X 4 +n 4 +2X 2 n 2 f 2 


with fi, f 2 , and X given in equations (2.97) as 
before. Equations (2.96) and (2.98) should agree 
with each other for terms not multiplied by k. 
However, the first term in K 0 for one has 
1 — r 2 ^ 2 , whereas the other has 1 — rf 2 2 . Un- 
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Table 2.24. — Length Ratios ( l/R ) of Clam.ped-Clamped Shells for a Given £2 Z 
fro7n Equation {2.75) and Some Comparisons; v = 0.8 


R/h 

I2 2 

Item 

m 

i 

3 

5 






l/R 

20.5 

48.1 

75.7 


8X10 -6 

e 

.45 

.19 

.13 



01 

.953 

.974 

.982 



l/R 

15.4 

35.9 

56.5 


1X10- 4 

e 

.89 

.52 

.34 



CR 

.876 

.932 

.954 



l/R 

8.20 

19.3 

30.4 

500 

4X10“ 4 

e 

3.9 

1.9 

1.2 



<R 

.597 

.800 

.869 



l/R 

4.49 

10.8 

17.1 


0.003 

e 

5.9 

3.5 

2.3 



(R 

.524 

.784 

.861 



l/R 

2.10 

5.35 

8.62 


0.03 

e 

8.6 

6.5 

4.3 



01 

.654 

.866 

.916 



l/R 

1.03 

2.88 

4.73 


0.15 

e 

9.6 

6.7 

4.5 



01 

.878 

.963 

.978 



l/R 

15.9 

38.8 

61.6 


0.0018 

e 

.06 

.02 

.01 



01 

.994 

.997 

.998 



l/R 

8.45 

20.1 

31.7 


0.0021 

e 

.58 

.31 

.20 



01 

.940 

.969 

.979 



l/R 

5.87 

14.0 

22.1 


0.003 

e 

1.8 

1.1 

.71 

100 


01 

.835 

.916 

.944 


l/R 

3.35 

8.14 

13.0 



0.01 

e 

4.4 

3.5 

2.4 



01 

.654 

.846 

.901 



l/R 

1.98 

4.98 

8.04 


0.04 

e 

5.1 

5.9 

4.0 



01 

.673 

.881 

.926 



l/R 

1.03 

2.78 

4.57 


0.17 

e 

5.4 

5.7 

3.8 



01 

.843 

.959 

.975 


Notes: 

(1) e=Percent error in Rayleigh-Ritz frequency. 

(2) (R= Ratio of frequency of SD-SD shell to clamped-clamped shell. 
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Table 2.24 . — Length Ratios ( l/R ) of Clamped-Clamped Shells for a Given 12 2 
from Equation (2.75) and Some Comparisons; v = 0.3 — Concluded 


n 

R/h 

n 1 2 

Item 

m 

i 

3 

5 








l/R 

13.2 

36.8 

60.4 



0.0445 

e 

.04 

.02 

.01 




(R 

.999 

1.000 

1.000 




l/R 

9.41 

25.5 

41.6 



0.045 

e 

.08 

.04 

.03 




(51 

.997 

.999 

.999 




l/R 

5.98 

15.6 

25.3 



0.047 

e 

.25 

.13 

.08 




(R 

.988 

.995 

.997 


20 








l/R 

3.24 

8.25 

13.3 



0.06 

e 

1.1 

.80 

.52 




(R 

.931 

.970 

.980 




l/R 

2.43 

6.16 

9.92 



0.08 

e 

1.6 

1.6 

1.1 




<R 

.876 

.948 

.967 




l/R 

1.14 

2.93 

4.75 



0.3 

e 

.91 

2.5 

1.7 




<R 

.788 

.927 

.955 



0.021591 

l/R 

68.4 

204 

340 



0.021595 

l/R 

2.11 

62.3 

103 


500 

0.02161 

l/R 

10.5 

30.5 

50.5 



0.02166 

l/R 

5.50 

15.4 

25.3 

16 


0.02210 

l/R 

2.45 

6.42 

10.4 


0.53977 

l/R 

48.7 

146 

243 




0.53986 

l/R 

19.8 

59.3 

98.7 


100 

0.5402 

l/R 

10.0 

29.8 

49.5 



0.5415 

l/R 

5.07 

15.0 

24.9 



0.5505 

l/R 

2.10 

6.06 

10.0 


Notes: 

(1) e = Percent error in Rayleigh-Ritz frequency. 

(2) (R= Ratio of frequency of SD-SD shell to clamped-clamped shell. 
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fortunately, the writer has no knowledge of 
another reference source to adjudicate this 
disagreement. 

Numerical results for frequency parameters 
using equations (2.95) and (2.98) were also 
given in reference 2.138 for the shell used by 
Koval and Cranch (as discussed earlier). These 
results are presented for comparison in table 
2.22. Although all the theoretical results given 
in table 2.22 are based upon some form of the 
Donnell-Mushtari shell theory, they differ widely 
particularly for low values of n. 

Warburton (ref. 2.78) compared numerical 
results obtained by using the approximate 
method of reference 2.4 outlined above and the 
exact solution determined by the characteristic 
equation (2.75). These results are listed in table 
2.24 wherein selected values of the square of 
the frequency parameter fi are prescribed and 
the l/R ratios corresponding to given values of 
m are determined (i.e., the numerical procedure 
suggested by Fliigge (ref. 2.31)) from equation 
(2.75). The percentage by which the approxi- 
mate Rayleigh-Ritz frequency exceeds the exact 
frequency is also listed in each instance. The 
ratio (R of the frequency of the SD-SD shell to 



Figure 2.49. — Comparison of frequency parameters be- 
tween the approximate Arnold-Warburton method and 
the exact method using the Fliigge theory. (After ref. 
2.35) 


that of the clamped-clamped shell is also given. 
Poisson’s ratio is 0.3. Table 2.24 shows that the 
greatest error for the approximate method occurs 
for relatively thin (large R/h) and short (small 
l/R) shells. This implies a considerable difference 
between the behavior of a thin shell and a beam 
in the vicinity of the fixed edges. As the number 
of axial half-waves m increases, the edge effects 
become less important, the behavior for any 
support conditions approaches that of a SD-SD 
shell, and the Arnold-Warburton approximate 
method becomes better. Correspondingly, as m 
increases the importance of the hyperbolic func- 
tions in equation (2.92) decreases, and the be- 
havior is governed by the sinusoidal terms which 
correspond to SD-SD supports. The error also 
decreases with increasing n; for l/m.R > 10 and 
?i = 16, e<0.01 percent (ref. 2.78). 

The approximate solution of Arnold and 
Warburton (ref. 2.4) using beam functions was 
also compared with the exact solution from the 
Fliigge theory by Forsberg (ref. 2.35). The re- 
sults are shown in figures 2.49 and 2.50. Here 
too the differences are small, being maxima for 
small m, n, and l/R. Unlike the Donnell equa- 



LENGTH TO RADIUS RATIO £ /H 

Figure 2.50. — Comparison of frequency parameters be- 
tween the approximate Arnold-Warburton method and 
the exact method using the Fliigge theory; n =2. (After 
ref. 2.35) 
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tions, the Arnold and Warburton results repre- 
sent the asymptotic behavior accurately as 
°, but are in error for small values 
of 1/mR where the membrane behavior is 
predominant. 

Arnold and Warburton (ref. 2.4) proposed the 
formula 


vnrR 



(2.99) 


to give an “equivalent wavelength” for clamped- 
clamped shells to replace the expression given in 
equation (2.34) for SD-SD shells. The quantity 
X e would, of course, be greater than the A for the 
corresponding SD-SD shell and would give larger 
frequencies when used with the frequency curves 
for SD-SD shells. On the basis of comparing 
theoretical results obtained from the approxi- 
mate solution using beam functions described 
earlier in this section and equation (2.99) applied 
to theoretical SD-SD results, they determined 
the length l 0 to be 



( 2 . 100 ) 


where m is the axial half-wave length number 
(the number of circumferential nodal circles plus 
one). 

Additional results for lowest frequency param- 
eters were given by Gontkevich (refs. 2.126 and 
2.127) as shown in figures 2.51 through 2.55. 
The Rayleigh-Ritz method using beam functions 
is the basis for the results. For the general for- 



Am = e 


Figure 2.51. — Lowest frequency parameters for clamped- 
clamped shells (see table 2.21 for admissible e m ) ; n =2, 
0 <a m R/l <1.0. (After ref. 2.127) 


mula yielding these curves, see equations (2.67) 
and (2.68) in section 2.4. The curves of figures 
2.51 through 2.55 have the axial wave length 
parameter X m = e m R/l as abcissas, where the t m 
corresponding to each m are given in table 2.23. 
Of course, e,„ is approximated very closely by 
(2m+l)ir/2, where m is the axial wave number. 
Poisson’s ratio is not known, but is probably 0.3. 



Figure 2.52. — Lowest frequency parameters for clamped- 
clamped shells; n = 2, 0<A m <4.0. (After ref. 2.127) 



0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 

Am “ e m 

Figure 2.53.- — Lowest frequency parameters for clamped- 
clamped shells; n = 3, 0<A m <4.0. (After ref. 2.127) 
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Sewall and Naumann (ref. 2.107) also used 
the Rayleigh-Ritz technique with beam func- 
tions and a strain energy functional equivalent 
to that of Arnold and Warburton to obtain low- 
est frequency parameters for clamped-clamped 



0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 

Figure 2.54. — Lowest frequency parameters for clamped- 
clamped shells; n =4, 0<X m <4.0. (After ref. 2.127) 



0 0.5 1.0 1.5 2.0 2.5 30 35 4.0 




Figure 2.55. — Lowest frequency parameters for clamped- 
clamped shells; n=5, 0 <\ m <4.0. (After ref. 2.127) 


shells and compared them with experimental 
results. However, they employed eight terms in 
each of the series of the assumed mode shapes 
appearing in equations (2.91) to obtain con- 
vergence of the Ritz procedure. The results are 
shown in figure 2.56 for a 6061-T6 aluminum 
alloy shell having h = 0.0255 in., if = 9.538 in., 
and 1 = 24.00 in. 

Lyons, Russell, and Herrmann (ref. 2.16) used 
the Galerkin procedure to obtain closed form 
approximate frequency formulas for clamped- 
clamped shells. The shell equations used are those 
of Herrmann and Armenakas (ref. 2.15) neglect- 
ing shear deformation and rotary inertia which 
are defined for circular cylindrical shells by the 
the modifying operator (see sec. (2.1.1)) 


[Ljwon] 


0 0 0 
0 0 0 
.0 0 1+2 d 2 /dO\ 


( 2 . 101 ) 


Approximate mode shapes of the form 
. 2tx 

u = A sin — — cos nd cos cot 


J \ ■ 

v = HI cos — - 1 1 sin nd cos o>t 

J 2«; A 

o = C I cos — II cos nd cos wt 


> ( 2 . 102 ) 


(which ref. 2.157 shows to be less accurate than 
beam functions in representing plate vibration 
modes) were taken. The resulting frequency 
formula is 


fl2 = (3- y 2)(l- y )X 2 4 

9(1 — i/)n 4 +6(3 — r)\2 2 R 2 +3(l — r)X 2 4 
+^Q) 2 [ (X 2 2 + »*) 2 + 2?i 4 - 6?i 2 + 3] (2. 103) 

where X 2 = 2 it R/l. 

Ivanyuta and Finkelshtein (ref. 2.114) used 
the Galerkin method with the Donnell- Mushtari 
shell equations and a single set of beam functions 
to arrive at the following frequency formula; 


fl 2 = 


(1 r 2 )X m 4 

X m 4 + n 4 +1.1 10ft 2 X m 2 

+ l^Q) 2 (X m 4 + + + ! . ! 10+X+) 


(2.104) 
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NUMBER OF CIRCUMFERENTIAL WAVES ,n 


Figure 2.56. — Theoretical and experimental frequencies 
for a clamped-clamped aluminum shell; R/k = 374, 
l/R= 2.52, h =0.0255 in. (After ref. 2.107) 


where, in this case, 


Xm 


(2m + l)7ri2 
21 ’ 


m = l, 2, ... (2.105) 


Other simplified formulas can be obtained by 
making simplifications in the characteristic equa- 
tion of the type described in section 2.3.5. 

Kondrashov (ref. 2.148) used the Southwell 
method (cf., refs. 2.161 and 2.162) to obtain 
lower bounds for the frequency parameter fl. This 
method depends upon finding the frequencies 
from two separate problems, one where the bend- 
ing stiffness is neglected (giving oh), and another 
where membrane effects are neglected (giving cu 2 ). 
The frequency o> for the combined problem is 
then related to on and oj 2 by 


C0 2 >CU1 2 + 0!2 2 (2.106) 


In reference 2.148 the Donnell-Mushtari theory 
was used to derive the following formula for com- 
puting the lower bounds on SI 2 : 

S2 2 = ( 1 -„2)C' 1 +/cr4C 2 2 (2.107) 


where k = h 2 /12R 2 , v is Poisson’s ratio, and 
n = number of circumferential waves, as before, 


and the coefficients C x and C 2 for clamped- 
clamped shells are the roots of the equations 


(i+v'ci)*-(i-v'c 1 ) i 


sin 2 i£ 0 sinh z 2 £ 0 


2(l-C 1 )Vl-C 1 

— cos 2 i cosh 2 2 £o+1 = 0 (2.108) 


cos fci£o cosh /c 2 £ o' 


Vc 2 2 -i 


sin fci^o sinh /c 2 £ o = 1 
(2.109) 


with fo = nl/R and 


2 1 = 


Ci+VC h 

1 -Ci 


-> Zf- 


Vcl-cA 


1 — Ci } (2.110) 


fci = ‘V^C , 2 — 1, ki — V / (7 2 +l 


Some useful values of Ci and C 2 are presented in 
tables 2.25 and 2.26, respectively. In using the 
tables it is generally necessary to interpolate 
between values shown for nl/R. The value of 
Poisson’s ratio for which the tables apply is not 
given in reference 2.148, but appears to be 0.3. 
The frequency according to the membrane the- 
ory is obtained from equation (2.107) by setting 
k = 0. 

As a check on the accuracy of the lower bound 
formula given in equation (2.107), Kondrashov 
(ref. 2.148) also computed upper bounds for the 
clamped-clamped shell by the Galerkin method 
and the Donnell-Mushtari theory. The same trig- 
onometric trial functions given by equation 
(2.102) were used, yielding the following formula 
for frequency parameters for m = 1 : 


(1.066) (1 — v 2 )\ 2 * 

X 2 4 + 7.60X 2 2 n 2 +3?i 4 

+^.Q 2[( X 2 2 +R 2 ) 2 +2n 4] (2.111) 


where X 2 = 2ir R/l, as before. Some sample fre- 
quency parameters computed by means of equa- 
tions (2.107) and (2.111) are given in table 2.27 
(from ref. 2.148). 

It is interesting to compare equation (2.108) 
with equation (2.103), which was arrived at from 
a different shell theory, and with equation (2.104) 
which was obtained from the same shell theory 
by using beam functions. In table 2.27 one column 
lists values of 0 computed using beam functions. 


Table 2.25. — Values of the Coefficient C i in Equation {2.107) for Frequency 
Parameters of Clamped-Clamped Shells 


l 

Number of axial half-waves— m 

n R 

1 

2 

3 

4 

5 

2 

0.5431 

0.8250 

0.9160 

0.9511 

0.9683 

3 

.3354 

.6670 

.8253 

.8951 

.9310 

4 

.210 

.5168 

.7205 

.8249 

.8821 

5 

.1372 

.3932 

.6141 

.7465 

.8249 

6 

.9230X10“' 

.2983 

.5149 

.6656 

.7625 

7 

.6393X10- 1 

.2274 

.4275 

.5866 

.6977 

8 

.4541 X10- 1 

.1750 

.3533 

.5125 

.6330 

9 

.3297X10-' 

.1360 

.2916 

.4452 

.5705 

10 

.2439X10" 1 

.1068 

.2410 

.3852 

.5114 

12 

.1405X10-' 

.6784X10-' 

.1663 

.2872 

.4065 

14 

.8563X10- 2 

.4464X10-' 

.1168 

.2145 

.3207 

16 

.5470X10 -2 

.3030X10-' 

.8357X10-' 

.1614 

.2527 

18 

. 3636 X10 -2 

.2115X10-' 

.6091X10-' 

.1226 

.1995 

20 

. 2493 X10 -2 

.1513X10-' 

.4518X10"' 

.9049X10-' 

.1583 

22 

.1768X10- 2 

.1105X10-' 

.3402X10-' 

.7303X10-' 

.1264 

24 

. 1286 X10 -2 

. 8240 X10 -2 

.2602X10-' 

.5729X10-' 

.1017 

26 

..9539X10- 3 

.6246X10 -2 

.2018X10“' 

.4540X10-' 

.8228X10-' 

28 

.7435X10 -3 

.4790X10 -2 

.1610X10-' 

.3680X10-' 

.6650X10-' 

30 

.5564X10" 3 

.3762X10 -2 

.1258X10-' 

.2935X10-' 

.5510X10-' 

32 

.4350X10 -3 

. 2980 X10 -2 

.1010X10-' 

.2390X10“' 

.4556X10-' 

36 

.2768X10 -3 

.1934X10- 2 

.6706X10 -2 ' 

.1626X10-' 

.3175X10-' 

40 

. 1840 X10 -3 

. 1306 X10 -2 

.4607X10- 2 

.1138X10-' 

.2266X10-' 

42 

. 1523 X10 -3 

. 1070X10 -2 

.3830X10 -2 

.9500X10-' 

.1950X10“' 

44 

. 1269 X10 -3 

.9109X10 -3 

.3257X10- 2 

.8167X10-" 

.1653X10-' 

48 

.9040X10 -4 

.6541X10- 3 

.2364X10-" 

.5997X10-" 

.1229X10-' 

50 

.770 X10- 4 

.599 X10“ 3 

.203 X10-" 

.518 X10-" 

.1067X10-' 


Table 2.27. — Comparison of Frequency Parameters Obtained from Equations 
(2.107) and (2.108), and by Using Beam Functions; R/h = 200 


l 

R 

n 

OlB 

from eq. 
(2.107) 

Qt 

from eq. 
(2.111) 

Percent 
difference 
between 
£2 lb and Or 

&BF 

using beam 
functions 

Percent 
difference 
between 
Obb and Ulb 


2 

0.2132 

0.2175 

2 

0.2395 

11 


3 

.1192 

.1228 

3 

.1415 

16 


4 

.0782 

.0807 

4 

.0950 

18 

4.0 

5 

.0630 

.0652 

4 

.0748 

16 


6 

.0660 

.0672 

2 

.0726 

10 


7 

.0790 

.0805 

2 

.0835 

5 


8 

.0994 

.1002 

1 

.1016 

2 


9 

.1245 

.1250 

1 

.1253 

1 


10 

.1530 

.1533 

1 

.1535 

1 


2 

.7370 

.7590 

3 

.8710 

15 


3 

.5790 

.5970 

3 

.6510 

11 


4 

.4610 

.4845 

5 

.5070 

9 

1.0 

5 

.3740 

.3950 

5 

.4110 

9 


6 

.3120 

.3300 

6 

.3440 

9 


7 

.2265 

.2845 

6 

.2980 

11 


8 

.2382 

.2540 

6 

.2685 

11 


9 

.2250 

.2395 

6 

.2525 

11 


10 

.2245 

.2394 

6 

.2505 

11 


Table 2.26. — Values of the Coefficient C 2 in Equation {2.107) for 
Frequency Parameters of Clamped-Clamped Shells 


1 


Number of axial half-waves —m 


n R 

1 

2 

3 

4 

5 

2 

6.205 

16.180 

31.050 

50 . 800 

75 . 550 

3 

3.145 

7.630 

14.250 

23 . 050 

34.050 

4 

2.110 

4.640 

8.390 

13.350 

19.540 

5 

1.661 

3.275 

5.680 

8.860 

12.830 

6 

1.431 

2.504 

4.212 

6.470 

9.910 

7 

1.301 

2.105 

3.332 

4.960 

6.990 

8 

1.220 

1.826 

2.765 

4.010 

5.562 

9 

1.176 

1.668 

2.435 

3.410 

4.475 

10 

1.132 

1.508 

2.105 

2.900 

3.891 

12 

1.086 

1.340 

1.748 

2.300 

2.995 

14 

1.061 

1.243 

1.538 

2.005 

2.451 

16 

1.046 

1.182 

1.406 

1.716 

2.100 

18 

1.034 

1.142 

1.317 

1.557 

1.861 

20 

1.028 

1.113 

1.253 

1.447 

1.694 

22 

1.023 

1.092 

1.207 

1.367 

1.568 

24 

1.019 

1.078 

1.172 

1.305 

1.475 

26 

1.016 

1.065 

1.146 

1.258 

1.402 

28 

1.014 

1.056 

1.125 

1.221 

1.344 

30 

1.012 

1.048 

1.108 

1.192 

1.298 

32 

1.010 

1.042 

1.094 

1.166 

1.261 

36 

1.008 

1.033 

1.078 

1.131 

1.204 

40 

1.007 

1.027 

1.060 

1.106 

1.165 

42 

1.006 

1.024 

1.054 

1.096 

1.148 

44 

1.005 

1.021 

1.048 

1.086 

1.136 

48 

1.004 

1.018 

1.041 

1.073 

1.113 

50 

1.003 

1.017 

1.038 

1.068 

1.104 


Table 2.28. — Experimentally Determined Frequencies for a Clamped-Clamped 
Steel Shell; R/h = 19.1, l/R=8.13, h = 0.101 in. 



2 

3 

4 

5 

6 

7 

1 

1,240 

2,150 

3,970 

6,320 

9,230 

12,600 

2 

2,440 

2,560 

4,160 

6,475 

9,380 

12,750 

3 


3,380 

4,540 

6,720 

9,540 

12,900 

4 


4,480 

5,130 

7,100 

9,890 

13,220 

5 

8,020 

5,740 

5,910 

7,710 

10,310 

13,570 

6 

9,440 

7,010 

6,840 

8,350 

10,820 

14,020 

7 

10,775 

8,320 

7,900 

9,130 

11,480 

14,600 

8 

11,950 

9,490 

8,990 

10,000 

12,220 


9 

12,980 

10,640 

10,140 

10,965 

13,070 


10 

13,900 


11,270 

12,010 

13,980 


11 



12,410 
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The single term trigonometric functions used to 
obtain equation (2.108) apparently give closer 
upper bounds than the beam functions. 

Experimental results for a clamped-clamped 
steel shell having Z = 15.65 in., R = 1.924 in., and 
h- 0.101 in. were given in reference 2.4 and are 
repeated in table 2.28. 

The lowest root of a cubic characteristic equa- 
tion in fi 2 for clamped-clamped shells (cf., eqs. 
(2.84) and (2.95)) is usually much smaller than 
the two larger roots. This was also seen in the 
case of SD-SD shells (sec. 2.3). The relative 
spacing of the roots is clearly seen in table 2.29 
(from ref. 2.138) for a particular steel shell 
(that used by Koval and Cranch and discussed 
earlier in this section) having R = 3 in., h = 0.01 
in., 1=12 in., using the coefficients given by 
equations (2.98) in equation (2.95). Table 2.29 
begins with ?i = 3. It is clear from observing the 
trends in the table, as well as the results for 
SD-SD shells, that for n — 0, 1, 2 the three 
roots can be much closer to each other. As for 
SD-SD shells, it is also seen that the higher fre- 
quencies (at least, beginning with n = 3) increase 
monotonically with an increase either in m or n, 
whereas the lowest frequency find a minimum for 
some particular value of n. In table 2.29 the 
minimum occurs at n = 6 for m = 1, and n = 9 for 
m = 3. As for SD-SD shells this anomaly can be 
explained by consideration of the strain energies 



NUMBER OF CIRCUMFERENTIAL WAVES-n 

Figure 2.57. — Distribution of strain energy for a freely- 
vibrating clamped-clamped shell. (After ref. 2.138) 


Table 2.29. — Comparison of the Three Roots ( Cyclic Frequencies , in cps ) of the 
Frequency Equation {Eqs. {2.95) and {2.98)) for a Clamped-Clamped Steel Shell; 
R/h = 800, l/R = 4, h = 0.01 in. 



1/2 Axial wave (m = 1) 

1-1/2 Axial waves (m = 3) 


/l 

f 2 

f 3 

fi 

fi 

f 3 

3 

1,176 

27,071 

36,866 

4,350 

30,578 

46,524 

4 

783 

32,418 

47,318 

3,139 

36,021 

54,848 

5 

597 

38,118 

58,107 

2,342 

41,551 

64,210 

6 

552 ■ 

44,071 

69,055 

1,823 

47,242 

74,170 

7 

611 

50,194 

80,092 

1,503 

53,096 

84,489 

8 

736 

56,436 

91,184 

1,338 

59,088 

95,038 

9 

902 

62,763 

102,313 

1,302 

65,192 

105,742 

10 

1,100 

69,151 

113,467 

1,369 

71,386 

116,555 

11 

1,321 

75,586 

124,639 

1,512 

77,651 

127,449 

12 

1,568 

82,056 

135,825 

1,710 

83 , 973 

138,402 

13 

1,837 

88,554 

147,022 

1,950 

90,340 

149,401 

14 

2,128 

95,074 

158,228 

2,224 

96,746 

160,437 
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associated with bending and stretching of the 
shell (see sec. 2.3.3), as shown in figure 2.57. 
Figure 2.57 also shows that the stretching energy 
is greatly affected by the number of axial half- 
waves to, whereas the bending energy is only 
slightly changed. 

The behavior of the three modes associated 
with the three roots of the characteristic equa- 
tion for given m and n can also be seen in table 
2.30 (from ref. 2.138). Here amplitude ratios 
A/C and B/C (in terms of the displacement 
amplitudes A, B, and C, as used in eqs. (2.91)) 
are given for the same shell described by table 
2.29 and figure 2.57. Ratios are shown for a 
fixed n (n = 6, the minimum frequency for to = 1) 
and various numbers of axial half-waves m. 
From table 2.30 it is clear that the motion for 
the lowest frequency is predominantly radial 
for ft = 6. For low to, the second frequency is 
primarily axial, but as m is increased, it becomes 
circumferential. 

Kraus (ref. 2.138) also presented an interest- 
ing plot which compares frequencies obtained 
by four analytical methods and by experiment. 
This plot is shown as figure 2.58. The same shell 
used previously in figure 2.57 and tables 2.29 
and 2.30 is the basis for the figure. The four 
curves derived by analytical methods are 


Table 2.30. — Amplitude Ratios of the Three 
Modes Associated with Each m and n for 
a Clamped-Clamped Steel Shell; R/h = 300, 
l/R = 4, h = 0.01 in. 


m 

Amplitude 

ratio 

Associated frequency 

fi 

U 

U 

i 

A/C 

0.003 

37.455 

1.296 


B/C 

.016 

3.379 

6.072 

3 

A/C 

.004 

9.818 

3.376 


B/C 

.016 

3.864 

6.694 

5 

A/C 

.004 

6.801 

6.290 


B/C 

.016 

4.756 

7.740 

7 

A/C 

.003 

5.944 

10.053 


B/C 

.014 

5.964 

9.000 

9 

A/C 

.002 

5.797 

14.515 


B/C 

.012 

7.532 

10.292 



0 2 4 6 8 10 12 14 16 

NUMBER OF CIRCUMFERENTIAL WAVES -n 


Figure 2.58. — Comparison of frequencies obtained from 
various analytical methods and experiment for a 
clamped-clamped shell. (After ref. 2.138) 


(1) The Rayleigh-Ritz type variational pro- 
cedure using the Donnell theory and beam func- 
tions, which resulted in equations (2.98) for the 
coefficients of the characteristic equation (2.95). 

(2) Yu’s assumption (\ 2 <Kft 2 ) using the Don- 
nell theory, with linearization of the character- 
istic equation, which resulted in equation (2.87). 

(3) Yu’s assumption using the Donnell theory, 
with neglect of tangential inertia, which resulted 
in equation (2.88). 

(4) The “inextensional” frequency parameter 
given by (see sec. 2.4.5). 




ft 2 (ft 2 — l ) 2 
ft 2 + l 


( 2 . 112 ) 


The experimental data of Koval and Cranch 
reported earlier in this section are used in figure 
2.58. In figure 2.58 after the minimum point is 
passed for each to, all of the analytical solutions 
agree very closely with each other and the experi- 
mental data. Before the minimum is reached, 
the variational procedure (which gives theoreti- 
cal upper bounds on the frequencies) gives the 
closest agreement with the experimental data, 
whereas the other solutions become totally in- 
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adequate as n is decreased sufficiently. The 
effect of neglecting X 2 with respect to n 2 causes 
large errors for the lesser values of n. The effect 
of neglecting tangential inertia is small for this 
problem. 

The modal characteristics of clamped-clamped 
cylindrical shells are shown in figures 2.59, 2.60, 
and 2.61 (taken from ref. 2.35). In figure 2.59 
results for the Flugge and Donnell theories are 
compared for a thin shell (R/h = 500) having 


MODAL CHARACTERISTICS OF CYLINDRICAL SHELL 


R/h = 500 .. BOUNDARY 

j?/R=IO.O n = 0.01508 (FLUGGE EQ) CONDITIONS 

k= 0.3 U = 0.01541 ( DONNELL EQ) w=0 

n = 4 aw/ex=0 

INPLANE INERTIA INCLUDED uaQ 

v=0 

AT x=0, S, 




l/R = 10, m = 1, and n = 4. No difference can be 
seen in the mode shapes, although some differ- 
ences occur for the bending moments, particu- 
larly M 6 . In figures 2.60 and 2.61 a thicker shell 


MODAL CHARACTERISTICS OF CYLINDRICAL SHELL 
FREQUENCY PARAMETER 

R/h = 20 WITH INPLANE INERTIA BOUNDARY 

.tf/R=2.0 ft = 0.31 17 ( FLUGGE EQ) CONDITIONS 

1,=< ^ 3 It =0.3188 ( DONNELL EQ) w=0 

n ' 3 WITH RADIAL INERTIA ONLY ®w/ax=0 

12 = 0.3273 (FLUGGE EQ) u= ° 

12=0.3346 ( DONNELL EQ) at n 



Figure 2.59. — Modal characteristics for a clamped- 
clamped shell; R/h- 500, l/R = 10, m = 1, n=4. (After 
ref. 2.35) 


Figure 2.60. — Modal characteristics for a clamped- 
clamped shell; R/h =20, l/R= 2, m = 1, n= 3. (After 
ref. 2.35) 
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(R/h = 20) is being considered and tangential 
inertia is both retained and omitted. In figure 
2.60 a shell of moderate length is taken ( l / R = 20) 
and n = 2>. There is essentially no difference in 


MODAL CHARACTERISTICS OF CYLINDRICAL SHELL 


R/h-20 
j?/R*I0.0 
v “0.3 
n -2 


FREQUENCY PARAMETER 
WITH INPLANE INERTIA 
ft =0.05787 ( FLUGGE EQ) 
ft -0.06757 (DONNELL EQ) 
WITH RADIAL INERTIA ONLY 
ft -0.06491 (FLUGGE EQ) 
ft - 0.07575 ( DONNELL EQ ) 


BOUNDARY 

CONDITIONS 

w-0 

0w/dx»O 

u-0 

v-0 

ATx«0,i 



AXIAL COORDINATE ,XAtf 


the mode shapes among the four types of theories 
(equations) used. Slight differences result among 
the axial forces N x and bending moments M x 
generated during vibration; however, significant 
differences arise in the circumferential (hoop) 
forces and moments. The forces and moments 
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R/h= 500 
Jt/R- 2.0 
*=0.3 

n =8 


ft = 0.07803 ( EXACT I 
ft = 0.08118 (ARN.&WARB.) 


BOUNDARY 

CONDITIONS 

w=0 

aw/ax=0 

u=0 

v=0 

AT x=0, £ 




Figure 2.61. — Modal characteristics for a clamped- 
clamped shell; R/h=20, l/R = 10, m= 1, n= 2. (After 
ref. 2.36) 


Figure 2.62. — Comparison of modal characteristics for 
a clamped-clamped shell; R/h=500, l/R=2, m = 1, 
n = 8. (After ref. 2.35) 
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are normalized with respect to a unit amplitude 
of deflection. In figure 2.61 (for n = 2) the differ- 
ences in forces and moments are even more 
pronounced. The differences in modal character- 
istics arising from the Fliigge and Donnell 


theories, with and without tangential inertia, 
are elaborated further in table 2.31. 

The modal characteristics of the approximate 
solution of Arnold and Warburton (ref. 2.4) 
using the equivalent of the Rayleigh-Ritz method 


MODAL CHARACTERISTICS OF CYLINDRICAL SHELL 


R/h * 500 

r/R=io.o 
v =0.3 

n a 4 


BOUNDARY 

fl ■ 0.01508 ( EXACT) CONDITIONS 

fi *0.01547 | ARN. S WARS.) w=0 

3w/oX=0 
u=0 
v=0 



I ^ I I 1 I 

0 0.2 0.4 0.6 0.8 1.0 

AXIAL COORDINATE, X/jg 


2 

O 

5 
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R/h = 500 

4/R-- 10.0 n = 0.06258 ( EXACT 1 

‘ ,c °3 n =0.06492 (ARN. & WARE ) 
n *4 


BOUNDARY 

CONDITIONS 

w=0 

d vv/c* X = 0 

u=0 

v-0 

AT x = 0 , Z 




Figure 2.63. — Comparison of modal characteristics for 
a clamped-clamped shell; R/h = 600, 1/12 = 10, m = 1, 
n= 4. (After ref. 2.35) 


Figure 2.64. — Comparison of modal characteristics for 
a clamped-clamped shell; R/h = 500, 2/12=10, m= 3, 
ra=4. (After ref. 2.35) 
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with beam functions are compared with those of 
the exact (Flugge) solution in figures 2.62, 2.63, 
and 2.64. As expected, the Arnold-Warburton 
solution gives a better estimate for the eigen- 
values 12 than for the mode shapes and modal 
forces. The Arnold-Warburton solution repre- 
sents reasonably well the forces in the interior 
of the shell, but the sharp changes at the bound- 
aries are not even approximated. For R/h = 500, 
l/R = 2, m= 1 (fig. 2.62), the error in 12 is about 
4 percent, while the error in the mode shape is 
8 percent (comparing the maximum deviation 
of any point to the maximum amplitude of the 
function) and is clearly visible. The error lies 
in the shape of the modes themselves, rather 
than in the amplitude ratios A/C and B/C. 
This was observed for all values of R/h and l/R 
in reference 2.35. In figure 2.62 it is seen that 


the circumferential (hoop) stress resultant No is 
grossly in error. Fortunately, it is relatively small 
over most of the interval 0<x<l in comparison 
with N x , thereby decreasing its effect. In figure 

2.63 the shell is relatively longer (l/R = 10) and 
the errors due to the edge effects are greatly re- 
duced (except for the hoop forces, N$). In figure 

2.64 the same shell is taken as in figure 2.63, but 
now m = 3. This has the effect of increasing the 
errors in the modal characteristics, but most of 
the error in the mode shapes and generalized 
forces are confined to the half wa've nearest the 
boundary. The sharp changes in M x and Mo are 
still not predicted, but N$ is approximated more 
closely than was done for the lower mode (fig. 
2.63). Thus, the Arnold-Warburton approach 
using a Rayleigh-Ritz type of method gives good 
results for the frequencies and mode shapes, but 


Table 2.31 . — Comparison of Modal Characteristics for Clamped-Clamped Shells 
Obtained by Various Analytical Methods 





Exact solutions 

Approximate solutions 

Case 

Item 

With tangential inertia 

No tangential inertia 

Finite differences 

Arnold- 




Flugge 

Donnell 

Flugge 

Donnell 

20 points 

50 points 

Warburten 



12 

0.01508 

0.01541 

0.01555 

0.01589 

0.01689 

0.01540 

0.01548 


u 

max 

+ .01799 

± .01799 

± .01799 

+ .01799 

± .01749 

+ .01794 

± . 01803 


V 

max 

-.2507 

-.2507 

- . 2507 

-.2507 

-.2507 

- . 2507 

-.2505 


w 

max 

1 

1 

1 

1 

1 

1 

1 


N x 

max 

.009127 

.009126 

.009130 

.009129 

. 008903 

.009101 

.009424 


min 

-.01504 

-.01504 

-.01504 

-.01505 

-.01398 

-.01510 

-.01649 

l ft 

N e 

max 

.000162 

.000162 

.000162 

.000165 

. 000204 

.000156 

.001000 


min 

-.004511 

-.004512 

-.004512 

-.004513 

-.004193 

-.004530 

-.004945 


M x 

max 

9.291 

9.278 

9.293 

9.281 

.378 

.691 

.302 


min 

-4.676 

-4.966 

-4.676 

-4.966 

-4.674 

-4.675 

-4.681 


Me 

max 

2.783 

2.784 

2.784 

2.784 

.109 

.203 

.0961 


min 

-15.05 

-16.05 

-15.05 

-16.05 

-15.05 

-15.05 

-15.05 



12 

0.3117 

0.3188 

0.3273 

0.3345 

0.3105 

0.3117 

0.3256 


u 

max 

± .03482 

± .03494 

± .03374 

+ .03381 

± . 03447 

+ .03477 

+ .03689 


V 

max 

-.3195 

-.3195 

-.3159 

-.3158 

-.3196 

-.3195 

-.3161 


w 

max 

1 

1 

1 

1 

1 

1 

1 


N x 

max 

.1131 

.1126 

.1131 

.1127 

.1107 

.1127 

.1190 

2 b 

min 

-.1545 

-.1541 

- . 1506 

- . 1500 

- . 1362 

- . 1460 

- . 1702 

No 

max 

.06971 

.07144 

.07956 

. 08174 

. 06899 

.06963 

.08088 


min 

-.06447 

-.06513 

- . 06309 

-.06368 

-.03991 

-.04279 

-.05065 


M x 

max 

16.63 

16.58 

16.57 

16.53 

15.14 

16.37 

7.219 


min 

-5.471 

-5.652 

-5.468 

-5.648 

. -5.438 

-5.466 

-6.803 


Me 

max 

4.943 

4.974 

4.928 

4.958 

4.502 

4.868 

2.121 


min 

-8.888 

-9.886 

-8.887 

-9.885 

-8.878 

-8.886 

-9.286 


* Case 1: R/h = 500, 2/22 = 10, n = 4, m = 1, >< = 0.3 
b Case 2: R/h = 20, l/R = 2, n = 3, m = 1, >> = 0.3 
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is unable to predict internal forces and moments, 
at least with a single beam function as used in 
equations (2.91) and (2.92). If equations (2.91) 
were generalized to be a finite series of beam 
functions, there would still remain the difficulty 
of representing the sharply changing moment 
resultants M x and M e near the boundaries. 
Further comparisons among the modal char- 
acteristics obtained by the Arnold-Warburton 
and exact approaches can be seen in table 2.31. 

The clamped-clamped circular cylindrical shell 
was also used as the basis for a finite difference 
convergence study in reference 2.35. The Fliigge 
equations of motion, including tangential inertia, 
assumed the same sinusoidal variation with 
respect to 8 and t as in equations (2.91). The 
resulting set of ordinary differential equations 
in the independent variable s ( s = x/l ) were then 
cast into finite difference form and applied at a 
set of equally spaced stations (or grid points) 
in the axial direction. Four steps were taken in 
the convergence study — 10, 20, 50, and 100 
equally spaced grid points: — yielding eigenvalue 
determinants of the 30th, 60th, 150th, and 300th 
orders. Results for frequency parameters and 
modal characteristics are given in figures 2.65 
through 2.67. In figures 2.65 through 2.67 the 
word “exact” identifies the exact solution of the 
Fliigge equations by the method described at 
the beginning of this chapter. 

In figure 2.65 the shell is relatively thick 
(R/h = 20) and long (l/mR= 10); consequently, 
the solution is very well behaved. With only ten 
grid points, is less than 8 percent above the 
exact value. With twenty points it is within 2 
percent. Not only the mode shapes, but the 
internal force and moment resultants are also 
determined accurately. Only the rapid changes 
in M x and Me near the boundaries are difficult 
to approximate. The peak stresses at the bound- 
ary were not adequately determined; even when 
100 grid points were used, the boundary moment 
resultants are less than 90 percent of their exact 
values. 

However, for a shorter shell ( 1/viR = 2) the 
finite difference scheme is much better at repre- 
senting the edge effects, as can be seen in table 
2.31. With a 50-point grid the boundary value 
of M x is within 98 percent of the exact value. 
Here also the frequency for a 20-point grid is 


only 0.4 percent below the exact eigenvalue. In 
this case the shell is short and thick enough so 
that edge effects propagate throughout the shell 
instead of being localized. 
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R/h-20 
j?/R=I0.0 
v =0.3 
n =2 


ft = 0.05787 ( EXACT) 
ft = 0.06228 (10 POINTS) 
ft = 0.05905 ( 20 POINTS ) 
ft = 0.05805 ( 50 POINTS) 
ft = 0.05794 ( 100 POINTS) 


BOUNDARY 

CONDITIONS 

w=0 

aw/ax=0 

u=0 

v=0 

AT x =0,4 



AXIAL COORDINATE, X/£ 



AXIAL COORDINATE, X/4 


Figure 2.65. — Comparison of finite difference solution 
with exact (Fliigge) solution for a clamped-clamped 
shell; R/h = 20, l/R = 10, n= 2, m = 1. (After ref. 2.35) 
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A much thinner shell (R/h = 500) is the basis 
for figure 2.66. The length parameter 1/mR is 
kept at 10, although the value of n was changed 
to ?j = 4 to have the mode of minimum frequency 
(see fig. 2.41). In this case the effect of axial 


restraint on As and the effects of clamping on M x 
and M e are highly localized at the boundary and 
causes a 40 percent error in the frequency when 
10 points are used, and an 11 percent error for 
20 points. What is particularly striking here in 
comparison with figure 2.65 is that the eigen- 
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R/h a 500 
jP/R»IO.O 
k-0.3 
n *4 


0 =0.01508 (EXACT) 

A =0.02(01 ((0 POINTS) 
q =0.0(674 (20 POINTS ) 
q =0.0(539 (50 POINTS) 
q =0.0(517 (IOOPOINTS) 


BOUNDARY 
CONDITIONS 
w=0 
a w/ax=0 
u=0 
v= 0 

AT x=0, £ 




AXIAL COORDINATE, X/4 


MODAL CHARACTERISTICS OF CYLINDRICAL SHELL 

R/h = 500 q = 0.06258 ( EXACT) BOUNDARY 

j?/R = I0.0 q ■ 0.08753 ( 10 PTS ) CONDITIONS 

■'=0.3 p .0,07131 ( 20 PTS ) w=0 

n * 4 q =0.06419 ( 50PTS) sw/dn=0 

q ■ 0.06298 ( 100 PTS ) U= ° 

v = 0 

ATx=0 ,i 



AXIAL COORDINATE ,X/J 


Figure 2.66. — Comparison of finite difference solution 
with exact (Fliigge) solution for a clamped-clamped 
shell; R/h = 500, l/R = 10, n =4, m = 1'. (After ref. 2.35) 


Figure 2.67. — Comparison of finite difference solution 
with exact (Fliigge) solution for a clamped-clamped 
shell; R/h = 500, l/R = 10, n= 4, m= 3. (After ref. 2.35) 
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functions appear to be equally well represented 
in the two cases (the eigenfunctions converged to 
within 3 percent of the exact value in u and 
within 0. 1 percent in v with 20 points used) . One 
normally expects better agreement between the 
eigenvalues (frequency parameters) than the 
eigenfunctions (mode shapes); here the error is 
caused by large differences in the higher deriva- 
tives of the eigenfunctions in the vicinity of the 
boundaries. 

In figure 2.67 a higher axial mode (m = 3) was 
taken for compai’ison with figure 2.66. It is seen 
that the representation of the mode shapes and 
force and resultants with the 10 and 20 point 
solutions is not as good for the higher mode as it 
was for the lowest one; yet the error in the eigen- 
value has not changed significantly. The reasons 
behind the slow convergence of the eigenvalues in 
figure 2.67 are discussed in detail in reference 2.35. 

Adelman, Catherines, and Walton (ref. 2.132) 
used the clamped-clamped circular cylindrical 
shell to determine the accuracy of a finite element 
computational procedure. The structural ele- 
ments used to represent the shell were them- 
selves segments of the shell, and each element 
was assumed to follow the Goldenveizer-Novo- 
zhilov shell theory. Within each shell element it 
was assumed that each displacement function u, 
v, w could be expressed as a finite polynomial in 
the axial coordinate, x. That is, 





Three types of polynomial expansions were con- 
sidered, the upper limits of the summations being 

(1) (N w , N u , N.) = (3, 1, 1) 

(2) (N w , N u , N v ) = (3, 3, 3) (2.114) 

(3) (N w , N u , N v ) = (5, 3, 3) 

Three types of element layouts were used as 
shown in figure 2.68. The first had 10 equally 


spaced elements. The second and t hir d took cog- 
nizance of the rapidly changing higher deriva- 
tives of the displacements in the vicinity of the 
boundaries and used smaller widths of shell ele- 
ments there, as shown in figure 2.68(b) and (c). A 
specific shell having the following geometrical 
and material parameters was used as an example : 
1= 12, R = 3, A = 0.01, A' = 30X10 6 , v = 0.3, 

P = 7.33X10 -4 

Results for the minimum frequencies obtained 
from the various finite element solutions, com- 
pared with the exact solution procedure (see sec. 
2.4) using the Goldenveizer-Novozhilov theory, 
for three circumferential waves ( n = 3) are given 
in table 2.32. The modal characteristics of the 
three finite element solutions using ten equally 
spaced elements are compared with the exact 
solution in figures 2.69 through 2.72. 

Koval (ref. 2.137) discussed the effects of 
asymmetry due to longitudinal seams and devia- 
tions from a circular cross section in the experi- 
mental results obtained for clamped-clamped 
shells. 



(a) (b) (c) 

Figure 2.68. — Finite element layouts. (After ref. 2.132) 



Figure 2.69. — Comparison of axial force resultants 
arising from finite element solutions. (After ref. 2.132) 
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Table 2.32. — Comparison of Finite Element and 
Exact Lowest Frequencies for a Clamped- 
Clampecl Steel Shell; R/h = 800, l/R = 4> 
h = 0.01, m = l, 7i = S 



x/A 


Figure 2.70. — Comparison of circumferential force 
resultants arising from finite element solutions. (After 
ref. 2.132) 



Figure 2.71. — Comparison of circumferential moment 
resultants arising from finite element solutions. (After 
ref. 2.132) 



Figure 2.72. — Comparison of axial moment resultants 
arising from finite element solutions. (After ref. 2.132) 


Clamped-clamped circular cylindrical shells 
are also discussed in references 2.59, 2.80, and 


2.163. 


2.4.2 Clamped-Shectr Diaphragm 


The boundary conditions for the circular cylin- 
drical shell which is clamped at one end and 
supported by shear diaphragms at the other are 


div 

u = v = iv = — = 0 
dx 


N x =V = w = M x = 0 


at 

,T = 0 

at 

x = l 


(2.115) 


Much information is available for this problem 
by considering the longitudinally antisymmetric 
modes of a clamped-clamped shell discussed 
previously in section 2.4.1. That is, for m = 2, 
4, 6, ... , the shear diaphragm boundary con- 
ditions are duplicated at the center (x = l/2) of 
a clamped-clamped shell. In particular, m = 2 for 
the clamped-clamped shell corresponds to the 
fundamental mode of the clamped-SD shell, 
while m = 4 corresponds to a higher mode having 
one circumferential “node line” located at some 
intermediate value of x ( not x = l/ 4, however). 
For example, fundamental frequency informa- 
tion can be obtained from the curves for 7n = 2 
in figures 2.42 and 2.50, as well as table 2.22 
simply by considering the l/R ratio of the 
clamped-SD shell to be one-half of the corre- 
sponding clamped-clamped shell. 

Kondrashov (ref. 2.148) used the Donnell- 
Mushtari theory and the Southwell method to 


114 


VIBRATION OF SHELLS 


obtain lower bounds for 12. The frequency param- 
eters can be calculated from equation (2.107), 
with Ci and Ci for clamped-SD shells being the 
roots of the equations 


‘ 1 ±Vci 

A-Vcl- 

'Crll 1 '* 

_C 2 -H 1 _ 


3/2 


sin 2 i£o cosh 2 2 £o 

— cos 2 i£ 0 sinh 2 2 £o = 0 (2.116) 

cos fci£ 0 sinh fc 2 b 

— sin fci£o cosh fc 2 £o = 0 (2.117) 


with £ 0 = nl/R, and z\, z t , ki, and fc 2 are given in 
equations (2.110). Some useful values of C\ and 
C 2 are given in tables 2.33 and 2.34. In using the 
tables it is generally necessary to interpolate be- 
tween values shown for nl/R. The frequency pa- 
rameter according to the membrane theory is 


12 2 = (1 -v 2 )Ci (2.118) 




O.IO ■ 


v 

\\ 

w 

\\ 


\ 


\ 


\\ 

w 




/ 




S.D.-S.D. 

CLAMPED -CLAMPED 


I 3 5 7 9 II 13 

CIRCUMFERENTIAL HARMONIC WAVE NUMBER.il 


Figure 2.73. — Comparison of lowest frequency param- 
eters between clamped-SD and SD-SD shells; R/h = 
1000, 2/22=3, >1=0.3, in — 1. (After ref. 2.84) 


Table 2.33. — Values of the Coefficient C\ in Equation ( 2.107 ) for Frequency 
Parameters of Clamped-SD Shells 


l 

Number of circumferential nodal circles —to 

n R 

0 

1 

2 

3 

4 

2 

0.5169 

0 . 8250 

0.9156 

0.9514 

0.9681 

3 

.2982 

.6656 

.8248 

.8951 

.9307 

4 

.1750 

.5124 

.7192 

.8246 

.8819 

5 

.1068 

.3853 

.6113 

.7459 

.8245 

6 

.6783X10 -1 

.2872 

.5105 

.6647 

.7622 

7 

.4466X10 -1 

.2145 

.4215 

.5847 

.6966 

8 

.3029X10 -1 

.1613 

.3457 

.5094 

.6319 

9 

. 2115X10- 1 

.1226 

.2828 

.4412 

.5689 

10 

. 1512X10- 1 

.9408X10-! 

.2315 

.3803 

.5088 

12 

.8238X10- 2 

.5729X10-! 

.1563 

.2807 

.4027 

14 

.4815X10- 2 

.3634X10-! 

.1073 

.2070 

.3156 

16 

. 2980 X 10 -2 

.2391X10-1 

.751X10-1 

.1537 

.2468 

18 

.1934X10- 2 

.1626X10-! 

.5366X10-1 

.1152 

.1933 

20 

. 1305 X10~ 2 

.1138X10-1 

.3907X10-1 

.8721X10-1 

.1521 

22 

. 9110X10- 3 

.8168X10 -2 

.2897X10-1 

.6686X10-1 

.1204 

24 

.6537X10-! 

.5996X10- 2 

.2184X10-1 

.5182X10-1 

.9586X10-1 

26 

.4810X10-! 

.4491 XIO" 2 

.1671X10-1 

.4063X10-1 

.7697X10-1 

28 

.3613X10-! 

. 3426 X 10 -2 

.1299X10-1 

.3217X10-1 

.6223X10-1 

30 

.2766X10-! 

.2653 X10- 2 

.1022X10-1 

.2577X10-1 

.5073X10-1 

32 

.2151X10-! 

.2086 XIO- 2 

.8138 XIO- 2 

.2082X10-1 

.4162X10-1 

36 

.1357X10-! 

.1337 XIO" 2 

.5329 XIO- 2 

.1396X10-1 

.2863X10-1 

40 

.8970X10-! 

.8945 XIO' 2 

.3619 XIO' 2 

.9661X10- 2 

.2021X10-1 

42 

.7400X10-“ 

.7417X10-! 

.3020 XIO- 2 

.8123 XIO- 2 

.1713X10-1 

44 

.6160X10-“ 

.6199X10-! 

.2539 X10“ 2 

.6870 XIO" 2 

.1461X10-1 

48 

.4370X10-“ 

.4425X10-! 

.1829 XIO" 2 

.5009 XIO- 2 

.1078X10-1 

50 

.3720X10-“ 

.3777X10-! 

.1567 XIO- 2 

.4311 XIO" 2 

.9335X10-! 
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Cooper (ref. 2.84) used the clamped-SD shell 
as a specific example for demonstrating a com- 
putational procedure for general shells of revo- 
lution. Linearized equations of reference 2.164 
were used in finite difference form. Numerical 
results are shown in figure 2.73, where the lowest 
value of the frequency parameter is plotted for 
each circumferential wave number n for both the 
clamped-SD and the SD-SD shells. The follow- 
ing parameters complete the specification of fig- 
ure 2.73: R/h = 1000, l/R = 3, r = 0.3, m= 1. The 
clamped-SD shell of figure 2.73 has a minimum 
frequency which is 26 percent greater than that 
of the SD-SD shell. 

Ivanyuta and Finkelshtein (ref. 2.114) used 
the Galerkin method with the Donnell-Mushtari 
shell equations and a single set of beam functions 
to arrive at the following frequency formula : 


(1 — r 2 )X m 4 

X M 2 + n 2 + 1 . 7 48n 2 X ro 2 

+^(|) 2 (X m 4 +n 4 + 1 .748m 2 X m 2 ) 


(2.119) 


where 


(4m + 1 ) 71 - .R 

= II ’ 


m= 1 , 2 , . . . 


The modal characteristics of a clamped-SD 
shell are shown in figures 2.74 and 2.75 for 
R/h = 20, l/R = 10, = 2, m=l, r = 0.3 (from 

ref. 2.72). 

Other sources containing limited information 
about the free vibrations of clamped-SD circular 
cylindrical shells include references 2.32, 2.33, 
2.34, 2.42, 2.44, 2.73, 2.139, and 2.165. 


Table 2.34 . — Values of the Coefficient C 2 in Equation (2.107) for Frequency 
Parameters of Clamped-SD Shells 


Number of circumferential nodal circles— m 


n R 

0 

1 

2 

3 

4 

2 

4.640 

13.330 

26.950 

45.450 

68.900 

3 

2.580 

6.430 

12.480 

21 .400 

31.150 

4 

1.828 

4.002 

7.425 

12.067 

17.950 

5 

1.510 

2.900 

5.090 

8.060 

11.820 

6 

1.341 

2.322 

3.822 

5.881 

8.133 

7 

1.243 

1.850 

3.060 

4.595 

6.500 

8 

1.182 

1.714 

2.563 

3.731 

5.200 

9 

1.142 

1.558 

2.228 

3.145 

4.309 

10 

1.112 

1.444 

1.988 

2.732 

3.675 

12 

1.077 

1.303 

1.678 

2.192 

2.847 

14 

1.055 

1.222 

1.495 

1.868 

2.351 

16 

1.041 

1.167 

1.373 

1.665 

2.028 

18 

1.032 

1.071 

1.291 

1.519 

1.687 

20 

1.025 

1.106 

1.237 

1.424 

1.664 

22 

1.021 

1.086 

1.195 

1.345 

1.538 

24 

1.017 

1.072 

1.164 

1.289 

1.450 

26 

1.014 

1.063 

1.139 

1.243 

1.382 

28 

1.013 

1.052 

1.118 

1.211 

1.328 

30 

1.010 

1.044 

1.103 

1.181 

1.286 

32 

1.008 

1.039 

1.092 

1.161 

1.249 

36 

1.006 

1.030 

1.071 

1.126 

1.197 

40 

1.004 

1.025 

1.057 

1.101 

1.158 

42 

1.003 

1.023 

1.051 

1.093 

1.144 

44 

1.002 

1.019 

1.047 

1.078 

1.120 

48 

1.000 

1.017 

1.039 

1.070 

1.111 

50 

1.000 

1.015 

1.036 

1.063 

1.100 
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Figure 2.74. — Amplitude ratios for a clamped-SD shell; 
R/h = 20, l/B = 10, n = 2, v=0.3. (After ref. 2.72) 




AXIAL COORDINATE x/jf 


Figure 2.75. — Axial force and moment resultants for a 
clamped-SD shell; R/h = 20, 1/17 = 10, n= 2, v =0.3. 
(After ref. 2.72) 



0 0.5 1.0 1.5 2.0 




Figure 2.76. — Lowest frequency parameters for clamped- 
free shells (see table 2.21 for admissible e m ); n= 2. 
(After ref. 2.127) 



0 0.5 1.0 15 2.0 

IfTT R / % 

Figure 2.77. — Lowest frequency parameters for clamped- 
free shells (see table 2.21 for admissible e,„) ; w = 3. 
(After ref. 2.127) 
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2.4.3 Clamped-Free 

The boundary conditions for the circular cylin- 
drical shell which is clamped at one end and free 
at the other are (see sec. 1.8) 


dio 

u — v = iv = — = 0 
dx 

N x = N x b ~\ — — = Qx+ 


at x = 0 
1 dM xt 


R 


R dd 
at 


= M X = 0 
x = l 


> ( 2 . 120 ) 


Lowest frequency parameters were given by 
Gontkevich (refs. 2.126 and 2.127) as shown in 
figures 2.76 through 2.79. The Rayleigh-Ritz 
method using beam functions and the Donnell- 
Mushtari shell theory is the basis for the results. 
For the general formula yielding these curves, 
see equations (2.67) and (2.68) in section 2.4. 
Admissible values of e m for the abscissas of 
figures 2.76 through 2.79 are available in table 



Figure 2.78. — Lowest frequency parameters for clamped- 
free shells (see table 2.21 for admissible e m ); n= 4. 
(After ref. 2.127) 


0.9 



Figure 2.79. — Lowest frequency parameters for clamped- 
free shells (see table 2.21 for admissible e m ); n= 5. 
(After ref. 2.127) 


2.21. It should be noted that the beam functions 
satisfy the free edge boundary conditions of the 
shell in only an approximate manner. 

Sewall and Naumann (ref. 2.107) also used the 
Rayleigh-Ritz technique with beam functions 
and the Goldenveizer-Novozhilov shell theory to 
obtain lowest frequency parameters for clamped- 
free shells and compared them with experimental 
results. They used seven terms in each of the 
series of the assumed mode shapes (i.e., clamped- 
free beam functions) in equations (2.91) to ob- 
tain convergence of the Ritz procedure. The 
results are shown in figure 2.80 for a 6061-T6 
aluminum alloy shell having h = 0.0255 in., 
72 = 9.538 in., and 1= 24.625 in. Mode shapes of 
the lowest frequencies for m= 1 and m = 2 are 
depicted in figure 2.81. 

Numerical results were also obtained by Res- 
nick and Dugundji (ref. 2.85) using an energy 
method equivalent to Rayleigh-Ritz, beam func- 
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Figure 2.80. — Theoretical and experimental frequencies 
for a clamped-free aluminum shell; R/h = 374, l/R = 
2.58, h= 0.0255 in. (After ref. 2.107) 




m = 0 m = l 


Figure 2.81. — Mode shape for a clamped-free shell. 


tions, and the Sanders shell theory. These are 
shown in table 2.35 and figure 2.82 for a 6061 alu- 
minum shell (i? = 9.9X10 6 psi., p = 0.254X 10 -3 
lb-sec 2 /in 4 , *c=0.3) having R = 2.91 in., 1 = 12.02 
in., and h = 0.0070 in. Good agreement between 
theory and experiment was found for n>5 for 
m— 1. Below n = 5, the experimental results 
tended towards the SD-free results. Larger dis- 
agreement between the theoretical clamped-free 
values and those of the experiment also is ap- 


parent as m is increased. These disagreements 
were regarded as resulting from insufficient 
axial constraint at the boundaries during the 
experiments. In figure 2.83 (from ref. 2.85) the 
effect of a small change in thickness is seen, 
particularly for large n. Theoretical frequencies 
are also compared between the clamped-free and 
clamped-clamped shells. 

Weingarten (refs. 2.64, 2.140, and 2.197) ob- 
tained theoretical and experimental frequencies 
for clamped-free shells. Theoretical results were 
based upon the Donnell theory and used Yu’s 
assumption (X 2 <3Cn 2 ) (see sec. 2.3.5). Numerical 


Table 2.35. — Theoretical and Experimental Fre- 
quencies ( cps ) for an Aluminum Shell; 
l/R =4.13, R/h = 415, h = 0.0070 in. 


m 

n 

Experimental 

Theo 

Clamped- 

free 

ret.ieal 

SD-free 


2 

149 

489 

21 


3 

165 

246 

60 


4 

158 

181 

115 


5 

200 

207 

186 

0 

6 

276 

280 

272 


7 

374 

378 

375 


8 

490 

494 

493 


9 

626 

627 

626 


10 


776 

775 


11 


941 

940 


2 


2512 

1913 


3 

984 

1353 

987 


4 

675 

827 

596 


5 

505 

576 

429 

1 

6 

436 

476 

389 


7 

454 

479 

432 


8 

531 

549 

525 


9 

642 

661 

647 


10 

783 

799 

791 


11 


959 

953 


2 


4968 

4544 


3 


3081 

2694 


4 


2013 

1712 


5 

1223 

1401' 

1175 

2 

6 

954 

1047 

881 


7 

803 

857 

739 


8 

745 

787 

708 


9 

773 

807 

757 


10 

873 

892 

861 


11 


1021 

1002 


FREQUENCY ~ (c p s ) FREQUENCY~ (cps) 


THIN CIRCULAR CYLINDRICAL SHELLS 


119 



NUMBER OF CIRCUMFERENTIAL WAVES~n 

2.82. — Theoretical and experimental frequencies 
(cps) for an aluminum shell; 72/7t=415, 1/12=4.13, 
= 0.0070 in. (After ref. 2.85) 


results are available from figures 2.84 and 2.85 
for a shell made of 1020 steel and having 
R/h — 400, l/R = 2.22>, and h = 0.010 in. Addi- 
tional results for a similar shell having R/h = 100 
and h = 0.040 in. can be seen in figures 2.86 and 
2.87. The effects of imperfect clamping in the 
experimental models are again seen in these 
figures. Overall structural clamping coefficients 
were also obtained experimentally for the models 
in references 2.140 and 2.197. 



0 2 4 6 8 10 12 14 

nlNUMBER OF CIRCUMFERENTIAL WAVES) 



Figure 2.83. — Theoretical frequencies for an aluminum 
shell; 1 = 12.02 in. 72=2.91 in. (After ref. 2.85) 


Figure 2.84. — Theoretical and experimental frequencies 
(cps) for a steel shell; 72/7i=400, 2/72=2.23, 7i = 0.010 
in., m = 0. (After ref. 2.64) 



n 


Figure 2.85. — Theoretical and experimental frequencies 
(cps) for a steel shell, 72/A =400, 2/72=2.23, h = 0.010 
in., m> 0. (After ref. 2.64) 
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Figure 2.86. — Theoretical and experimental frequencies 
(cps) for a steel shell; R/h = 100, l/R =2.23, h =0.040 
in., m = 0. (After ref. 2.64) 


Extensive numerical results for clamped-free 
shells were obtained by Sharma and Johns (refs. 
2.166, 2.167, and 2.168) using the Ritz method 
in conjunction with the Fliigge shell equations. 
Displacement functions were assumed in the 
form 


u= [A\<p' (x) -\- Ai\l/' {x)] cos nd cos ut | 
v = [Bi<p(x)-\-B 2 \p(x)] sin nd cos cot > (2.121) 

w = [<7 (-"n) +(72^ O'®) ] cos nd cos cot J 


where <p(x) and \ p(x) are the clamped-free and 
clamped-SD beam functions, respectively. Tak- 
ing equations (2.121) as they are written leads 
to a sixth degree characteristic determinant ; set- 
ting A 2 = B 2 = C 2 = 0 reduces the determinant to 
the third degree. Finally, imposing the condi- 
tions zero hoop (circumferential) and shear strain 
in the median plane leads to the relationships 


dv 

ee 


+tt> = 0, 


dv du 
ds + dd 


( 2 . 122 ) 



0 2 4 S 8 10 12 14 16 18 20 

n 


Figure 2.87. — Theoretical and experimental frequencies 
(cps) for a steel shell, R/h = 100, l/R= 2.23, A=0.040 
in., m> 0. (After ref. 2.64) 



Figure 2.88. — Frequency parameters for clamped-free 
shells; re = l, v = 0.3, R/h = 100. (After ref. 2.166) 


respectively, and reduces the sixth degree deter- 
minant to one of the second degree. Frequency 
curves obtained using the third degree deter- 
minant are shown in figure 2.88 for m = 1, 
y = 0.3, and R/h =100. Envelopes for various 
R/h ratios are depicted in figure 2.89. Numerical 
results obtained using the sixth degree (sextic), 
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third degree (cubic), and second degree (quad- 
ratic) frequency equations described above are 
listed in table 2.36 for the swaying (n=l) and 
ovalling (?i = 2) modes of long shells (such as 
smokestacks). Another study was made in refer- 
ence 2.169 using the Love-Timoshenko theory 
which yielded only small differences from the 
above results. 

Kondrashov (ref. 2.148) used the Donnell- 
Mushtari theory and the Southwell method to 
obtain lower bounds for ft. The frequency parame- 
ters can be calculated from equation (2.107), 
with Ci and C 2 for clamped-free shells being the 
roots of the equations 



sin Zi|o sinh 2 2 £ o 


1 + (71 
1 -Ci 


cos z+o cosh Zi^o = 1 


(2.123) 



sin ki£o sinh fc 2 | 0 



cos /c+o cosh fc 2 £ o = 2 


(2.124) 


C 2 + 1 

1/2 

rc.-a-oi 

.Ct-1. 


Lc 2 +(i-k)J 


Cs-d-k) 

C' 2 + (l — v) 


(2.125) 

(2.126) 


with £o = nl/R, and z h z 2 , ki, and /c 2 are given in 
equations (2.110). Some useful values of Ci and 
C 2 are given in tables 2.37 and 2.38. In using the 
tables it is generally necessary to interpolate 
between values shown for nl/R. The frequency 
parameter according to the membrane theory is 

ft 2 = (l-r 2 )Ci (2.118) 

Other sources containing limited information 
about the free vibrations of clamped-free circular 
cylindrical shells include references 2.25, 2.44, 
2.64, 2.103, 2.156, 2.170, 2.171, 2.172, 2.173, 
2.174, and 2.175. 

Chapter 5 contains additional information for 
a clamped-free conical shell having a zero apex 
angle. 


2.4.4 Shear Diaphragm-Free 



Figure 2.89. — Frequency envelopes for clamped-free 
shells; m = 1, r =0.3. (After ref. 2.166) 


The boundary conditions for the circular 
cylindrical shell which is supported by a shear 
diaphragm at one end and is free at the other are 


N x = v = w = M x = 0 


at 


2=0 


N x = N x e+^ = Q x 


> (2.127) 


at 


x = l 


Much information is available for this problem 
by considering the longitudinally antisymmetric 
modes of a free-free shell, which is discussed in 
section 2.4.5. That is, for to = 2, 4, 6, . . . , the 
shear diaphragm boundary conditions are dupli- 
cated at the center (x = l/2) of a free-free shell. 
In particular, in = 2 for the free-free shell corre- 
sponds to the fundamental mode of the SD-free 
shell, while to = 4 corresponds to a higher mode 
having one circumferential “node line.” 

Numerical results were obtained for this 
problem by Resnick and Dugundi (ref. 2.85) and 
are shown in table 2.35 and figure 2.82. For 
additional discussion of this figure and table see 
section 2.4.3. 
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Table 2 . 36 . — Frequency Parameters a >Rs/ p(l — v 2 )/EX10 2 for a Clampecl-Free Shell; m = l, v = 0.3 



Degree 

of 

char. 

R/h 

L 

R 

50 

100 

150 

200 

250 

300 


eq. 

71 = 1 

n= 2 

71 = 1 

71 =2 

71 = 1 

ra = 2 

71 = 1 

ra = 2 

n = 1 

71 = 2 

71 = 1 

71 =2 

10 

S 

2.0835 

1.7081 

2.0834 

1.0351 

2.0834 

0.8540 

2.0834 

0.7808 

2.0834 

0.7445 

2 . 0834 

0.7240 


c 

2.2042 

1.7226 

2.2041 

1.0619 

2.2041 

.8871 

2.2040 

.8171 

2.2040 

.7826 

2 . 2040 

.7632 


Q 

2.4579 

1.7528 

2.4578 

1 . 1094 

2.4578 

.9432 

2.4578 

.8776 

2.4578 

.8455 

2.4578 

.8276 

15 

s 

.9406 

1.5867 

.9405 

.8351 

.9405 

.6001 

.9405 

.4921 

.9405 

.4331 

.9405 

.3973 


c 

.9984 

1.5892 

.9983 

.8415 

.9983 

.6096 

.9983 

.5038 

.9983 

.4464 

.9983 

.4119 


Q 

1.0994 

1.5958 

1 . 0993 

.8533 

1 . 0993 

.6256 

1 . 0993 

.5230 

1 . 0993 

.4679 

1 . 0993 

.4351 

20 

s 

.5320 

1 . 5632 

.5320 

.7953 

.5320 

.5450 

.5320 

.4238 

.5320 

.3539 

.5320 

.3095 


c 

.5655 

1.5638 

.5654 

.7973 

.5654 

.5482 

.5654 

.4281 

.5654 

.3591 

.5624 

.3154 


Q 

.6198 

1 . 5660 

.6198 

.8013 

.6198 

.5539 

.6198 

.4353 

.6198 

.3677 

.6198 

.3251 

25 

s 

.3414 

1.5560 

.3414 

.7838 

.3414 

.5288 

.3414 

.4030 

.3414 

.3290 

.3414 

.2807 


c 

.3631 

1.5561 

.3630 

.7845 

.3630 

.5300 

.3630 

.4048 

.3630 

.3311 

.3630 

.2832 


Q 

.3971 

1.5570 

.3971 

.7861 

.3971 

.5324 

.3971 

.4079 

.3971 

.3349 

.3971 

.2876 

30 

s 

.2374 

1.5531 

.2374 

.7794 

.2374 

.5227 

.2374 

.3952 

.2374 

.3194 

.2374 

.2695 


c 

.2526 

1.5531 

.2326 

.7797 

.2526 

.5232 

.2526 

.3960 

.2526 

.3204 

.2526 

.2706 


Q 

.2759 

1.5535 

.2759 

.7805 

.2759 

.5244 

.2759 

.3975 

.2759 

.3223 

.2759 

.2729 

35 

s 

.1746 

1.5517 

.1746 

.7774 ' 

.1746 

.5200 

.1746 

.3918 

.1746 

.3152 

.1746 

.2645 


c 

.1858 

1.5517 

.1858 

.7775 

.1858 

.5202 

.1858 

.3921 

.1858 

.3156 

.1858 

.2650 


Q 

.2028 

1.5519 

.2028 

.7780 

.2028 

.5209 

.2028 

.3929 

.2028 

.3167 

.2028 

.2663 

40 

s 

.1339 

1.5509 

.1339 

.7764 

.1339 

.5186 

.1339 

.3900 

.1339 

.3131 

.1339 

.2620 


c 

.1423 

1.5509 

.1423 

.7764 

.1423 

.5187 

.1423 

.3902 

.1423 

.3133 

.1423 

.2623 


Q 

.1553 

1.5510 

.1553 

.7767 

.1553 

.5191 

.1553 

.3907 

.1553 

.3139 

.1553 

.2630 

45 

s 

.1061 

1.5504 

.1061 

.7758 

.1061 

.5179 

.1061 

.3891 

.1061 

.3120 

.1061 

.2607 


c 

.1125 

1.5504 

.1125 

.7758 

.1125 

.5179 

.1125 

.3891 

.1125 

.3120 

.1125 

.2608 


Q 

.1227 

1.5505 

.1227 

.7760 

.1227 

.5181 

.1227 

.3895 

.1227 

.3124 

.1227 

.2612 

50 

s 

.0863 

1.5501 

.0862 

.7755 

.0862 

.5174 

.0862 

.3885 

.0862 

.3113 

.0862 

.2599 


c 

.0912 

1.5501 

.0912 

.7755 

.0912 

.5174 

.0912 

.3885 

.0912 

.3113 

.0912 

.2599 


Q 

.0994 

1.5501 

.0994 

.7756 

.0994 

.5176 

.0994 

.3887 

.0994 

.3116 

.0994 

.2602 

00 

S.C.Q 

0 

1.5492 

0 

.7746 

0 

.5164 

0 

.3873 

0 

.3098 

0 

.2582 


Notes: 

(1) S =sextic. 

(2) C= cubic. 

(3) Q= quadratic. 
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'S of the Coefficient C\ in Equation {2.107) for Frequency 
Parameters of Clamped-Free Shells 


Number of eireumferential nodal circles — m 


1 

2 

0.6854 

0.8786 

.4512 

.7512 

.2851 

.6129 

.1821 

.4839 

.1194 

.3747 

. 8049 X10 -1 

.2880 

.5566X10-' 

.2212 

.3946X10-' 

.1708 

.2858X10-' 

.1327 

.1586X10-' 

. 8626 X 10-' 

.9394X10 -2 

.5285X10-' 

. 5871 X10~ 2 

.3509X10-' 

.3837X10- 2 

.2402X10-' 

.2602X10 -2 

.1689X10-' 

. 1823 X10 -2 

.1218X10-' 

. 1313 X10 -2 

.8970X10- 2 

.9685 X 10“ 3 

.6734X10-2 

.7287X10 -3 

.5147X10-2 

.5585X10 -2 

.3996X10-2 

.4353X10 -3 

.3144X10-2 

.2750X10 -3 

.2020X10-2 

. 1822 X10 -3 

.1354X10-2 

. 1503 X10 -3 

.1124X10-2 

. 1253 X10 -3 

.9395X10- 3 

.8890X10-' 

.6717X10-2 

. 7560X10-' 

.5734X10 -3 


3 

4 

0.9355 

0.9607 

.8621 

.9578 

.7714 

.8541 

.6739 

.7845 

.5778 

.7100 

.4883 

.6349 

.4088 

.5617 

.3404 

.4928 

.2827 

.4302 

.1951 

.3242 

.1360 

.2430 

.9629X10"' 

.1826 

.6934X10-' 

.138' 

.5080X10-' 

.1054 

.3786X10-' 

.8122X10-' 

.2866X10-' 

.6323X10-' 

.2202X10-' 

.4977X10-' 

.1715X10-' 

.3956X10-' 

.1352X10“' 

.3175X10-' 

.1078X10-' 

.2571X10-' 

.7080X10-2 

.1730X10-' 

.4821X10-2 

.1200X10“' 

.4027X10-2 

.1010X10-' 

.3387X10-2 

.8550X10-2 

.2444X10-2 

.6243X10-2 

.2095X10-2 

.5375X10-2 
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Table 2.38. — Values of the Coefficient C 2 in Equation {2.107) for Frequency 
Parameters of Clamped-Free Shells 


Number of circumferential nodal circles— m 


a R 

0 

1 

2 

3 

4 

2 

1.473 

5.578 

14.70 

28.76 

47.77 

3 

1.208 

3.082 

7.117 

13.36 

21.80 

4 

1.116 

2.200 

4.463 

7.966 

12.710 

5 

1.073 

1.781 

3.232 

5.471 

8.505 

6 

1.049 

1 . 556 

2.562 

4.115 

6.220 

7 

1.035 

1.408 

2.156 

3.297 

4.842 

8 

1.025 

1.314 

1.891 

2.766 

3.948 

9 

1.019 

1.249 

1.706 

2.400 

3.300 

10 

1.015 

1.203 

1.576 

2.138 

8.895 

12 

1.009 

1.141 

1.403 

1.795 

2.322 

14 

1.006 

1.103 

1.230 

1.587 

1.975 

16 

1.003 

1.079 

1.228 

1.451 

1.749 

18 

1.002 

1.062 

1.180 

1.357 

1.594 

20 

1.001 

1.050 

1.146 

1.290 

1.482 

22 

1.0 

1.041 

1.121 

1.240 

1.399 

24 

1.0 

1.034 

1.101 

1.202 

1.335 

26 

1.0 

1.029 

1.086 

1.172 

1.286 

28 

1.0 

1.025 

1.074 

1.148 

1.247 

30 

1.0 

1.022 

1.065 

1.129 

1.215 

32 

1.0 

1.019 

1.057 

1.113 

1.189 

36 

1.0 

1.015 

1.045 

1.090 

1.150 

40 

1.0 

1.012 

1.036 

1.073 

1.121 

42 

1.0 

1.010 

1.033 

1.066 

1.110 

44 

1.0 

1.009 

1.030 

1.060 

1.100 

48 

1.0 

1.008 

1.025 

1.050 

1.084 

50 

1.0 

1.007 

1.023 

1.046 

1.077 


Additional results were obtained by Wein- 
garten (refs. 2.64 and 2.140) and are shown in 
figures 2.84 through 2.87. For additional dis- 
cussion of these figures see section 2.4.3. 

The free vibration problem for SD-free shells 
is also discussed in references 2.44 and 2.62. 

2.4.5 Free-Free 

The boundary conditions for the completely 
free circular cylindrical shell are 

N x = N x e H — — = Q x 

K 

+^ d ~ = M x = 0 at X = 0 ,1 (2.128) 

where, of course, expressions for the generalized 
forces N x , N x0 , M x , M x e, and Q x must be taken 
according to the shell theory being used (see 
sec. 1.5). 


The free-free circular cylindrical shell is an 
appropriate place to discuss the classical and 
well-known inextensional theory of shells. The 
kinematics of deformation of this theory require 
that the middle surface of the shell deforms with- 
out stretching. For a circular cylindrical shell 
this in turn requires that the generators of the 
cylinder remain straight during vibration. 

The inextensional theory was used in an early 
study by Rayleigh (ref. 2.124) in 1881 to describe 
the deformation and vibration of thin shells of 
revolution. Rayleigh claimed that, if the shell 
were sufficiently thin and vibrating in one of its 
lower modes, the middle surface behaves as if it 
is inextensible. This hypothesis was subsequently 
criticized by Love (ref. 2.25) because of its failure 
to satisfy the equations of motion and the neces- 
sary boundary conditions. Rayleigh, undaunted, 
continued by applying the theory to the circular 
cylindrical shell (refs. 2.24 and 2.176). 
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The theory consists of two sets of vibration 
inodes for circular cylindrical shells. The first set 
is due to Rayleigh and is characterized by the 
displacements 

M = 0 


v = C sin nd cos cot 
w = C cos nd cos cot 


(2.129) 


and was assumed to be applicable for long shells. 
Setting the maximum strain energy stored in the 
shell during vibration equal to the maximum 
kinetic energy, Rayleigh obtained 


fi 2 = fc 


n 2 (n 2 — l) 2 
n 2 + l 


(2.130) 


The second set, more applicable to shells of arbi- 
trary length, assumes displacements of the form 


u = —C cos 1 l(p cos cot 
n 

v = xC sin n<p cos cot 
w = nxC cos n<p cos cot 




/ 


(2.131) 


where x is the length coordinate measured from 
the center section of the shell {x = l/ 2). Using 
this set of mode shapes, Love (ref. 2.26) obtained 
the following formula for frequency parameters: 


fl 2 = /c : 


n 2 (n 2 — 1) 
?i 2 + l 


24(1 - V )R 2 
n 2 l 2 
12 R 2 

n 2 (n 2 +l)J 2 


(2.132) 


which gives equation (2.130) as a special case as 
l/R^oo. 

References 2.3, 2.62, 2.78, 2.138, 2.173, 2.177, 
2.178, 2.179, and 2.180 also contain discussions 
of the inextensional vibrations of circular cylin- 
drical shells. 

Beam functions for use with equations (2.91) 
the Rayleigh-Ritz or an equivalent technique 
are given by 


X R (x) = l 

x ^n~l 

X m (x ) = cosh XmS+cos X m s 

— a m (sinh X m s+sin X„,s), 

m = 1, 2, . . 


► (2.133) 



RAYLEIGH LOVE m=l 


INEXTENSIONAL 

Figure 2.90. — Mode shapes of a free-free circular 
cylindrical shell. (After ref. 2.107) 


with s = x/R and X m = Rt m /l as before, e m are the 
roots of equation (2.93), a m is given by equation 
(2.94) and values of e m and a m are given in table 
2.23. The first two mode shapes in equation 
(2.133), denoted as X R (x) and X L (x), are the 
rigid body translation and rotation modes, re- 
spectively, of a free-free beam. In the beam 
vibration problem they are trivial modes having 
zero frequencies. However, for the circular cylin- 
drical shell they yield the Rayleigh and Love 
inextensional modes, respectively, as discussed 
earlier in this section. The mode shapes of a 
free-free shell in the Rayleigh, Love, and m= 1 
modes are shown in figure 2.90. 

Warburton (ref. 2.78) followed the procedure 
outlined in section 2.4 to obtain an exact solu- 
tion to the Fliigge equations of motion in the 
form of equations (2.53) and satisfied the free- 
free boundary conditions exactly. However, in- 
stead of using the second of the conditions given 
by equation (2.128), which is necessary to be 
consistent in the calculus of variations, the con- 
ditions N x $ = 0 was used. After substituting into 
the boundary conditions, the resulting frequency 
equation for the symmetric modes is the one 
given previously as equation (2.75), where 
di = \J,/2R, etc., as before, and where equations 
(2.76) are still used to obtain the antisymmetric 
frequency equation. However, the coefficients 
b { which appear in equation (2.75) are now 
given by 


b\ — (lil e — 121 5 ) (lulu — lulls) 

&2 = 0 

b$ = (lulu — lolls) (hh — lzl&) 

+ (W15 — hilu) (Ids — Izh) 




I 

I 

I 


(2.134) 
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64 = (lilg — hh) (lulu ~ hoho) 

-f- (Z1Z7 — hh) (lulu hoho) 

bg = ( Ills — hh) (lulu ~ liolio) 

— (hh — hh) (lulu — liolis) > 

bo = (hohs — loin) (Ills hh) 

b 7 = — (loin — ^11^13) (hh hh) 

-\- (lulu — loin) (hh hh). 


(2.134) 


where 

h = k 2 ai-\-vnki— v+fiai 2 


with the constants fc, related to the amplitude 
ratios by equations (2.78), and with the ampli- 
tude ratios determined by equations (2.79) for 
v = 0.3. 

In reference 2.78, Warburton compared fre- 
quency parameters for free-free shells obtained 
by using two procedures : 

(1) The exact procedure, using Fliigge’s equa- 
tions, as described previously in this section. 

(2) The Rayleigh-Ritz procedure, using a sin- 
gle set of free-free beam functions and the Fliigge 
strain energy integrand. 


h = —kat + vnko — v—Pyi 1 
h = — kiq — k s p — vnk 6 — 2fipq 
h = k-,p — k s q+vnks — v+fi(p 2 —q 2 ) 
h = on 2 — v?i 2 + vnki+aiki 
h = —y^-vii^-^vnkz — yiki 
h = p 2 — q 2 — vn?-\-kip — k s q + vnkg 
l s = — 2 pq —kiq—ksp — vnko 
lo = — nki~\~ (1 — |— /3) /cicxi — final 
ho = nki— (1 +fi)k 3 y 2 +finyi 
hi = nk s — (1 +fi) (hq+kep) +finq 
lu= —nki+(l+fi)(k s p—k 6 q)—finp 
lu = ai 3 — (2—v)n 2 ai-\-kiai 2 

+-(1 — v)n 2 k 2+-(3 — v)nk x ai 
Z Z 

lu = 72 s + (2 — v) w 2 72+A:472 2 

— -(1 — v)n 2 ki —-(3 — v)nks 72 
Z Z 


(2.135) 


lu= — q(3p 2 — q 2 ) + (2 — v)n 2 q 
— 2 pqk 7 -k s (p 2 — q 2 ) 

-^(3 - v)n(k s q+k 6 p) 

~^(1 ~v)n 2 ks 

ho = p(p 2 — 3q 2 ) — (2 — v)n 2 p 
+k 7 (p 2 — q 2 )-2pqk s 

+i(l — v)n 2 kn 
+~(3 — v)n(ks,p—koq) 


Numerical results are listed in table 2.39 wherein 
selected values of the square of the frequency 
parameter £2 are prescribed and the l/R ratios 
corresponding to given values of m are deter- 
mined from equation (2.75). The percentage by 
which the Rayleigh-Ritz frequency exceeds the 
exact frequency is also listed in each instance. 
The ratio of the transverse deflection at one end 
of the shell (x = l) to that at the center section 
(x = l/2) in the corresponding vibration mode is 
also given for the exact solution. It is seen that 
typically the percentage error in £2 increases as 
1/ R decreases. However, for n = 2 the frequency 
increases to a maximum and then decreases as 
l/R increases further; this is shown in table 2.39 
for R/h — 500, but was found typical for ?i = 2 
with three other values of R/h in reference 2.78. 
For the range of parameters considered in the in- 
vestigation, the maximum error found was ap- 
proximately 10 percent and occurred for to = 2, 
?i = 2, and l/R~i. The error tends to decrease 
with increasing n, although for large n(> 12), it is 
essentially independent of n, as shown in the 
table for n = 16. It is interesting to note that 
the maximum error in the frequency determined 
by the approximate Rayleigh-Ritz procedure is 
of the same order, and occurs for the same pa- 
rameters, as was found in a similar approximate 
analysis for clamped-clamped shells (see table 
2.24), even though the clamped-clamped beam 
functions satisfy the clamped shell boundary 
conditions exactly, while the free-free beam func- 
tions only approximate the free boundary con- 
ditions for a shell. This is in contrast to what is 
found in the vibration of rectangular plates (ref. 
2.157) where the effect of free edges is to increase 
the error in the approximate frequencies obtained 
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Table 2.39. — Length Ratios ( l/R ) of Free-Free Shells for a Given fi 2 from 
Equation (2.75) and Some Comparisons; v = 0.3 


n 

R/h 

n 1 2 

Item 

m 

i 

3 

5 








l/R 

61.5 

143 

224 



4X10-® 

e 

1.4 

.66 

.43 




z 

-1.64 

1.41 

-1.41 




l/R 

21.9 

50.8 

79.8 



1X10-* 

e 

3.9 

1.8 

1.2 




z 

-1.64 

1.40 

-1.41 




l/R 

12.1 

28.0 

44.0 

2 

500 

0.001 

e 

3.7 

2.3 

1.7 




z 

-1.62 

1.38 

-1.39 




l/R 

2.57 

5.59 

8.67 



0.2 

e 

6.7 

8.5 

6.4 




z 

-1.40 

1.11 

-1.15 




l/R 

1.58 

3.27 

5.01 



0.5 

e 

6.6 

6.9 

5.2 




z 

-1.24 

1.02 

-1.08 




l/R 

22.3 

50.7 

79.1 



4X10-1 

e 

.05 

.03 

.02 




z 

-1.40 

1.34 

-1.34 




l/R 

8.30 

19.1 

30.0 



4.8X10-1 

e 

.62 

.32 

.22 




z 

-1.61 

1.41 

-1.42 




l/R 

5.46 

12.6 

19.8 


500 

8X10-1 

e 

1.8 

1.0 

.70 




z 

-1.62 

1.40 

-1.41 




l/R 

2.37 

5.44 

8.52 



0.01 

e 

4.1 

3.4 

2.5 




z 

-1.58 

1.34 

-1.35 




l/R 

1.41 

3.17 

4.94 

0 


0.06 

e 

5.4 

5.8 

4.5 




z 

-1.49 

1.25 

-1.27 



% 

l/R 

15.7 

34.7 

53.7 



0.01 

e 

.11 

.06 

.04 




z 

-1.11 

1.11 

-1.11 




l/R 

6.77 

14.9 

23.0 



0.0105 

e 

.29 

.17 

.11 


100 


z 

-1.38 

1.35 

-1.35 



l/R 

3.19 

7.18 

11.2 



0.015 

e 

1.1 

.81 

.59 




z 

-1.52 

1.39 

-1.39 




l/R 

1.41 

3.15 

4.90 



0.08 

e 

4.2 

4.6 

3.6 




z 

-1.48 

1.27 

-1.28 


Notes: 


(1) e = Percent error in Rayleigh-Ritz frequency. 

(2) Z = w(l)/w(l/2). 
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Table 2.39. — Length Ratios ( l/R ) of Free-Free Shells for a Given U 2 from 
Equation (2.75) and Some Comparisons; v = 0.3 — Concluded 


R/h 

O 2 

Item 

m 

i 

3 

5 



l/R 

19.6 

45.7 

71.9 


0.249 

e 

.12 

.06 

.04 



z 

- .83 

.83 

- .83 



l/R 

7.96 

17.0 

26.0 


.255 

e 

.31 

.19 

.12 

20 


z 

-1.13 

1.13 

-1.13 


l/R 

4.71 

9.90 

15.1 


.27 

e 

.47 

.34 

.24 



z 

-1.21 

1.21 

-1.21 



l/R 

1.60 

3.41 

5.23 


.5 

e 

1.1 

1.2 

.95 



z 

-1.33 

1.29 

-1.29 



l/R 

71.6 

207 

343 


.021591 

e 

0 

0 

0 



z 

- .10 

.10 

- .10 



l/R 

24.3 

65*. 4 

107 


.021595 

e 

.02 

.01 

0 



z 

- .33 

.33 

- .33 



l/R 

13.4 

33.4 

53.4 

500 

.02161 

e 

.04 

.02 

.01 



z 

- .61 

.61 

- .61 



l/R 

7.66 

17.6 

27.5 


.02166 

e 

.10 

.05 

.03 



z 

- .91 

.91 

- .91 



l/R 

3.40 

7.37 

11.3 


.02210 

e 

.24 

.14 

.09 



z 

-1.21 

1.21 

-1.21 



l/R 

51.4 

149 

246 


.53977 

e 

0 

0 

0 



z 

- .11 

.11 

- .11 



l/R 

22.6 

62.1 

102 


.53986 

e 

.02 

.01 

0 



z 

- .27 

.27 

- .27 



l/R 

12.6 

32.4 

52.2 

100 

.5402 

e 

.05 

.02 

.01 



z 

- .50 

.50 

- .50 



l/R 

7.29 

17.2 

27.1 


.5415 

e 

.12 

.05 

.03 



z 

- .80 

.80 

- .80 



l/R 

3.41 

7.37 

11.3 


.5505 

e 

.29 

.16 

.11 



z 

-1.08 

1.08 

-1.08 


Notes: 

(1) e = Percent error in Rayleigh-Ritz frequency. 

(2) Z=w(l)/w(l/ 2). 
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by the Rayleigh-Rltz method using beam func- 
tions. In reference 2.78 it was also reported that 
the frequencies obtained by the Rayleigh-Ritz 
method were in good agreement with experimen- 
tal values obtained from a series of experiments 
with free-ended shells having R/h = 19.1 and dif- 
ferent lengths, giving a difference in frequency in 
excess of 5 percent for only six modes out of a 
total of 66. 

In addition to the mode shape deflection ratios 
wQ)/w(l/ 2) given in table 2.39, some examples 
of mode shapes for m= 1 are given in figure 2.91 
(from ref. 2.78). For n = 2 and l/R large, the 
mode shape is given by curve I, which is coinci- 
dent with the free-free beam mode shape (values 
of iv(l)/w(l/ 2) for the free-free beam are —1.645, 

I. 405, and —1.414 for m=l, 3, 5, respectively). 
As l/R decreases the mode shape diverges from 
curve I and tends towards curve II, which cor- 
responds to l/R = 1.59, 100<i2//i<500. For in- 
termediate values of l/R the mode shape lies 
between curves I and II and essentially passes 
through the intersection point of curves I and 

II. For large values of n and l/R a curve such as 
V is typical of the mode shape; as l/R decreases 
the shape progressively changes, passing approxi- 



Figure 2.91. — Mode shapes (radial components) for 
free-free shells; m = 1. (After ref. 2.78) 


mately through curves IV and III. Specifically, 
curve Y corresponds to n = 16, R/h= 100, and 
l/R = 22.6. If l/R is reduced to approximately 
10 or 3 and other parameters are left unchanged, 
then the mode shapes correspond to curves IV 
and III, respectively. For 1/ R = constant and 
n increasing, the curves tend further away from 
curve I. For intermediate values of n, such as 
7i = 6, curve III also corresponds to a mode shape 
for l/R = 15.7 and R/h= 100. As l/R is reduced 
the mode shape approaches curve I and then, 
for very low values of l/R, tends to cross curve I 
and give a curve similar to curve II. For n and 
l/R large, the axial nodal circle moves towards 
the end of the shell. The mode shapes of the 
axial and circumferential displacements u and v 
were not investigated in detail in reference 2.78, 
but it was found that when both n and l/R are 
small, v(l/2)/w(l/2) decreases slightly as l/R in- 
creases and tends to 1/n as Z/.R— > °° ; vQ)/io(J) is 
slightly less than 1/n; u(l)/w(l ) is small and de- 
creases with increasing l/R or n. 

Lowest frequency parameters were given by 
Gontkevich (refs. 2.126 and 2.127) as shown in 
figures 2.92 through 2.96. The Rayleigh-Ritz 
method using beam functions and the Donnell- 
Mushtari shell theory is the basis for the results. 
For the general formula yielding these curves, 
see equations (2.67) and (2.68) in section 2.4. 
Admissible values of e m for the abscissas of fig- 
ures 2.92 through 2.96 are available in table 2.21. 



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 

brr«m R/ -2 

Figure 2.92. — Lowest frequency parameters for free-free 
shells (see table 2.21 for admissible e m ); n = 2, 0<\ m < 
0.8. (After ref. 2.127) 
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Figure 2.93. — Lowest frequency parameters for free-free 
shells (see table 2.21 for admissible e m ); n = 2, 0<X m < 
3.5. (After ref. 2.127) 


Figure 2.95. — Lowest frequency parameters for free-free 
shells (see table 2.21 for admissible e m ); »=4, 0<X„,< 
3.0. (After ref. 2.127) 



Figure 2.94. — Lowest frequency parameters for free-free 
shells (see table 2.21 for admissible e m ), n=3, 0<X m < 
3.0. (After ref. 2.127) 


Figure 2.96. — Lowest frequency parameters for free-free 
shells (see table 2.21 for admissible e m ), n= 5, 0<X m < 
3.0. (After ref. 2.127) 
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Sewall and Naumann (ref. 2.107) also used the 
Rayleigh-Ritz technique with beam functions 
and the Goldenveizer-Novozhilov shell theory to 
obtain lowest frequency parameters for free-free 
shells and compared them with experimental re- 
sults. However, they employed nine terms in 
each of the series of the assumed mode shapes 
appearing in equations (2.91) to obtain conver- 
gence of the Ritz procedure, except for the 
modes which are similar to Rayleigh and Love 
inextensional modes. For the latter modes, only 
a single term of the series was required for con- 
vergence over most of the range of n values, 
with the exception of the range 10<n<15 for 
the Love-type mode. This rapid convergence of 
the method for the Rayleigh and Love-type 
modes to modes which are, for all practical pur- 
poses, the Rayleigh and Love modes themselves 
(as given by equations (2.129) and (2.131)), is a 
strong indication of the accuracy of these ap- 
proximations. The results are shown in figure 
2.97 for a 6061-T6 aluminum alloy shell having 
h = 0.0255 in., 72 = 9.538 in., and Z = 25.125 in. 
In this figure it is seen that the Rayleigh and 
Love modes have very nearly the same fre- 
quencies. For figure 2.97 the measured frequencies 
for the two inextensional modes were obtained 
with an air shaker; experimental frequencies for 

ill U^U^^U l 



Figure 2.97. — Theoretical and experimental frequencies 
for a free-free aluminum shell; R/h — 374, l/R= 2.63, 
h = 0.0255 in., (After ref. 2.107) 


the higher modes (m = 1,2) were obtained with an 
electrodynamic shaker. 

Griitzmacher, Kallenbach, and Nellessen (ref. 
2.62) proposed an interesting method of obtain- 
ing frequencies for circular cylindrical shells hav- 
ing arbitrary boundary conditions. The procedure 
consists of using the characteristic equations for 
an SD-SD shell (as given for the various theories 
by eqs. (2.35) and (2.36) and table 2.4) and use 
the appropriate values of X arising in the beam 
functions for the desired boundary conditions 
instead of the X for an SD-SD shell. They dem- 
onstrated this procedure for a free-free shell and 
compared the frequencies obtained with experi- 
mentally measured ones. The Fliigge character- 
istic equation (see table 2.4) is taken in its 
linearized form (neglecting fl 6 and ft 4 terms). In 
addition the theory of Coupry (refs. 2.12 and 
2.13) is used (a theory which arrives at a sym- 
metric form of Love’s equations of motion in an 



Figure 2.98. — Theoretical and experimentally deter- 
mined frequencies parameters for a free-free shell; 
v = 0.35, R/h= 2.94, l/R= 2.17. (After ref. 2.62) 


R^(l-u 2 )/E n = «R^(l-u*)/E 
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Figure 2.99. — Theoretical and experimentally deter- 
mined frequencies parameters for a free-free shell; 
v =0.35, R/h = 17. 6, 1/R = 11A2. (After ref. 2.62) 



Figure 2.100. — Theoretical and experimentally deter- 
mined frequencies parameters for a free-free shell; 
v =0.35, R/h=8A8, l/R = 11.8. (After ref. 2.62) 


Figure 2.101. — Theoretical and experimentally deter- 
mined frequencies parameters for a free-free shell; 
r=0.35, R/h = 2.5, l/R = 13.3 (After ref. 2.62) 
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Figure 2.102. — Theoretical and experimentally deter- 
mined frequencies parameters for a free-free shell; 
y =0.35, R/h = U.b, l/R= 43.5. (After ref. 2.62) 



Figure 2.103. — Theoretical and experimentally deter- 
mined frequencies parameters for a free-free shell; 
n = 1; v = 0.35; experimental values are from eight shells. 
(After ref. 2.62) 


unclear manner). Theoretical and experimental 
results obtained for various shells are shown in 
figures 2.98 through 2.103 for v = 0.35. Admissible 
values of e m for the figures are available in table 
2.21. The usefulness of the theoretical results in 
figure 2.101 is questionable because it applies to 
shells having a thickness ratio (R/h = 2.5) beyond 
acceptable limits for eighth order shell theory. 
Figure 2.103 used measured frequencies for eight 
shells having 

2.5<R/h<44.5 

and 

10.2 <2/72 <143 

Kondrashov (ref. 2.148) used the Donnell- 
Mushtari theory and the Southwell method to 
obtain lower bounds for fi. The frequency param- 


eters can be calculated from equation (2.107), 
with Ci and C 2 for free-free shells being the roots 
of the equations 


cos Zifo cosh z 2 J o 

+VCi/(l — Ci) sin zi£ 0 sinh z 2 J 0 = 1 (2.136) 


cos fci£o cosh fc 2 J 0 

— ^C— sin &i£ 0 sinh fc 2 J 0 = 0 

rc^n^r c.-d-y) ?. 

LC 2 -l J LC 2 + (l-y)J 


(2.137) 

(2.138) 


with Jo = nl/R, and zi, z 2 , Aq, and fc 2 are as given 
in equations (2.110). Some useful values of Ci 
and C 2 are listed in tables 2.40 and 2.41. In using 
these tables it is generally necessary to interpo- 
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late between values shown for nl/R. The fre- 
quency parameter according to the membrane 
theory is 

0*-(l_^)Ci (2.139) 

Experimentally determined frequencies ob- 
tained by Grinsted (ref. 2.181) for R/h = 78.2, 
l/R = 2A, and h = 0.064 in. (the material is not 
known, but presumably is steel) are shown in 
figure 2.104. 

The modal characteristics of a particular free- 
free shell having R/h = 20, l/R = 8.1, r = 0.3, 
m= 1, and n = 0 (axisymmetric) are shown in fig- 
ure 2.105 (from ref. 2.73). The value of £2 associ- 
ated with these curves is 0.3671 and was obtained 
from the Fliigge theory by the exact method. It 
is interesting to compare the various generalized 
displacements and forces shown in the plots with 
the corresponding plots for an SD-SD shell, 


Table 2.40 . — Values of the Coefficient C\ in 
Equation {2.107) for Frequency Parameters of 
Free-Free Shells 


l 

Number of circumferential nodal circles (m+1) 

n R 

2 

3 

4 

2 

0.8107 

0.9065 

0.9501 

3 

.6199 

.8042 

.8909 

4 

.4327 

.6840 

.8146 

5 

.2863 

.5619 

.7277 

6 

.1860 

.4493 

.6375 

7 

.1216 

.3529 

.5494 

8 

.8096X10-’ 

.2742 

.4672 

9 

.5522X10-’ 

.2124 

.3937 

10 

.3859X10-’ 

.1646 

.3295 

12 

.2020X10-1 

.1004 

.2291 

14 

.1144X10-1 

.6298X10-1 

.1592 

16 

.6918X10 -2 

.4087X10-1 

.1117 

18 

.4412X10 -2 

.2741X10-1 

.7957X10-1 

20 

.2938X10" 2 

.1894X10-1 

.5759X10-1 

22 

.2029X10 -2 

.1345X10-1 

.4240X10-1 

24 

.1445X10 -2 

.9782X10- 2 

.3174X10-1 

26 

. 1056 X10 -2 

.7272X10-1 

.2414X10-1 

28 

.7888X10- 3 

.5506X10-1 

.1864X10-1 

30 

.6012X10-1 

. 4242 X10 -2 

.1458X10-1 

32 

.4659X10-1 

.3317X10" 2 

.1154X10-1 

36 

.2923X10-1 

.2109X10 -2 

. 7494 X10" 2 

40 

.1924X10-1 

. 1403 X10 -2 

.5054X10- 2 

42 

.1585X10-1 

. 1160X10 -2 

.4206X10- 2 

44 

.1318X10-1 

.9677X10-1 

.3526X10 -2 

48 

.9320X10-" 

.6885X10-1 

.2529X10- 2 

50 

.7920X10-1 

.5866X10-1 

.2162X10 -2 


where a radial constraint (w = 0) would be ap- 
plied at the ends. The SD-SD shell gives sinus- 
oidal variations in all quantities plotted (see secs. 
2.3 and 2.3.2). The only noticeable deviation 
from sinusoidal patterns in figure 2.105 is seen 
in the force distributions. The moment resul- 
tants M x and Me show very slight distortions at 
the boundary. The circumferential (hoop) force 
resultant Ne is not zero at the boundary, but is 
very small. The largest distortion from sinusoidal 
behavior is in the shearing force Q x , which would 
yield a cosine curve for the SD-SD shell. 

For n— 1 (beam bending mode) the modal 
characteristics of a free-free shell are shown in 
figures 2.106 and 2.107 for l/R = 5, v = 0.3, m = 1, 
n= 1 . The curves fit both R/h = 20 and 500, and 
£2 = 0.3583 for both thickness ratios, showing the 
importance of overall beam bending behavior 
compared with localized bending through the 
shell wall. Local bending near the free edges is 
seen in figure 2.107. 

Free vibrations of free-free circular cylindrical 
shells are also discussed in references 2.3, 2.7, 
2.44, 2.45, 2.103, 2.134, 2.139, 2.182, 2.183, and 
2.184. 



Ol 234 56789 

n 

Figure 2.104. — Experimentally observed frequencies for 
a free-free shell; 72/A = 78.2, l/R = 2.4, h =0.064 in. 
(After ref. 2.181) 


00 o CO 


Table 2.41 . — Values of the Coefficient C 2 in Equation (2.107) for Frequency 
Parameters of Free-Free Shells 


Number of circumferential nodal circles (m + 1) 


R 

0 

1 

2 

3 

4 

2 

2.263 

7.170 

16.840 

32.550 

51.200 

3 

1.682 

3.950 

8.230 

14.730 

23.450 

4 

1.423 

2.770 

5.195 

8.830 

13.710 

5 

1.282 

2.191 

3.765 

6.100 

9.210 

6 

1.200 

1.860 

2.975 

4.595 

6.760 

7 

1.148 

1.650 

2.485 

3.685 

5.280 

8 

1.113 

1.507 

2.160 

3.080 

4.300 

9 

1.088 

1.408 

1.932 

2.670 

3.635 

10 

1.071 

1.342 

1.764 

2.365 

3.155 

12 

1.047 

1.236 

1.541 

1.967 

2.521 

14 

1.032 

1.173 

1.404 

1.724 

2.130 

16 

1.021 

1.132 

1.308 

1.557 

1.874 

18 

1.016 

1.103 

1.245 

1.446 

1.698 

20 

1.014 

1.087 

1.202 

1.365 

1.568 

22 

1.011 

1.073 

1.167 

1.302 

1.474 

24 

1.009 

1.061 

1.142 

1.255 

1.400 

26 

1.007 

1.051 

1.122 

1.217 

1.343 

28 

1.006 

1.042 

1.104 

1.187 

1.294 

30 

1.004 

1.037 

1.091 

1.164 

1.257 

32 

1.002 

1.032 

1.078 

1.143 

1.226 

36 

1.001 

1.024 

1.061 

1.112 

1.179 

40 

1.0 

1.020 

1.050 

1.092 

1.146 

42 

1.0 

1.018 

1.043 

1.081 

1.131 

44 

1.0 

1.015 

1.041 

1.076 

1.120 

48 

1.0 

1.012 

1.034 

1.062 

1.100 

50 

1.0 

1.010 

1.030 

1.058 

1.092 


































1 












O 0.2 0.4 0.6 0.8 1.0 
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Figure 2.105. — Modal characteristics of a free-free shell; 
R/h = 20, 1/11 = 8.1, v = 0.3, n = 0, m = 1. (After ref. 
2.73) 


RELATIVE DISPLACEMENT COMPONENTS 


136 


VIBRATION OF SHELLS 



Figure 2.106. — Mode shape for a free-free shell;!? A = 20 
and 500; l/R = 5, r = 0.3, m = 1, n = 1. (After ref. 2.73) 


2.4.6 Edges Not Necessarily Clamped, SD, or Free 

Thus far only six cases of circular cylindrical 
shells of finite length having some combination 
of clamped, shear diaphragm, or free edges have 
been considered. The remaining 130 possible 
combinations of simple boundary conditions will 
now be taken up. Remembering the possible 


conditions 
(a) w = 0 

or 

(6) N x = 0 

(2.140) 

II 

o 

or 

(6) N xl +^ = 0 

K 

(2.141) 

(a) w = 0 

or 


(2.142) 

. . dw . 

(a) — = 0 

OX 

or 

0 b ) M x = 0 

(2.143) 


A somewhat more compact notation will now be 
used to aid in labeling future problems : 




Figure 2.107. — Force and moment resultants for the 
mode shape of figure 2.106. (After ref. 2.73) 


W. x =~ 


dw 

dx- 


S x e = N x e- 


M, 




R 

1 dM x 


r de 


(2.144) 


Eight symbols will be needed to completely define 
the boundary conditions at both ends of a shell. 
In order to have immediate recognition of the 
conditions being considered, the notation given 
in equations (2.140) through (2.144) will be used 
for identification. The complete description of a 
problem will be given by a single set of paren- 
theses in the format shown in the examples below : 

Clamped-free : (uviv w, x — N x S x i V x M x ) 
Clamped-SD ; (u v w w, x — N x vio M x ) 


In spite of the vast number (130) of distinct 
problems encompassed by this section, significant 
information is available below for most of them. 

( u S x e V x to, x — u S x o V x w, x ) shells have the 
same frequencies as ( N x v w M x — N x vw M x ) 
shells (i.e., SD-SD). The displacement functions 
given by equations (2.20) with \ = vitR/1 are 
simply shifted by ir / 2 with respect to the longi- 
tudinal coordinate s, giving 
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u = A sin Xs cos nd cos c ot 
v = B cos Xs sin nd cos <ot > 
w = C cos Xs cos nd cos c ot 


(2.145) 


which satisfy the (uS x $ V x iv, x — uS x e V x w iX ) 
boundary conditions exactly. Physically stated, 
the boundary conditions for this shell are met at 
the antinodal section (e.g., x = l / 2 for m = l) of 
an SD-SD shell. All modal characteristics 
of (u S x e V x iv, x - u S xe V x w, x ) shells are similarly 
shifted by ir/2. 

Because in most cases the modes having the 
lowest frequencies are predominantly radial in 
nature (A/C, B/C< <1), lines where w = 0 are 
usually called “nodal circles.” In the case of 
antisymmetric modes (m = 2, 4, . . .) of a circular 
cylindrical shell having symmetric boundary 
conditions, the nodal circle occurring at x = 1/2 
also has v = i), and the shear diaphragm boundary 
conditions are exactly reproduced at that section. 
Similarly, in the case of symmetric modes 
(m = l, 3, . . .) for symmetric boundary condi- 
tions, the complementary (u S x e V x w, x ) boundary 
conditions are exactly reproduced at x = l/ 2. 
This leads to the following two useful statements 
which can be applied to obtain further informa- 
tion from the problems having symmetric (with 
respect to x = l/ 2) boundary conditions: 

(1) Frequencies and modal characteristics of 
a circular cylindrical shell having shear dia- 
phragm (N x v w M x ) boundary conditions at one 
end and any of the 16 possible sets of boundary 
conditions at the other end can be obtained 
directly from the antisymmetric modes of the 
problem having the same boundary conditions 
at both ends. 

(2) Frequencies and modal characteristics of 
a circular cylindrical shell having complementary 
(u S x e V x w, x ) boundary conditions at one end and 
any of the 16 possible sets of boundary conditions 
at the other end can be obtained directly from 
the symmetric modes of the problem having the 
same boundary conditions at both ends. 


Mushtari theory and the Southwell method (cf., 
refs. 2.161 and 2.162) to obtain lower bounds for 
the frequency parameter 0. This method depends 
upon finding the frequencies from two separate 
problems, one where the bending stiffness is 
neglected, and another where membrane effects 
are neglected. The sums of the squares of the two 
frequencies is then known to be less than or equal 
to the square of the actual frequency. The follow- 
ing formula was derived for computing lower 
bounds on fi 2 : 


ft 2 = (i - « 2 )Ci+fcn 4 (V (2.146) 

where k = h 2 /12R 2 , v is Poisson’s ratio, n = num- 
ber of circumferential waves, and C i and C 2 are 
coefficients depending upon the particular bound- 
ary conditions of the shell. The coefficient Ci 
arises from the membrane solution and depends 
only upon the membrane constraints ( u , v, N x , 
S x e). Similarly, C 2 is found from the bending solu- 
tion and depends only upon the boundary condi- 
tions involving iv, w, x , V x , and M x . There are 
10 distinct membrane problems possible using all 
combinations of boundary conditions. Similarly, 
there are 10 distinct bending problems. When put 
together, these yield the 136 possible, distinct 
shell problems. Although ICondrashov gave ex- 
tensive results, he only considered four sets of 
membrane conditions and six sets of bending 
conditions. Each set of conditions leads to a 
characteristic equation for the determination of 
either C i or C\. Four membrane and four bending 
characteristic equations have already been given 
for the clamped-clamped, clamped-SD clamped- 
free, and free-free problems. The remaining two 
bending equations include one for (w M x — w M x ) 
boundary conditions given by 

sinAql;o = 0 (2.147) 


and one for (w M x 
given by 


V x M x ) boundary conditions 


Ch + l 
C t - 1 


1/2 


'<?.-(!- 


z»0T 

-«0J 


sin &i£o cosh k ^ 0 


C 2+(l ■ 

— cos fci£ 0 sinh k 2 £o = 0 (2.148) 


Thus, for example, the results for the symmetric 
modes of a (u v w iv, x — uviv w, x ) shell can be ap- 
plied to the problem of a (u v w w, x — u S x e V x w, x ) 
shell. 

Kondrashov (ref. 2.148) used the Donnell- 


with £ 0 = nl/R and k x and fc 2 given in equations 
(2.110). Roots of equation (2.147) are k 1 £ 0 = ir, 
2ir, 3 tt, . . . . Roots of equation (2.148) are given 
in table 2.42. The types of membrane and bend- 
ing boundary conditions which can be accommo- 
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Table 2.42. — Values of the Coefficient C 2 in Equation (2.107) for 
(w M x — V x M x ) Boundary Conditions 


1 

Number of axial half-waves— in 

n R 

0 

1 

2 

3 

4 

2 

1.416 

5.190 

13.720 

27.410 

47.700 

3 

1.201 

2.970 

6.760 

12.730 

20.900 

4 

1.114 

2.158 

4.305 

7.665 

11.226 

5 

1.070 

1.764 

3.155 

5.300 

8.250 

6 

1.047 

1.542 

2.521 

4.022 

6.030 

7 

1.033 

1.402 

2.132 

3.238 

4.640 

8 

1.025 

1.312 

1.877 

2.775 

3.878 

9 

1.019 

1.247 

1.698 

2.375 

3.285 

10 

1.015 

1.201 

1.570 

2.120 

2.864 

12 

1.007 

1.140 

1.400 

1.787 

2.305 

14 

1.005 

1.102 

1.296 

1.584 

1.965 

16 

1.000 

1.077 

1.227 

1.447 

1.744 

18 

1.000 

1.061 

1.178 

1.355 

1.590 

20 

1.0 

1.048 

1.147 

1.288 

1.480 

22 

1.0 

1.041 

1.121 

1.240 

1.398 

24 

1.0 

1.033 

1.102 

1.202 

1.334 

26 

1.0 

1.029 

1.086 

1.172 

1.288 

28 

1.0 

1.025 

1.073 

1.148 

1.247 

30 

1.0 

1.021 

1.064 

1.128 

1.214 

32 

1.0 

1.017 

1.056 

1.112 

1.188 

36 

1.0 

1.014 

1.042 

1.086 

1.141 

40 

1.0 

1.012 

1.038 

1.072 

1.122 

42 

1.0 

1.009 

1.032 

1.061 

1.103 

44 

1.0 

1.008 

1.030 

1.059 

1.100 

48 

1.0 

1.007 

1.022 

1.046 

1.083 

50 

1.0 

1.006 

1.018 

1.044 

1.078 


dated by Kondrashov’s results are summarized 
in table 2.43. 

For example, one can find frequency param- 
eters for (uvw M x — N x v w w, x ) shells by using 
values of C\ and C 2 from tables 2.33 and 2.34, 
respectively, in equation (2.146). Thus the lower 
bounds predicted by this method are exactly the 
same as for the clamped-SD case. Both cases 
have the same separate membrane and bending 
problems. In using the tables care must be exer- 
cised in using numbers of axial half-waves which 
are compatible with the combined boundary con- 
ditions for the shell problem. Of course, the mem- 
brane and bending solutions are not entirely 
compatible in axial wave length to begin with; 
the accuracy of the bounds will be limited par- 
ticularly in those modes where the bending and 
stretching strain energies are of comparable 
magnitude and coupling is significant. 

Forsberg (ref. 272) wrote an excellent paper 


Table 2.43. — Sources of Characteristic Equations 
and Their Roots for Use in Equation (2.146) 


Boundary 

conditions 

Characteristic 

equation 

Roots 

u v — u V 

eq. (2.108) 

table 2.25 

u v — N x v 

eq. (2.116) 

table 2.33 

uv — N x N x e 

e.q (2.123) 

table 2.37 

N x SxO — N x Sxo 

eq. (2.136) 

table 2.40 

W W,x — w W,x 

eq. (2.109) 

table 2.26 

w w.x — w M x 

eq. (2.117) 

table 2.34 

ww.x — V X M X 

eq. (2.124) 

table 2.38 

V x M x - V x M x 

eq. (2.137) 

table 2.41 

w Mx — w M x 

eq. (2.147) 

7 r, 2i r, 3-7T . . . 

w Mx - V x M x 

eq. (2.148) 

table 2.42 


comparing the significance of types of boundary 
conditions upon free vibration frequencies and 
modal characteristics. The following 10 problems 
were considered in detail. 
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Case: 


1 . N x vw M x — N x vw M x (SD-SD) 

2. N x vw M x — uvw M x 

3. uvwM x — uvwM x 

4. N x S x e w M x — N x S x e w M x 

5. u S x e w M x — u S x e w M x 

6. N x vw w, x — N x v w w, x 

7. u v w, x — uvw to, x 

(clamped-clamped) 

8. N x S x e w w, x — N x S x e w w, x 

9 . uS x eWW, x — uS x eivw, x 

10. N x v w M x — uvw w, x (SD-clamped) 


Results were obtained by the exact procedure 
using the Fliigge equations of motion. Tangential 
inertia terms were retained. 

The effect of edge moment restraint ( iv, x = 0 ) is 
illustrated in figure 2.108. In this figure fre- 
quency envelopes (lowest frequencies) are plotted 
for various R/h ratios for cases 1 and 6. It is seen 
that the effect of fixing the slope at the boundary 
rapidly diminishes as l/R increases and is more 
important for thicker (small R/h) shells. The 
effect of moment restraint is also seen in figures 
2.39 and 2.40, where, for the beam bending mode 
(n— 1), relaxation of the w, x condition for the 
clamped-clamped shell (case 7) causes changes in 
SI which are too small to plot. 

The effect of axial constraint at the edge ( u = 0) 
is illustrated in figure 2.109. Here the frequency 
parameter envelope for an SD-SD shell without 
axial constraint is compared with that of one 
having axial constraint at one or both ends. In 
direct contrast to the previous case, the effect of 
axial constraint is significant even for very long 
shells and all values of R/h. The minimum fre- 
quency for case 3 is about 40 to 60 percent higher 
than that of case 1 throughout most of the region 
of interest. 

The physical reason for the difference in the 
influence of u = 0 as compared with w, x can be 
understood by examining the modal characteris- 
tics. From the modal characteristics of clamped- 
clamped shells (cf., figs. 2.59 through 2.72) it is 
seen that the influence of the condition iv, x = 0 
is localized to the boundary region (unless the 
shell is relatively short and thick), whereas the 
membrane forces caused by w = 0 perpetuate 
throughout the length of the shell. 

Consider next the relation of the circumfer- 
ential restraint i> = 0. The effects of this con- 
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Figure 2.108. — Effect of slope restraint (w, x =0) 
upon envelopes for S2. (After ref. 2.72) 
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Figure 2.109. — Effect of axial restraint (u =0) 
upon envelopes for ft. (After ref. 2.72) 


straint can be observed in figures 2.110 and 
2.111. In figure 2.110 various types of “simple 
support” conditions are used (i.e., all have 
iv = M x = 0 at both ends). In figure 2.111 all 
have “clamped” types (i.e., w = w, x = 0 at both 
ends) of boundary conditions. It is clear from 
these figures that the effects of i> = 0 are more 
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Figure 2.110. — Effect of circumferential restraint (v=0) 
upon envelopes for S2; “simple supports.” (After ref. 
2.721 
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Figure 2.111. — Effect of circumferential restraint upon 
envelopes for if; “clamped” ends. (After ref. 2.72) 


important for short and thick shells and be- 
come less important than the effects of u = 0 for 
long shells. As pointed out in reference 2.72 the 
greatest change in frequency due to relaxing 
the condition a = 0 occurs for n= 1. 

In another very useful paper (ref. 2.73) Fors- 
berg investigated the accuracy of representing a 
shell by a rod for the axisymmetric (?i = 0) mode 
and by a beam for the overall bending (?i = l) 
mode. Solutions using these beam and rod models 
were compared with the exact solutions from 
Fliigge’s theory. For the n = 0 and n= 1 modes, 
the response of the shell is governed almost 
entirely by the membrane behavior. This means 
that the modal characteristics are essentially 
independent of the bending stiffness (i.e., inde- 
pendent of R/h) and those boundary conditions 
involving the tangential displacements (u, v) or 
the force resultant (N x , S x i) are the ones of 
prime significance. In general the boundary re- 
straints placed upon w, w, x , M x , and V x have no 
significant influence on the frequencies; their 
effects on the moment resultants are localized 
to a small zone near the boundary. This permits 
the beam and rod representations of shell prob- 
lems to be suitable over wide ranges of interest. 
However, if one is interested in modes having 
short axial wave lengths (l/mR< 1) the beam 
and rod models may be inadequate. These state- 
ments are elaborated upon below. 

For n = 0 the equations of motion uncouple, 
regardless of the boundary conditions (cf., eqs. 
2.21), yielding a second-order differential equa- 
tion involving v only and a sixth-order set in- 
volving u and w. The torsional frequency is the 
same if « = 0 at x = 0, l or if <S I( ) = 0 at x = 0, l. 
Having both ends fixed results (from symmetry) 
in having the middle section (x = l/ 2) free, and 
vice versa. If u = 0 at x = Q and S x6 = 0 at x = l, 
then the effective length of the mode shape is 
twice as long and the frequency is half as great. 
These frequencies are shown in figure 2.112. 

Considering the radial and longitudinal modes 
for ?i = 0, figure 2.112 shows that for small axial 
wave lengths the bending stiffness does make a 
difference in 0; however, for l/mR> 1 the fre- 
quency varies by less than one-half of 1 percent 
(ref. 2.73). The boundary conditions on u do 
have significant influence on 0, even for those 
modes which are predominantly radial. If the 
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shell is axially restrained at one end (u = 0) and 
is axially free at the other (N x = 0) and if 
l/mR> 3, the minimum frequency is one-half 
that obtained when « = 0 at both ends (see fig. 
2.112). The restraints placed on w cause less 
than 0.5 percent change in U. In the transition 
region l<l/mR< 5 the amplitudes of the radial 
and longitudinal displacement components are 
nearly equal. This coupling is due entirely to 
the Poisson effect — bending effects are negli- 
gible. If v = 0, the equations of motion would 
effectively (depending to a small extent upon 
the shell theory used) reduce to three uncoupled 
equations of motion representing torsional, ra- 
dial, and longitudinal behavior independently. 
The effects of neglecting tangential inertia terms 
were already seen in figure 2.34. Reference 2.73 
shows that one could make reasonable estimates 
of natural frequencies in the axisymmetric mode 
by considering the shell to be a bar for longitu- 
dinal motions and to be a ring in plane stress for 
small 1/mR, or plain strain for large 1/mR, and 
that these approximations break down in the 
transition region l<l/mR< 5. 

Generally speaking, regardless of the boundary 
conditions, the lowest of the three frequencies 
arising for n= 1 corresponds to motion which is 
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beam-like (ref. 2.73). For very long shells, v and 
w are essentially equally large, and the motion 
consists of rigid body translations of cross sec- 
tions. As the shell becomes shorter, the circum- 
ferential displacement v becomes gradually larger 
than 10 up to an 1/mR ratio of about 5; for still 
shorter shells v decreases until, for very short 
shells (l/R~0.1), v is nearly zero and the motion 
is almost entirely radial. As in the case for n = 0, 
the behavior is governed primarily by the mem- 
brane stiffness of the shell and the tangential 
boundary conditions. For n = l) v is not uncou- 
pled, and its presence in the boundary conditions 
is very significant. 

If i> = 0 at both ends of the shell, then fl is 
essentially independent of the bending stiffness 
of the shell unless the axial half-wave length be- 
comes small enough (e.g., l/mR< 1 for R/h = 20, 
l/mR< 0.1 for R/h = 500) (ref. 2.73). The fre- 
quency spectrum for beam-type of behavior is 
shown in figure 2.113. Three cases are included 
for which the shell acts as (1) a free-free beam, 
(2) a simply-supported beam, and (3) a clamped 
beam. The transverse conditions involving w, w, x , 
V x , M x have no measurable influence on the 
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Figure 2.112. — Axisymmetric (n = 0) frequency parame- 
ters for arbitrary boundary condition; m = 1. (After 
ref. 2.73) 


Figure 2.113. — Frequency spectrum for beam-like (n = 1) 
modes of circular cylindrical shells; m = l. (After ref. 
2.73) 
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frequency spectrum (ref. 2.73). The shell is 
forced to behave as a clamped beam by requiring 
ii = 0 at the boundaries. 

Comparison of the shell frequencies with beam 
frequencies is made in figure 2.114 (ref. 2.73) for 
the “simply supported” beam. The simple (Euler- 
Bernoulli beam theory) approximation gives good 
results only for long shells (l/mR> 20). This is 
consistent with the usual assumptions of simple 
beam theory regarding limits of the length/depth 
ratio. Inclusion of shear deformation and rotary 
inertia effects (Timoshenko beam theory) greatly 
improves the accuracy of the beam approximation 
and makes it acceptable as low as l/viR = 7. It is 
important to note that the shell equations 
automatically include the shear deformation and 
rotary inertia effects of the overall cross sections, 
even though the local effects through the shell 
thickness are neglected in the eighth order shell 
theory. Similar comparisons were made in refer- 
ence 2.73 for the clamped-clamped beam, and 
behavior essentially the same as figure 2.114 was 
found. For an even more sophisticated beam 
model to represent the beam-like modes of a 
shell, see the discussion of the work by Simmonds 
(ref. 2.128) in section 2.3.5. 
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Figure 2.114. — Comparison of shell frequencies (n = 1) 
with those of a simple-supported beam; to = 1. (After 
ref. 2.73) 
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Figure 2.115. — Effect of the boundary condition w =0 
upon the frequencies; to = 1, n = 1. (After ref. 2.73) 


The importance of the circumferential displace- 
ment v in the n = 1 mode is shown in figure 2.115 
(from ref. 2.73). Two sets of curves are depicted. 
One set has v = 0 as a boundary condition at both 
ends of the shell; the other set has S x e = 0, and 
gives a considerable drop in frequencies except 
for long (l/R> 20) shells where beam theory 
becomes applicable. When S x e = 0 on the ends the 
frequency also becomes strongly dependent upon 
the bending stiffness and the boundary condition 
on the slope ( w , x ) becomes of primary importance. 

Figure 2.116 is a sketch of the deflected shape 
for the case when S x o = 0 at the boundaries. This 
mode involves large shear distortion at the 
boundary and relatively little deformation in the 
middle of the shell. By contrast a shell supported 
by shear diaphragms would have a sinusoidal 
mode shape. It should be noted that although 
there is a high shear distortion near the bound- 
aries when the shell is not tangentially restrained, 
this is essentially a distortion of the shell cross 
section rather than a shearing of the shell wall. 
Since the distortion of the shell cross section takes 
place in a region about 75 times as long as the 
shell wall thickness, it is certain that the shear 
effects on the shell wall can be neglected. One 
should also note that the slope w, x near the bound- 
ary is very large compared to the slope computed 
for other mode shapes which have one axial half- 
wave and a unit radial deflection. The amplitude 
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(a) SHELL AT REST 



(b) SHELL AT MAXIMUM AMPLITUDE 
(MOTION GREATLY EXAGGERATED) 
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THE DEFORMATION OF THE SHELL HAS BEEN GREATLY 
EXAGGERATED IN ORDER TO ILLUSTRATE THE GENERAL 
CHARACTER OF THE MOTION. THE LONGITUDINAL MOTION 
HAS BEEN MAGNIFIED BY A FACTOR OF 20 COMPARED 
WITH THE RELATIVE RADIAL DISPLACEMENT. 

Figure 2.116. — Sketch of deformed shell when S x e = 0 at 
boundaries; m = 1, n = 1. (After ref. 2.73) 

of vibration can always be kept small enough so 
that the resulting motion is linear; however, it is 
evident that nonlinear behavior will occur for 
smaller amplitudes for this mode shape than for 
the more usual case. 

To better understand the dynamic behavior of 
a cylindrical shell in the beam-type mode, it is 
necessary to examine the modal displacements 
and modal forces that correspond to the minimum 
frequency. In figures 2.117 and 2.118 (from ref. 
2.73) results are presented for a shell having an 
R/h ratio of 20 and l/R ratios of 5 and 10. Two 
sets of boundary conditions are considered, SD- 
SD and (N x v V X M X ). There is no noticeable 
difference in the mode shapes and force distribu- 
tion, although the amplitude ratio A/C is dif- 
ferent, and the frequency is extremely close for 
these two sets of boundary conditions. This again 
emphasizes that the behavior when v = 0 at the 
boundaries is essentially extensional in character. 
The maximum bending stress is less than 7 per- 
cent of the maximum membrane stress. For the 
shell which is not radially restrained, there is a 
slight distortion in the moment diagram which is 
barely noticeable in figure 2.118. As in the axi- 


Figure 2.117. — Mode shapes for SD-SD and 
(N x vVxM x — N x v Vx M x ) shells; R/h =20 and 500, 
v=0.3, m = 1, n — 1. (After ref. 2.73) 




Figure 2.118. — Force and moment resultants for the 
mode shapes of figure 2.117. (After ref. 2.73) 


symmetric case the noticeable change in force 
distribution occurs for the shear force V x and 
again as in the above case, this change is entirely 
local in character. In figures 2.119 and 2.120 the 
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FOR ALL CASES 
R/h = 500, u=0.3,n=l 
AND AT x = 0,-f 
w= M„ = N x = S X g = 0 


FOR X/R = 

5,11= 0.05844 

10.11 = 0.03384 

30. 11 = 0.00700 


Figure 2.119. — Mode shapes for ( N x S x twM x — 
N x S x ewM x ) shells in beam bending (n = l) mode. 
(After ref. 2.73) 






Figure 2.120.- — Axial force and moment resultants for 
the mode shapes of figure 2.119. (After ref. 2.73) 


same two cases are shown; the only change is 
that for this example S x e = 0 at the boundaries. 
However, this causes a drastic change in modal 
character. As the l/R ratio is reduced, the effects 
of the radial restraint at the boundaries becomes 
more and more localized and, as it becomes 
small, this mode becomes a simple lateral rigid 
body translation with end effects. This mode 
represents essentially a lateral translation of a 
beam on soft shear springs at the boundary. This 


characteristic is reflected not only in the mode 
shape but also in the internal force distribution. 

The higher modes of this shell when S x e = 0 
at the boundaries again represent essentially the 
behavior of a free-free beam on shear springs. 
The second mode represents a rigid body rota- 
tion of a beam about its center with weak shear 
springs at the boundary as can be seen in figure 
2.121. The third mode (m = 3) introduces appre- 
ciable flexible deformation of the shell as a beam, 
but is similar to the lowest non-zero mode for a 
free-free shell shown previously in figure 2.106. 
It is clear then that the dependence of the fre- 
quency and force distribution on the bending 
stiffness when S x e = 0 arises only from the high 
shear distortion which occurs near the bound- 
ary, which can be represented as a very weak 
shear spring. 

One of the important quantities used in de- 
termining forced response by modal analysis is 
the generalized mass. The generalized mass is 
defined as 


M = 



(u 2 +v 2 +iv 2 ) dm 


where the dependence of time has been removed 
and p obviously depends upon n. 

For a simply supported beam having a unit 
transverse displacement, one can easily show 




x/A 

FOR m=2. R=0.08693 
m = 3, .ft, =0.3698 


Figure 2.121. — Higher beam bending (n = 1) mode shapes 
(n= 2, 3) for a (N x S x e w M x — N x S x e w M x ) shell; 
R/h = 500, l/R =5, v =0.3. (After ref. 2.73) 
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that the generalized mass for all the modes is 
equal to one-half and is independent of the l/R 
ratio of the beam. For a clamped beam having a 
unit transverse displacement, the integration is 
more complicated, but the formula is relatively 
simple and one finds that for the lowest mode 
the beam equations yield a value of p = 0.39. 
These values are plotted in figure 2.122 (from 
ref. 2.73). Use of Timoshenko beam theory when 
rotary inertia is included leads to a generalized 
mass which varies with l/R for the beam; the 
generalized mass increases as the length de- 
creases, as indicated in figure 2.122. From shell 
theory it is found that the generalized mass ap- 
proaches beam theory results asymptotically for 
a long shell. As the shell becomes shorter the 
behavior is adequately represented by the Timo- 
shenko beam theory for shell with a l/R ratio 
greater than about 7. For shorter shells the devi- 
ation between shell theory and beam theory be- 
comes significant. The behavior outlined above 
holds exactly for higher modes of a freely sup- 
ported beam (use 1/mR in fig. 2.122), and is 
essentially the same for a clamped beam. The 
significance of the deviation between shell theory 
and beam theory and its importance in deter- 
mining forced response quantities has not been 
entirely established. 

The (« v w M x — u v w M x ) shell has received a 
small amount of attention in the literature. In 
addition to the analysis by Forsberg (refs. 2.72 
and 2.73) described earlier in this section, the 
small effect of relaxing the clamping restraint 



Figure 2.122. — Comparison of generalized mass as 
predicted by beam and shell theory. (After ref. 2.73) 


(w, x ) at the boundary was also shown in figures 
2.39 and 2.40 of section 2.4.1. Ivanyuta and 
Finkelshtein (ref. 2.114) used the Donnell- 
Mushtari shell equations and the Galerkin ap- 
proximate procedure with a single set of beam 
functions to arrive at the following equation for 
frequency parameters : 

(l-v*)\J{imrR/iy 

2.29(X m 4 +rc 4 +1.110?i * 1 2 3 4 5 X m 2 ) 

+^(!) 2( A m 2 +n 2 ) 2 (2.149) 

where X m is given by equation (2.105). Lower 
bounds for this problem can also be computed 
by using equation (2.146). These are also the 
“freely supported” boundary conditions posed 
in references 2.32, 2.33, and 2.34, although the 
condition u = 0 was not enforced, and the SD-SD 
problem was eventually solved along with the 
statement that the condition “u = 0 is the least 
essential one.” As we have seen elsewhere in this 
section, the condition u = 0 is indeed a very im- 
portant one. 

The axisymmetric modal characteristics for 
the lowest frequency of a (uw M x — uw M x ) shell 
are depicted in figure 2.123 (from ref. 2.73) in 
comparison with those of the SD-SD shell. It is 
interesting to note that 

(1) The fundamental mode in this case has a 
nodal circle at x = l/ 2. 

(2) The curves for u and N x are essentially 
the same as those for the SD-SD shell, except 
shifted by 7t/2. 

(3) The curve for w is also shifted by ir/2 but, 
in addition, has boundary zones where w must 
rapidly change to zero to meet the boundary 
conditions. 

(4) The rapid change in w near the bound- 
ary causes large curvature changes and, conse- 
quently, large M x near the boundary, although 
the maximum bending stress is still less than 21 
percent of the maximum direct stress (ref. 2.73). 

(5) In spite of the large differences in w and 
M x from those of the SD-SD shell, the axial 
effects predominate, and the frequencies only 
differ by 0.5 percent. 

The axisymmetric modal characteristics for 
the lowest frequency of a (N x ww, x — mvM x ) shell 
(remembering that the circumferential displace- 
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Figure 2.123. — Axisymmetric (n=0) modal character- 
istics of a {uwM x —uwMx) shell compared with an 
SD-SD shell. (After ref. 2.73) 

ment v is uncoupled for n = 0) are displayed in 
figure 2.124 (from ref. 2.73). Here the edge effects 
are much more localized than those of figure 2.123 
because the shell is much thinner (R/h = 20, in 
comparison with R/h = 500). The small, but 
abrupt change in M x near x = 0 is due to the con- 
dition iv, x = 0. The larger change near x = l arises 
from requiring both u and iv to be zero at x = l. 

The ( N x v ww, x — N x v w iv, x ) case was used by 
Filippov (ref. 2.97) to demonstrate the solution 
of free vibration problems for circular cylindrical 
shells by the series method. A set of equations of 
motion for the shell attributed to Galerkin was 
used. For R/h = 83.3, l/R = 2, r = l/6, m= 1, 
n = 4, a frequency increase of 2.0 percent from 
the SD-SD frequency was calculated. 

The (u v w M x — N x S x e V x M x ) shell was used 
to model a storage tank in references 2.185 and 
2.186. Methods for computing frequencies and 
mode shapes were developed according to the 
membrane theory, and procedures for including 
the bending strain energy were subsequently 
added. No specific numerical results were given. 


Figure 2.124. — Axisymmetric (n. = 0) modal character- 
istics of a (N x ww, x — uw M x ) shell. (After ref. 2.73) 

2.5 ELASTIC SUPPORTS 

Boundary conditions of elastic supports at the 
ends of a circular cylindrical shell are generaliza- 
tions of the simple boundary conditions discussed 
in the previous sections of this chapter. In com- 
plete generality, the boundary conditions for this 
case (neglecting damping effects, of course) can 
be written as 
At x = 0 : 

N x — kiu = 0 

N x e+~^ — k 2 v = 0 

K 

1 dM x0 

M,+ L— -0 
dx 

At x = l: 

N x -\-kau — 0 

Nze ~\ — = 0 
ti 


(2.150a) 

(2.150b) 

(2.150c) 

(2.150d) 

(2.150e) 

(2.150f) 
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= 0 (2.150k) 

dw 

M x -k s — = 0 (2.150h) 

dx 

where ki, kg are the distributed stiffness 

coefficients associated with the elastic supporting 
structure. It is assumed that the supporting struc- 
ture has axisymmetric stiffness with respect to the 
axis of the shell; otherwise ki, . . . , kg would 
not be constants, but functions of 8. Careful 
attention must be given to the signs of the terms 
containing the spring constants in equations 
(2.150) if meaningful results are to be obtained. 
All of the 136 sets of boundary conditions dis- 
cussed previously in this chapter can be obtained 
as special cases of equations (2.150) by simply 
setting the appropriate constants ki equal to 
either zero or infinity. 

The distinction is carefully made here that the 
stiffness of the support structure must be capable 
of being represented by the distributed spring con- 
stants k i, , k s . Consider a circular cylindri- 

cal shell with a stiffening ring at the end. If it is 
necessary to consider the equations of motion of 
the ring simultaneously with the equations of 
motion of shell, with conditions of continuity of 
generalized forces and displacements enforced at 
the junction, the ring-shell combination is con- 
sidered herein to be a structure. Vibrations of 
structures containing shells as structural ele- 
ments are purposely omitted from this work 
because of the obvious geometrical complexities 
and limitless combinations which can arise. 

The problem of the circular cylindrical shell 
supported elastically is possible of being solved 
exactly in all its generality by the procedure out- 
lined in section 2.4. That is, once the A; are deter- 
mined as the roots of equation (2.54), thereby 
satisfying the equations of motion, the boundary 
condition equations (2.150) can then be written, 
yielding an eighth order determinant, the roots 
of which are the frequency parameters. However, 
in the general determinant arising from equations 
(2.150) there would be no simplification and its 
expanded form would be extremely lengthy. Brit- 
vec (ref. 2.187) followed this procedure for the 
special case when all the ki are zero except ki and 
k a , and also admitted damping terms into the 
moment boundary conditions. In reference 2.187 




Figure 2.125. — Solid (a) and flanged (b) elastic end 
constraints. (After ref. 2.4) 

the resulting eighth order determinant is given 
in detail, but will not be repeated here. No 
numerical results were given. 

Arnold and Warburton (ref. 2.4) studied circu- 
lar cylindrical shells having elastic end restraints 
of the two types depicted in figure 2.125. Figure 
2.125(a) shows a cylinder with a solid end, (b) a 
flanged end. The inertias of these types of ends 
can, of course, be neglected because the motions 
at the ends are negligible. Using the “equivalent 
wave length” concept Arnold and Warburton 
wrote equation (2.99) as 

irR 

A e = (m+c)— (2.151) 

where, of course, c = ml 0 /l — lo to be consistent 
with equation (2.99). For the cylinder with 
solid ends they proposed 

c = 0.Se~ thld (2.152) 

as an empirical relationship for c, with d as shown 
in figure 2.125 and q a constant to be determined. 
To study the effect of changing d, and to deter- 
mine c, experiments were conducted on a shell 
having 72 = 1.924 in., li = 0.101 in., 2 = 7.81 in. by 
changing d on one end such that the ratio h/d 
took on the values 0.050, 0.101, 0.202, 0.376, 
0.595, and 1.000. On the other end, SD-SD 
boundary conditions were duplicated. The results 
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of these experiments are shown by the dashed 
curves in figure 2.126. In figure 2.126 the per- 
centage difference in frequency from that of the 
SD-SD shell is plotted versus end thickness d. 
The solid curves are obtained by taking q = 2 in 
equation (2.152), and using 0.15 instead of 0.3 
because the SD boundary condition is the same 
as a nodal circle for the m = 2 mode of a shell of 
twice the length having solid ends at x = 0 and (, 
giving 

7 rT? 

X„ = (ra+0.15e~ 2A/d )— (2.153) 


as the basis for the curves. Of course, d/h ^> 0 is 
equivalent to an SD support at the solid end. 
For two cases, n = 4, m = 2 and ?i = 4, m = 3, the 
experimental and theoretical curves are essen- 
tially coincident, and have been shown by a 
single solid curve in figure 2.126. 

Miserentino and Yosteen (ref. 2.188) used 
Arnold and War burton’s “effective wave length” 
concept to compare extensive results obtained 
for clamped-clamped shells with theoretical 
results for SD-SD shells using the Donnell- 
Mushtari theory. 

In reference 2.4 flanged ends (fig. 2.125) were 
accommodated by a formula giving an equivalent 
thickness for solid ends as follows : 



where v =Ri/R\ and d\, 72 i, Rt are shown in 
figure 2.125. The formula is based upon treating 



O 0.5 1.0 1.5 2.0 

END THICKNESS , d - INCHES 


Figure 2.126. — Effect of end thickness on frequency; 
R/h = 19.1, l/R = 4.05, X = 0.101 in. (After ref. 2.4) 



EQUIVALENT END THICKNESS, d- INCHES 

Figure 2.127. — Effect of flange dimensions on frequency; 
R/h = 19.1, l/R= 8.13, ft = 0.101 in. (After ref. 2.4) 


the flange as a circular plate in bending. As 
di— >0, d — >0 as for an SD support. And as °c , 
d— >0.82 d\, thus, using equation (2.154) a flange, 
however large, can never give the same degree 
of end restraint as a solid end having the same 
thickness. Experiments were conducted on a steel 
shell having 72 = 1.924 in., 7t = 0. 101 in., and 
(=15.65 in. having flanges at both ends, and the 
results are shown by the points in figure 2.127. 
The solid curves are based on theoretical results 
using equation 2.154. 

In reference 2.151 an attempt was made to 
simulate an aluminum shell having clamped ends 
by machining integral rings at each end of an 
aluminum shell. The shell dimensions were 
( = 6.00 in., 72=4.69 in., 7i = 0.026 in. and the 
rings were each 1 inch long and 1/2 inch thick. 
However, these rings were insufficiently rigid and 
were actually elastic constraints giving the fre- 
quencies shown in figure 2.128. 

Considering the beam bending mode (n = 1) 
of a circular cylindrical shell, it was pointed out 
in reference 2.73 that the vibration frequencies 
and modal characteristics are strongly influenced 
by the degree of circumferential restraint (i.e., 
the magnitudes of (c 2 and k 6 ) at the boundaries 
(cf. sec. 2.4.6). In reference 2.73 a ring of square 
cross section having a side equal to 8 times the 
shell thickness is necessary to provide enough 
circumferential stiffness to simulate the simple 
boundary condition y = 0. Quantitative results 
are shown in figure 2.129 where a stiffening ring 
of square cross section is added to each end of a 
shell. The width and depth of the ring are denoted 
by H. The other boundary conditions at x = 0 and 
x = l are w = M x = u = (). The mass of the ring is 
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EXACT SOLUTION FOR CYLINDER 

WITH ELASTIC END RINGS 

EXACT SOLUTION FOR CYLINDER 

WITH FIXED ENDS 

o EXPERIMENTAL DATA 


neglected. The frequency parameter 0 is plotted 
versus H/h between the limiting boundary 
conditions S x e = 0 and v = 0. 

Circular cylindrical shells with elastic end 
supports are also briefly discussed in references 
2.49, 2.98, and 2.189. 

2.6 ADDED MASS 

In this section the effects of adding lumped 
mass to a shell will be considered. Information 
for at least the following two types of problems 
is available: 

(1) The rigid ring mass attached to either one 
or both ends of the shell. In this case the mass 
enters through the shell boundary conditions. 

(2) An internal point mass. This is accom- 
modated in the equations of motion by a double 
Fourier series solution. 


o i i i i 1 1 1 

0 2 4 6 8 10 12 14 

NUMBER OF CIRCUMFERENTIAL WAVES, n 
Figure 2.128. — Comparison of theoretical and experi- 
mental frequencies for clamped-clamped and elastically 
supported cylinders; R/h = l80, l/R = 1.27, E = 10 7 psi. 



RATIO OF LENGTH OF SIDE OF RING TO SHELL 
THICKNESS H/h 


Figure 2.129. — Effect of circumferential stiffening upon 
frequencies; R/h — 20, l/R = 7, m = l, n = 1, r = 0.3. 
(After ref. 2.73) 


An internal rigid ring mass usually implies sep- 
arating the shell into two portions and combin- 
ing them by means of equations of continuity. 
Such a configuration is considered herein as a 
structure and will not be discussed. 

Consider the axisymmetric longitudinal mo- 
tion of circular cylindrical shells. The primary 
effect of stiffening rings in these modes is to add 
additional mass to the system, thereby reducing 
the overall frequency. The magnitude of the fre- 
quency reduction depends upon the location of 
the ring; a ring placed at either a longitudinal 
or circumferential displacement nodal circle will 
add no significant mass to the system for that 
mode. 

Forsberg (ref. 2.73) considered the case where 
ring masses m i and m 2 which are large compared 
to the total mass of the shell M, are attached 
at the ends of the shell as shown in figure 2.130. 
If half of the mass of the shell is lumped at each 
end as shown, then the frequency parameter for 
the spring-mass system shown can then be ob- 
tained from 


r/J — vwwv- EJ 


b) SPRING - MASS MODEL 

Figure 2.130. — Modeling of a shell having large 
end masses. (After ref. 2.73) 
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il 2 =(l-r 2 ) 


(m 1 +m 2 +-M g )M s 

”-+t) 




(f) 


T ) (2.155) 


The variation of if with l/R according to equa- 
tion (2.155) is plotted by dashed lines in fig- 
ure 2.131 for several values of the total mass 
m T = mi-\-m 2 +M s , for m 1 = 2m 2 and r = 0.3. The 
solid curves represent the lowest frequencies 
arising from solution of the shell vibration prob- 
lem having the boundary conditions 

dw d 2 u , . 

w =—=N x +mi— = 0 (2.156) 

ax at i 

where m, = —mi at x = 0 and +m 2 at x = l and 
R/h — 500. In figure 2.131 the accurate fre- 
quencies for m T / M s = 10 are slightly greater than 
those predicted by equation (2.155) for large 
l/R ratios. 

The modal characteristics obtained from the 
shell equations for the above problem are shown 
in figure 2.132. As the ratio of the total mass to 
the shell mass (mr/M s ) increases, the node for the 
longitudinal displacement gradually approaches 
the one-third point of the shell length. The radial 
displacement gradually increases until it is al- 
most uniform along the length of the shell, except 
for sharp changes near the boundaries. As m T /M s 
increases, N x changes from a sinusoidal variation 
to be nearly uniform along the length, and M x 
becomes more localized and sharply changing at 
the boundaries. However, the bending stresses 
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•2/R 

Figure 2.131. — Frequency parameters for a shell 
with unequal end masses. (After ref. 2.73) 
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Figure 2.132. — Modal characteristics for a shell 
having large end masses. (After ref. 2.73) 


are still less than 60 percent of the membrane 
stress at ttie boundary. 

Bukhan.iov (ref. 2.190) also studied the prob- 
lem of the circular cylindrical shell which con- 
nects two rigid end masses. An exact solution of 
the Donnell-Mushtari equations of motion was 
used, along with the boundary conditions given 
by equations (2.156). The characteristic equa- 
tion yielding frequencies of axisymmetric ( n = 0) 
longitudinal modes was found to be 



where m,y and m 2 are the rigid masses and M s is 
the mass of the shell, as in figure 2.130. 

The free vibration problem of the circular 
cylindrical shell having end masses was also 
briefly discussed in references 2.191. The problem 
for the shell having one end free and the other 
end attached to a rigid mass was formulated in 
reference 2.192, but no results were obtained. 
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The SD-SD shell with a concentrated mass was 
considered in reference 2.193. A number of papers 
and reports exist which deal with stiffened cir- 
cular cylindrical shells, where the stiffness have 
both flexibility and mass. However, such con- 
figurations are considered to be structures and 
will not be included here. 

Some interesting results were given in refer- 
ence 2.166 for the case of the clamped-free shell 
having a single stiffening ring at the free end. 
The stiffening ring was of the same material as 
the shell, thereby being elastic as well as having- 
mass. The increased rigidity of the system, even 
for the elastic ring, usually more than compen- 
sated for the added mass of the ring and increased 
the frequencies in the swaying (?i = 1) and ovalling 
(?i = 2) modes. This problem was also studied in 
references 2.167, 2.168, and 2.169. 

Closed circular cylindrical shells are frequently 
fabricated by the simple procedure of curling a 
flat sheet about a cylindrical radius. The shells 
are then closed by means of a butt or lap joint 
which lies in the axial direction. This type of 
fabrication can result in significant asymmetry 
in mass or stiffness or both, which causes experi- 
mental results to deviate from expected theoret- 
ical values. This problem is frequently discussed 
in the literature of cylindrical shell vibrations, 
for example, in references 2.29, 2.33, 2.34, 2.37, 
and 2.194. 

2.7 NONCIRCULAR BOUNDARIES 
AND CUTOUTS 

Consider first the case where a closed circular 
cylindrical shell of finite length is cut by two sur- 
faces other than planes perpendicular to its gen- 
erators. No results are known to exist for such a 
problem. 

Brogan, Forsberg, and Smith (ref. 2.151) ana- 
lyzed the interesting problem of the circular 
cylindrical shell having a rectangular cutout 
defined by the boundaries x = h, x = l 2 , 6= ±<p as 
shown in figure 2.133. Because the cutout de- 
stroys the axisymmetry of the shell geometry, an 
analytical solution would require all the Fourier 
components in 6, and the problem would require 
using both space variables x and 0 in uncoupled 
form. Therefore, finite difference solutions were 
employed. An energy approach was used, rather 



Figure 2.133. — Circular cylindrical shell 
having a rectangular cutout. 


than taking the equations of motion, giving the 
following advantages : 

(1) Only first and second order finite difference 
approximations are required. 

(2) Boundary conditions are simplified; in 
particular, stress-free edges are natural boundary 
conditions. 

(3) A symmetric matrix system is guaranteed. 

Finite difference meshes using as many as 4209 
degrees of freedom were used, although most of 
the idealizations used 2196 unknowns. The shells 
were intended to be clamped-clamped, but actu- 
ally were supported elastically at both ends as 
discussed previously in section 2.5 (see fig. 2.128). 

A study was made of six different shell con- 
figurations with cutouts ranging from a 10° arc 
to a 120° arc and having a length of one-tenth 
of the length of the shell. These cutouts were 
centered at the mid-span. The results of the ex- 
perimentally determined frequency spectra are 
given in table 2.44 and are displayed graphically 
in figure 2.134. The results for the zero degree 
cutout (the complete shell) are a repeat of the 
data contained in figure 2.128. In figure 2.134 the 
frequencies have simply been arranged in ascend- 
ing numerical order with the appropriate mode 
shape noted at the right-hand side of the figure. 

For the complete shell, the motion is sinusoidal 
in the circumferential direction and there is no 
difficulty in identifying the mode shapes. For the 
shell with the cutout it was somewhat surprising 
to find that many of the modes were still reason- 
ably distinct and had a sinusoidal appearance. 
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Table 2.44. — Experimentally Determined Frequency Spectra for a Shell 
(a/h = 180, l/a = 1.27 , E^IO 1 psi ) with Different Size Cutouts a 


No hole 

0.1/X10 0 

0.1/X22.5 0 

0.1/ X30° 

0.1/ X60° 

0.1ZX90 0 

0.1/ X 120° 

0.3/X120 0 

1182(8,1) 

1180(8,1) 

1168(S) 

1179(S) 

1163(8,1) 

1150(8,1) 

1132(8,1) 

1104(8,1) 

1225(7,1) 

1222(7,1) 

1214(7,1) 

1216(7,1) 

1208(S) 

1201(7,1) 

1198(7,1) 

1199(7,1) 

1230(9,1) 

1228(9,1) 

1224 (S) 

1224 (S) 


1215(9,1) 

1210(9,1) 

1210(9,1) 

1349(10,1) 

1345(10,1) 

1343(10,1) 

1342(10,1) 

1338(10,1) 

1335(10,1) 

1332 (S) 

1280 (S) 

1362(6,1) 

1528(11,1) 

1359(6,1) 

1523(11,1) 

1352 (S) 
1521(11,1) 

1355(S) 
1521 (S) 

1355(S) 

1518(S) 

1512(11,1) 

1510(11,1) 

1449(11,1) 

1594(5,1) 

1598(5,1) 

1589(5,1) 

1590(S) 

1592(S) 

1568(5,1) 

1541(5,1) 

1533(5,1) 

1750(12,1) 

1740(12,1) 

1741(12,1) 

1742(12,1) 

1740(S) 

1735(12,1) 

1734(12,1) 

1719(12,1) 

1882(4,1) 

2011(13,1) 

1919(4,1) 

2003(13,1) 

1922 (S) 
1996(13,1) 

2005 (S) 

2007 (S) 

2001(13,1) 

2000(13,1) 

2030(13,1) 

2056(10,2) 

2090(9,2) 

2102(11,2) 

2049(10,2) 

2086(9,2) 

2098(11,2) 

2065 (AS) 
2074 (AS) 
2100 (AS) 

2070 (AS) 

2072 (AS) 

2068(11,2) 

2062(11,2) 

2066(11,2) 

2218(8,2) 

2230(12,2) 

2214(8,2) 

2229(12,2) 

2 185 (AS) 

2 172 (AS) 

2190(AS) 

2172(12,2) 

2135(12,2) 

2184(8,2) 
2 127 (AS) 

2302(14,1) 

2295(14,1) 

2288(14,1) 

2295 (S) 

2293(14,1) 

2290(14,1) 

2282(14,1) 


2412(13,2) 

2409(13,2) 

2382 (AS) 

2368 (AS) 

2375 (AS) 

2342(13,2) 

2311(13,2) 

2305(13,2) 

2452(7,2) 

2445(7,2) 

2430 (AS) 

2480 (AS) 


2460 (AS) 

2460 (AS) 

2395 (AS) 

2621(15,1) 

2613(15,1) 

26 10 (AS) 

2610(S) 


2600(15,1) 

2605 (S) 

2570 (S) 

2649(14,2) 

2645(14,2) 

2632(14,2) 

2630 (AS) 

2604(14,2) 


2550 (AS) 

2460 (AS) 

2785(6,2) 

2930(15,2) 

2773(6,2) 

2927(15,2) 

2750 (AS) 
2925 (AS) 

2920 (AS) 

2870 (AS) 

2860 (AS) 

2840 (AS) 

2840 (AS) 

2965(16,1) 

2958(16,1) 

2948(16,1) 

2940 (S) 

2930 (AS) 

2936(16,1) 

2940 (S) 


2992(11,3) 

3004(12,3) 

2984 (S) 
2989(12,3) 

2960 (S) 
2990 (S) 

2975 (S) 
2990 (S) 

2980 (S) 
3000 (S) 

2991(12,3) 

2990 (S) 

2970 (S) 
2990 (AS) 

3031(10,3) 

3025(10,3) 

3025 (S) 

3020(S) 

3020 (S) 

3015 (S) 

3020 (S) 

3010(S) 

3101(13,3) 

3094(13,3) 

3085(13,3) 

3085 (S) 

3090 (S) 

3095(13,3) 

3100 (S) 

3100 (S) 

3175(9,3) 

3170(9,3) 

3170(S) 

3155(S) 

3160 (S) 

3155(9,3) 

3150(S) 

3200 (S) 


11 For the 0.3/ cutout, the hole centerline is located at x = 0.6/; for all other cases the hole centerline is located at 
x = 0.5/. 

Notes: 

(1) Data are given in cycles per second. 

(2) The dominant wave form in the mode shape is identified wherever possible by the notation ( n , m) after the value 
for the frequency; when no particular wave form could be distinguished, the axial variation is noted by (S) for a sym- 
metric mode and (AS) for an antisymmetric mode. 


There were, however, a number of modes which 
were either badly distorted or were too irregular 
to be identified in reference 2.151 as any specific 
wave form. Such irregular wave forms have been 
denoted in table 2.44 as simply symmetric or 
antisymmetric modes (with respect to the axial 
behavior). 

In some cases, for certain size cutouts, mode 
shapes became irregular while, for larger cutouts, 
the wave form again assumed a distinct “sinus- 
oidal” pattern. Other modes having a specific 
dominant wave form could be traced throughout 
the series of cutouts and a very gradual decrease 
in frequency was noted in these cases. Based on 
these results and based on the gradual shift 


downward in the overall frequency spectrum, it 
was assumed that the unidentified modes would 
follow this same pattern of a gentle, rather than 
a drastic, shift in frequency. Hence, the data 
points plotted in figure 2.134 were connected to- 
gether by straight lines to indicate the effect of 
the increase in cutout angle on the frequency for 
a given mode. For those cases in which the mode 
shape could not be identified with a given wave 
form (which occurred in about 20 percent of the 
cases plotted in figure 2.134) the adjacent fre- 
quencies were selected on the assumption that 
the change would be gradual with increasing 
angle of cutout. 

It is interesting to note the very gradual de- 
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2c£, CIRCUMFERENTIAL ANGLE INCLUDED 
BY CUTOUT (DEG) 

Figure 2.134. — Experimentally determined frequencies 
for symmetrically located rectangular cutouts. (After 
ref. 2.151) 

crease in the natural frequency with the increase 
in cutout angle even though the shell is relatively 
short (l/R = 1.27). As an example, for the 120° 
hole the minimum natural frequency decreased 
only 4 percent from the value for the complete 
shell. However, the asymptotic value for a 360 


degree cutout (i.e., a shell with a ring support 
at one end and free at the other, having a length, 

I = 2.7 in.) is relatively close to that for the com- 
plete shell. For certain modes this asymptote 
has been plotted in figure 2.134 (denoted by a 
triangle). 

One would expect the greatest effect of the 
cutout to occur for the axisymmetric (n = 0) or 
beam type (?i= 1) modes. However, for this shell, 
these modes were of a sufficiently high frequency 
that they could not be experimentally observed 
in reference 2.151. Indeed, a long shell would 
have to be studied to determine the effect of 
cutouts on these modes. Such modes are of con- 
siderable practical interest, and, although not 
included in the work of reference 2.151, deserve 
further investigation. 

Excellent agreement was obtained in reference 
2.151 in the comparison of the finite difference 
results and the experimental data. The finite dif- 
ference results were obtained using a grid having 

II equally spaced grid points in the axial direc- 
tion and 60 equally spaced intervals in the 8 
direction (2196 degrees of freedom), covering the 
one-quarter of the shell surface bounded by 
0<x<0.5Z, O<0<7r. Results are shown in table 
2.45 and in figure 2.135 where six modes have 
been selected for comparison. As seen in figure 
2.135 the analytical and experimental results 
have a maximum discrepancy for n = 5 and n = 13. 
The discrepancy noted in figure 2.135 is a result 
of inability to represent the experimental bound- 
ary conditions exactly. The boundary conditions 
have maximum effect for low values of n for the 


Table 2.45 . — Comparison of Analytical ( Finite Difference ) and Experimental 
Frequencies for Shells Having Symmetrically Located Rectangular Cutouts 


Dominant 


Angle of cutout, 2 <p, degrees 


mode shape 

0 

30 

60 

90 

120 

n 

m 

Exper. 

Anal. 

Exper. 

Anal. 

Exper. 

Anal. 

Exper. 

Anal. 

Exper. 

Anal. 

8 

i 

1182 

1195 

“ 1179 

1183 

1163 

1171 

1150 

1162 

1132 

1145 

10 

i 

1349 

1346 

1342 

1341 

1338 

1338 

1335 

1335 

“ 1332 

1330 

11 

i 

1528 

1513 

“ 1521 

1507 

“ 1518 

1504 

1512 

1500 

1510 

1497 

5 

i 

1594 

1646 

“ 1590 

1639 

“ 1592 

1639 

1568 

1632 

1541 

1621 

12 

2 

2230 

2197 

“ 2172 

2191 

“2190 

2155 

2172 


2135 

2122 

13 

2 

2412 

2365 

“2368 

2371 

2327 

“2375 

2326 

2342 

2295 

2311 

2275 


Experimentally determined mode shape was highly irregular. 
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2<p, CIRCUMFERENTIAL ANGLE INCLUDED BY 
CUTOUT (DEG) 

Figure 2.135. — Comparison of analytical (finite differ- 
ence) and experimental frequencies for symmetrically 
located rectangular cutouts. (After ref. 2.151) 

present geometry. The discrepancy for n = 13 is 
caused by having only five finite difference sta- 
tions in a circumferential half wave. For a fixed 
grid size, the error will always increase for higher 
n for this reason. 

Contrary to the experimental data, no increase 
in the frequency for a given dominant wave form 
was noted analytically for any of the modes 
studied. However, both experimentally and ana- 
lytically some of the modes were shown to be 
insensitive to the existence of a cutout, particu- 
larly (n = 5, m = 1), (n = 10, m = 1) , and (n =11, 
m = 1). The modes having antisymmetric behav- 
ior in the axial direction (m = 2) appear to be the 
ones most affected by the cutout, as can be seen 
in figure 2.135. 

As has been noted above, certain modes be- 
come difficult to identify for certain sizes of cut- 


out. This occurred, in one instance, for the mode 
(13,2) and thus prevented the construction of a 
unique curve for the variation of frequency ver- 
sus arc width of cutout (shown by the dashed 
line in figure 2.135). For very small cutout angles 
(less than 10°) the wave form for the mode n = 13, 
m = 2 is quite distinct. For very large cutouts 
(for instance, 90°) the wave form for this mode 
is also reasonably clear although it is no longer a 
sinusoidal variation. 

Comparisons between experimental and theo- 
retical results were made in reference 2.151 for 
certain of the mode shapes. All results are based 
on a normalization to a maximum radial deflec- 
tion of unity. Figure 2.136 shows the modal char- 
acteristics for n — 8, vi = 1 for the 120 degree by 
O.li cutout. This mode has the minimum natural 
frequency for this shell. This is the only mode 
showing this particular behavior, which looks like 
a damped sinusoidal motion along the circle at 
a; = 2.7 in. This general trend was noted for all 
of the (8, 1) modes for cutout angles in excess of 
10°. It is interesting to note the nearly linear 


EDGE OF CUTOUT 




AXIAL COORDINATE,* ~ INCHES 


Figure 2.136. — Modal characteristics for the mode 
(n = 8, »i = l) on a shell having a 120° cutout. (After 
ref. 2.151) 
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axial variation of iv for 0 = 0. The correspondence 
between the analytical and experimental results 
in predicting the radial component of the mode 
shape is excellent. The membrane stress resul- 
tants are also shown for several points in the 
shell. Although not shown, the bending stress 
resultants have a similar smooth behavior. No 
stress concentrations were found for this con- 
figuration. The stresses at the edge of the hole 
( 6 = 60°) were much lower than those shown for 
a point 0.25 inch from the edge (0 = 63°). 

Figure 2.137 shows a comparison between ex- 
perimentally and analytically determined mode 
shapes for n = ll, m= 1 for the 90 degree cutout. 
This mode is typical of many in which the over- 
all wave form is quite distinct and only slightly 
modified by the presence of the hole. The usual 
effect is that the amplitude is slightly larger in 
those regions directly above or below the hole and 
diminishes as one moves away circumferentially 
from the hole although the opposite behavior 
was observed in some cases. The axial variation 
is more strongly affected, in that it remains essen- 
tially linear in the region over the hole while 
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Figure 2.137. — Modal characteristics for the mode 
(ft = 13, m— 1) on a shell having a 90° cutout. (After 
ref. 2.151) 


becoming sinusoidal in the region away from the 
hole. As in the previous case the stress resultants 
are well behaved throughout the shell. 

Figure 2. 138 shows the results for n = 13, m = 2 
for the 90 degree cutout. Here the strongest influ- 
ence is on the axial mode shape. The axial varia- 
tion is approximately linear for 6 < 45° with the 
maximum value reached at the middle of the 
shell. Away from the hole the axial variation is 
essentially sinusoidal with a node point at the 
middle of the shell as expected for the asymmet- 
ric mode. For the n= 13, vi = 1 mode the hole has 
a very small influence on the natural frequency. 
For the m = 2 mode however, the size of the hole 
has a much stronger effect on the natural fre- 
quency. The significant change in the axial wave 
shape is the probable explanation for this. The 
circumferential wave form is also quite distorted 
for this mode shape and is one identified as irreg- 
ular on figure 2.134. There is a good agreement 
between the analytical and experimental results 
in this case. 

Most of the modes observed in the analytical 
and experimental studies had the maximum am- 
plitudes in the portions of the shell directly 
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Figure 2.138. — Mode shapes for the mode ( n = 13, m = 2) 
on a shell having a 90° cutout. (After ref. 2.151) 
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above or below the cutout. However, several 
modes were noted in which the motion was very 
small in regions near the hole, the maximum 
amplitude being reached on the back side of the 
shell away from the cutout. Such a mode is 
shown in figure 2.139. This mode has no strong 
wave form and is one which in the experimental 
program was termed irregular, but based on the 
frequency and on its dominant wave form it ap- 
pears to be associated with the mode which the 
complete shell would be (n = 8, in = 2). In figure 
2.139 the radial displacement is shown for two 
different values of the axial displacement (.r = 1.5 
which is at the point of maximum amplitude for 
the axial variation and at point a; = 2.7 which 
is the upper boundary of the cutout). In addi- 
tion, the radia’ displacement is shown for two 
different cutout angles: 30° and 120°. The axial 
variation in both cases is essentially a sine wave 
with a node at the midpoint of the shell except 
over the region of the cutout where the radial 
displacement varies linearly from zero at the 
edge of the shell to a maximum at the cutout. 
This is the same behavior which has been ob- 
served for other modes. 

The final configuration examined in reference 
2.151 was a shell with a cutout having an arc 
width of 120° and a length of 0.3 times the 
length of the shell. This cutout was asymmetri- 
cally located in the axial direction with its cen- 



CIRCUMFERENTIAL COORDINATE, 8 -DEG. 

Figure 2.139. — Analytically determined mode shapes for 
the mode (n = 8, m — 2) for two different cutout sizes 
(2^ = 30°, 120°). (After ref. 2.151) 


ter at x = 0.Ql. The experimentally determined 
frequency spectrum for this configuration is also 
given in table 2.44. The trend is that the fre- 
quency for most of the modes either remains the 
same or drops slightly compared to the value for 
a 120° by 0.11 cutout. However, in several in- 
stances the frequency did increase. 

The analytical studies of this configuration 
were limited because of the increased computer 
run time required to generate the eigenvalues 
and eigenvectors. The run time is approximately 
five times that for the symmetrically located cut- 
out. However, two modes, (n = 8, m = 1) and 
(n = 7, to = 1) , were examined in detail, and the 
results are summarized here. For the (8, 1) mode 
the analysis predicted a frequency of 1128 cps 
compared to an experimentally determined value 
of 1104 cps and for the (7, 1) mode the analytically 
determined frequency is 1230 cps compared with 
the experimental value of 1199 cps, the differ- 
ence being about 2 percent. 

The comparison of the mode shapes produced 
analytically and experimentally for the (8, 1) mode 
showed excellent agreement for the radial com- 
ponent of the displacement. The comparison be- 
tween test and theory for the displacement at 
the edge of the cutout is shown in figure 2.140. 
The results in figure 2.140 also show that the 
motion is much smaller on the lower edge of the 
cutout (.-r = 4.5) than it is at the upper edge of 
the cutout (.-£ = 2.7). The lower portion of the 
shell is in fact barely participating in the motion 
in this mode. The axial variation away from the 
hole is essentially sinusoidal as can be seen in 
the plot for 0=180°. The axial variation of the 
displacement over the hole 0 < 60° is essentially 
linear, reaching its maximum at the edge of the 
hole. The behavior for this configuration is essen- 
tially identical to that for the (8, 1) mode shown in 
figure 2.136. The nonsymmetric axial variation 
is the major difference between these two cases. 
The variation of the stresses for this case showed 
no particular stress concentration arising from 
the hole or any other unusual behavior caused 
by the cutout. It should be noted that a high 
stress concentration is to be expected very lo- 
cally in the corner of any of the cutouts studied 
here and such effects would be noticed if the 
finite difference grid were continually refined to 
predict the stress distribution in the immediate 
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CIRCUMFERENTIAL COORDINATE , B ~ DEG. 



EDGE OF CUTOUT 



Figure 2.140. — Mode shapes for the mode (n — 8, m = 1) 

on a shell having a 120° asymmetrically located cutout. 

(After ref. 2.151) 

vicinity of this sharp corner. The stresses gen- 
erated by this concentration evidentally decay 
very rapidly as one moves away from the vicinity 
of the corner. 

No other work is known which studies the 
effects of cutouts upon the free vibration fre- 
quencies and mode shapes of circular cylindrical 
shells. 

2.8 OPEN CIRCULAR CYLINDRICAL SHELLS 

An open circular cylindrical shell of length l 
and included angle 0 O is shown in figure 2.141. 
The shell boundaries shown in figure 2.141 are a 
special case where the lateral edges are generators 
of the shell and the ends are circle arcs which are 
the intersections of the shell surface with planes 
which are perpendicular to the shell axis. Thus, 
if one were to view the shell from a point in its 
symmetry plane, 0 = 0 o /2, the boundaries would 
appear as a rectangle. The special configuration 
of figure 2.141 is chosen, of course, because 
virtually all of the results reported in the litera- 


ture are for such boundaries. One exception to 
this (the case where the lateral edges are taken 
to be helices) will be discussed later in this section. 

The equations of motion given previously by 
equations (2.1) through (2.9) apply to open 
circular cylindrical shells as well as to closed 
shells. The general boundary conditions given by 
equations (2.140) through (2.144) are applicable 
to the ends x = 0 and x = s. Along the lateral edges 
0 = 0 and 0 = 0 O the following possible simple 
boundary conditions may arise (see sec. 1.8): 


o 

II 

£ 

'’S'- 

or 

(5) N lx = O' 

(2.158) 

o 

II 

'S' 

or 

( b ) N e = 0 

(2.159) 

(a) iv = 0 

or 

(b) Qe+~ 1 = 0 

dx 

(2.160) 

. . dw 
(a) — =0 
00 

or 

(6) Me = 0 

(2.161) 

In addition, at the corners resulting from the 
intersection of the edges, the following equation 


must be satisfied: 

M x> w = Mo x w = 0 (2.162) 

which has significance if w^0 on any two inter- 
secting edges (e.g., a free corner). 

As noted earlier in this chapter there were 136 
possible combinations of the simple boundary 
conditions in equations (2.140) through (2.144) 
yielding distinct problems for closed shells. For 
open shells there exist 136 combinations for each 
combination of equations (2.158) through (2.162), 
thereby yielding (136) 2 or 18 496 distinct possible 
problems! Nevertheless, it will be seen later in 
this section that the majority of the references 
deal solely with one of these 18 496 sets of 
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boundary conditions — that is, when all four edges 
are supported by shear diaphragms. 

When the angle 6 0 becomes relatively small in 
comparison with 2tt, then the shell is considered 
to be shallow. Otherwise, it is open and deep. 
The phrase “curved plate” frequently found in 
the literature usually identifies a shallow shell. 
For shallow shells the assumption is made that 
the terms containing the transverse shearing 
force resultants are negligibly small compared 
with the other terms in the first two equations 
of motion, equations (1.112a) and (1.112b). 
Because this corresponds to the case when the 
bending moments (from equations (1.115a) and 
(1.115b)) have negligibly small influence upon 
these tangential equations of motion, the result- 
ing theory is sometimes called the “momentless 
theory” or “technical theory” of thin shells (cf., 
ref. 2.19). However, this assumption was also 
used to derive the Donnell-Mushtari equations 
of motion (sec. 1.6.3). Thus, the Donnell- 
Mushtari and shallow shell equations are equiva- 
lent for circular cylindrical shells. 


2.8.1 All Edges Supported by Shear Diaphragms 

From section 1.8 the boundary conditions for 
this case are seen to be 


N x = v = w = M x = 0 along .r=0, l (2.163a) 

Ne = u = w = M e = 0 along 0 = 0, 0 O (2.163b) 


These boundary conditions are satisfied exactly 
by choosing displacement functions of the form 


u = A cos Xs sin nd cos ut 1 
v=B sin Xs cos nd cos co t 
w = C sin Xs sin nd cos ut 


(2.164) 


where s=x/R, as before, \=vitR/1 (m = 1, 
2, . . .), and n is not an integer, in general, but 
is given by 



(fc = l, 2, . . .) (2.165) 


In equation (2.165) k is one more than the num- 
ber of longitudinal node lines along the shell. 

Substituting equations (2.164) into the equa- 
tions of motion (2.3) for a particular shell theory 
yields the same sets of homogeneous equations 
given in section 2.2 such as equations (2.21) for 


the Donnell-Mushtari theory, and the same 
characteristic equations as given by equations 
(2.35) and (2.36) and table 2.4. 

In the special case where d 0 is t divided by an 
integer, then the frequencies and mode shapes 
determined by solution function equations (2. 164) 
and (2.165) is the same as those for the closed 
shell solution equations (2.20), except for the 
reference plane from which d is measured. Thus, 
the results given in section 2.3 for closed shells 
having shear diaphragm supports at both ends 
for n = 1, 2, 3, . . . are applicable to open shells 
having 0o=ir, t/2, 7t/3, . . . , respectively. In 
addition, numerical results for values of n which 
are not integers can be obtained from those 
figures of section 2.3 having n as a continuously 
varying parameter (e.g., figs. 2.20, 2.21, and 2.22). 
Similarly, results for closed shells of infinite 
length given previously in section 2.2 are directly 
applicable to open shells having d 0 = 7r, it/2, 
7r/4, .... Frequency formulas such as those 
given by table 2.1 for infinite shells and by 
equations (2.42), (2.49), (2.50), and (2.51) and 
tables 2.13 and 2.17 are directly applicable for 
arbitrary angle 0 O by using n as it is defined in 
equation (2.165). 

The Donnell-Mushtari or shallow shell theory 
is most frequently used to analyze circular 
cylindrical shell panels. It was seen previously in 
section 2.3 that this theory is inaccurate for small 
nonzero n (n = 1, 2, 3), particularly for long shells 
(l/R> 2). For open shells n can take on even 
smaller non-zero values. For example, from equa- 
tion (2.165) the lowest value (no longitudinal 
node lines) of n for 0 O = 3ir/2 is 2/3. For 0o = 2ir 
(n= 1/2) the shell is not closed; i.e., there is no 
continuity of the quantities v, N x e, Qe and dw/dd 
across the longitudinal edges. Furthermore, it is 
possible to have 0 o >2ir without significantly 
changing the cylindrical curvature, provided 
h/R« 1. 

No published results are available for 0<n<l 
even though the same characteristic equations 
and computer programs used for SD-SD closed 
shells can be used straightforwardly. In section 
2.3.1 frequencies obtained from the various 
theories were compared for several integral values 
of n. The same computer programs were sub- 
sequently used to determine lowest frequency 
parameters for n = 1/3, 1/2, and 2/3. These 
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results are shown in tables 2.46 and 2.47, where 
the effects of tangential inertia are included. Data 
are given for three of the most widely used shell 
theories: Donnell-Mushtari, Fliigge, and mem- 
brane. Thickness ratios (R/h) of 20 and 500, 
r=0.3, and l/mR = 0.1, 0.25, 1, 4, 20, and 100 are 
chosen to allow direct comparison with n = 2, 
3, . . . by means of tables 2.6, 2.7, and 2.8. 

Tables 2.6 and 2.7 showed that for shells having 


moderate length/radius ratios {l/rnli = 1, 4) the 
three theories agreed closely with each other and 
with results from the three-dimensional elasticity 
theory for both values of R/h and for all n. In 
tables 2.46 and 2.47 the agreement among the 
theories for the nonintegral values of n are also 
apparent for 1/mR — 1, 4. For these values of 
1/mR the monotonic behavior of the function 0 
over the closed interval 0 <n<l for all three 


Table 2.46 . — Lowest Frequency Parameters Sl = wR\/p(l — v 2 )/E for Deep, Open Shells Supported 
on All Edges by Shear Diaphragms; Tangential Inertia Included; R/h = 20, v = 0.S 


n 

Theory 

1/mR 

0.1 

0.25 

1 

4 

20 

100 


Donnell- 

14 . 2782 

2.47132 

0.946544 

0.422183 

0.0514333 

0.00268829 

i 

Mushtari 







3 

Fliigge 

14.2649 

2.46663 

.945521 

.422137 

.0515972 

.00483989 


Membrane 

. 953802 

.952985 

.935728 

.422169 

.0514301 

.00263976 


Donnell- 

14.2802 

2.47281 

. 930899 

.381416 

.0368447 

.00232640 

1 

Mushtari 







2 

Fliigge 

14.2669 

2.46809 

.929793 

.381341 

.0371231 

.00512219 


Membrane 

. 953668 

.952137 

.919689 

.381375 

. 0368056 

.00167343 


Donnell- 

14 . 2830 

2.47491 

.910330 

.337827 

.0274266 

. 00374949 

2 

Mushtari 







3 

Fliigge 

14.2697 

2.47014 

.909109 

.337681 

. 0275360 

. 00459872 


Membrane 

. 953479 

. 950952 

.898540 

.337723 

.0271806 

.00117104 


Table 2.47. — Lowest Frequency Parameters tt = oR\/p(l — v 2 )/E for Deep, Open Shells Supported 
on All Edges by Shear Diaphragms; Tangential Inertia Included; R/h = 500, v = 0.3 


n 

Theory 

1/mR 


0.1 

0.25 

1 

4 

20 

100 


Donnell- 







i 

Mushtari 

1.11106 

0.957341 

0.935745 

0.422169 

0.0514301 

0.00263984 

3 

Fliigge 

1.11097 

.957324 

.935744 

.422168 

.0514304 

. 00264474 


Membrane 

. 953788 

. 952986 

.935728 

.422169 

.0514301 

.00263976 


Donnell- 







1 

Mushtari 

1.11098 

.956504 

.919707 

.381375 

. 0368056 

.00167468 

2 

Fliigge 

1.11089 

. 956487 

. 919705 

.381374 

.0368061 

.00168460 


Membrane 

. 953653 

. 952137 

.919689 

. 381375 

. 0368056 

.00167343 


Donnell- 







2 

Mushtari 

1.11088 

. 955334 

.898560 

. 337723 

.0271810 

.00117967 

3 

Fliigge 

1.11079 

.955317 

.898558 

.337723 

.0271812 

.00118447 


Membrane 

.953466 

. 950952 

.898541 

.337723 

.0271806 

.00117103 
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theories is also notable. The large errors in the 
membrane theory for low values of n are repro- 
duced, as well as the large errors in the membrane 
and Donnell-Mushtari theories for R/h = 20 and 
large 1/mR (100). For 1/mR, Q is seen to be non- 
monotonic over 0 < n < 1 for the theories. 

The effects of neglecting tangential inertia for 
the same shells are shown in tables 2.48 and 2.49. 
For closed shells it was seen in tables 2.18 and 
2.19 that neglecting tangential inertia caused a 


maximum change of —9.5 percent in 0 for 
n = 0 (1/mR =4) and +42.7 percent for w = 1 
(l/mR = 20). Comparing tables 2.48 and 2.46 
(R/h = 20), for example, it is interesting to note 
that neglecting tangential inertia causes only 
positive changes in 0, for nonintegral values, and 
that these changes are considerably greater (for 
example, 222 percent increase for ?i=l/3, 
l/mR= 100, according to the Fliigge theory). 

Sewall (ref. 2.198) used the solution functions 


Table 2.48. — Lowest Frequency Parameters ft = a >R\^ p(l — v 2 ) / E for Deep, Open Shells Supported 
on All Edges by Shear Diaphragms; Tangential Inertia Neglected; R/h = 20, v = 0.3 


n 

Theory 

1/mR 

0.1 

0.25 

1 

4 

20 

100 




Donnell- 







i 

Mushtari 

14.2790 

2.47208 

0.954256 

0.808405 

0.173355 

0.0085533 

3 

Fliigge 

14.2747 

2.46806 

. 953555 

.808354 

.173884 

.0153958 


Membrane 

. 953845 

.953267 

.943319 

.808336 

. 173344 

. 00839890 


Donnell- 





* 


1 

Mushtari 

14.2810 

2.47361 

.941768 

.678938 

.0857841 

.00521490 

2 

Fliigge 

14.2767 

2.46956 

.940991 

. 678848 

. 0864238 

.0114806 


Membrane 

.953711 

.952430 

. 930372 

.678822 

. 0856925 

.00375119 


Donnell- 







2 

Mushtari 

14.2838 

2.47575 

. 924892 

.554664 

. 0506287 

. 00676778 

3 

Fliigge 

14 . 2795 

2.47167 

. 924007 

. 554480 

. 0508296 

.00830042 


Membrane 

.953524 

.951261 

.912833 

.554453 

.0501739 

.00211369 


Table 2.49. — Loioest Frequency Parameters f2 = oj/tV / p(l — v 2 )/E for Deep, Open Shells Supported on 
All Edges by Shear Diaphragms; Tangential Inertia Neglected; R/h = 500, v = 0.3 


n 

Theory 



1/mR 



0.1 

0.25 

1 

4 

20 

100 

i 

Donnell- 

Mushtari 

1.11111 

0.957625 

0.943337 

0.808337 

0.173344 

0.00839915 

3 

Fliigge 

1.11102 

.957608 

.943336 

.808336 

. 173345 

.00841474 


Membrane 

.953832 

. 953268 

.943319 

.808336 

. 173344 

.00839890 

1 

Donnell- 

Mushtari 

1.11104 

.956799 

.930391 

.678823 

.0856926 

.00375399 

2 

Fliigge 

1.11109 

. 956782 

.930389 

.678822 

.0856936 

.00377621 


Membrane 

. 953697 

.952431 

.930372 

.678822 

.0856925 

.00375119 

2 

Donnell- 

Mushtari 

1.11093 

.955645 

.912852 

.554453 

.0501746 

.00212927 

3 

Fliigge 

1.11084 

.955628 

.912851 

. 554453 

. 0501749 

. 00213793 


Membrane 

.953510 

.951262 

.912833 

.554453 

.0501739 

.00211368 


r^ii-i/Ve x/e 0 /7T 2 h wRv^ti-^/E x/e/^2 
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THEORY 



THEORY 



Figure 2.142. — Nondimensional frequency parameters for aluminum cylindrical panels sup- 
ported by shear diaphragms on all edges; l/6 0 R = 1.22. (After ref. 2.198) (a) 0 O = 5.4°, 
R/h = 3430. (b) 00 = 5.4°, R/h = 2000. (c) 0 O = 7.2°, R/h = 2570. (d) 0 O = 7.2°, R/h = 1500. 
(e) 0„ = 1O.7°, R/h= 1715. (f) 0„ = 1O.7°, R/h= 1000. 
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Figure 2.142. — Concluded 


given by equations (2.164) and (2.165) along with 
the Donnell-Mushtari theory and neglected tan- 
gential inertia to obtain numerical results explic- 
itly for cylindrical panels supported on all edges 
by shear diaphragms. These results are shown in 
figure 2.142 wherein a modified frequency param- 
eter is plotted as a function of ?il/m6 0 R for 
shallow shells having included angles 0o = 5.4°, 
7.2°, and 10.7°. 

The free vibrations of open circular cylindrical 
shells are also discussed in references 2.19, 2.38, 
2.66, and 2.199 through 2.212. 

2.8.2 Lateral Edges Having SD Supports 

Consider next the generalization where an 
open circular cylindrical shell has shear dia- 
phragm supports at the sides 0 = 0, 0 0 (see fig. 
2.141) as defined by boundary condition equa- 
tions (2.163b), but has arbitrary edge conditions 
along .r = 0 ,1. The exact solution procedure out- 
lined in section 2.4 for closed shells having arbi- 
trary edge conditions is also applicable for this 
case. That is, solution functions in the form of 
equations (2.53) can be taken, (interchanging 


sin «0 for cos nd) with n not generally an integer, 
but determined by equation (2.165). The proper 
values of X are then determined from the roots 
of an eighth degree characteristic equation (2.54) 
as before, and the amplitude ratios A/C, B/C 
and the frequency parameters 12 are determined 
from the equations of motion, as in sec. 2.4. 

Thus a great deal of information is already 
available in the subsequent subsections of section 
2.4 for open shells having n= 1, 2, 3, . . . (i.e., 
0 O = ir, ir/2, ir/3, . . .) because the longitudinal 
node lines generated are equivalent to shear dia- 
phragm supports along these lines. For example, 
the abundant data available for clamped-clamped 
shells in the figures and tables found in section 
2.4.1 can also be used for cylindrical shell panels 
having clamped ends and lateral edges supported 
by shear diaphragms. Moreover, simplified fre- 
quency formulas such as equations (2.87), (2.88), 
(2.89), and (2.90) can be applied for values of n 
which are not integers. 

2.8.3 Ends Having SD Supports 

An exact solution of the free vibration problem 
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is also possible for a circular cylindrical shell having its curved edges x = 0,l (see fig. 2.141) supported 
by shear diaphragms and arbitrary fixity conditions along the longitudinal edges. Thus the boundary 
conditions along x = 0,l are given by equations (2.163a). These conditions are satisfied exactly by 
choosing 

u = A cos Xs e” e cos wt v =B sin Xs e ne cos ut w = C sin Xs e n6 cos cat (2.166) 

with s = x/R and \ = mirR/l (m= 1,2, . . .). Substituting equations (2.166) into the equations of motion 
gives, for example, for the Donnell-Mushtari theory (cf., eqs. (2.7)) 


(1 — v) 

-x 2 + „ V +a 2 


(1 + r) 


3 2 
( 1+0 
2 

— v\ 


\n 


\n 


(i-o 


X 2 +n 2 +n 2 


v\ A 

n B 

!+&( — X 2 -f-?i 2 ) 2 — fl 2 JL CA 


0 

0 

_0J 


(2.167) 


The coefficient matrix in equation (2.167) can 
easily be put into symmetric form simply by 
multiplying the last two equations through by 
negative one. For a nontrivial solution the deter- 
minant of the coefficient matrix in equation 
(2.167) is set equal to zero, thereby yielding an 
eighth degree characteristic equation for the 
proper values of n. The vibration frequencies and 
amplitude ratios A/C and B/C are then deter- 
mined by applying the four boundary conditions 
which exist at each of the sides 0 = 0 and d = 0 O . 

In spite of the straightforwardness of the ap- 
proach outlined above and its obvious parallelism 
to the solution procedure outlined in section 2.4, 
the only work using it known to the writer is that 
by Held (ref. 2.172). In that work the solution is 
derived in detail for the Donnell-Mushtari the- 


Table 2.50. — Frequency Parameters for a Cylin- 
drical Shell Panel Having Its Straight Edges Free 
and the Others Supported by Shear Diaphragms 


Number of 
longitudinal 
half-waves, m 

Type of 
mode 


rfpRlW 3(1 -i4) 
mVEh 

1 

Antisym. 

0.088 

1 

Symmetric 

.220 

1 

Antisym. 

2.28 

2 

Symmetric 

.172 

2 

Antisym. 

.182 

3 

Symmetric 

.190 

3 

Antisym. 

.228 



f = 299 
f'=300 




f =474 
f'=470 



+ 

f =840 

i + 

- -—-p-y- f ' =850 


^7^ 



f =860 
f' = 870 



f =1320 
f' =1330 



f =1450 
f' = 1460 


f =1530 

f'=l490 
(± 1 %) 

CROSS-SECTION NODAL PATTERNS 



f : THEORETICAL 
f': EXPERIMENTAL 


Figure 2.143. — Mode shapes, nodal patterns, and cyclic 
frequencies (theoretical-/, experimental-/') for a cylin- 
drical shell panel having its straight edges free and the 
others supported by shear diaphragms. (After ref. 
2.172) 
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Table 2 . 51 . — Modal Characteristics for a Cylindrical Shell Panel Having Its 
Straight Edges Free and the Others Supported by Shear Diaphragms 


m 

f, 

cps 

Function 

Symmetry 

of 

function 

Amplitudes of function 6 = 

0°, 

edge 

5° 

10° 

15° 

O 

O 

<N 

25° 

30°, 

center 



u 

Antisym. 

0.035 

0.002 

-0.014 

-0.020 

-0.017 

-0.010 

0 



V 

Symmetric 

-.311 

-.179 

-.079 

-.007 

.044 

.072 

0.081 



w 

Antisym. 

1.559 

1.273 

.979 

.740 

.483 

.237 

0 


299 

jv*xio- 3 

Antisym. 

-.542 

-.033 

.226 

.314 

.273 

.156 

0 



N x eX 10~ 3 

Symmetric 

0 

-.050 

-.037 

-.013 

.025 

.054 

.063 



iVeXlO -3 

Antisym. 

0 

.004 

.012 

.015 

.014 

.008 

0 



MsXlO- 6 

Antisym. 

0 

-.03 

.08 

.07 

.09 

.07 

0 



U 

Symmetric 

.041 

.012 

-.002 

-.007 

-.008 

-.006 

-.006 



V 

Antisym. 

-.276 

-.156 

-.072 

-.022 

.003 

.007 

0 



w 

Symmetric 

1.576 

1.169 

.798 

.440 

.158 

-.035 

-.092 

i 

474 

N x X 10- 3 

Symmetric 

-.638 

-.195 

.034 

.122 

.129 

.104 

.105 



N x eX 10“ 3 

Antisym. 

0 

-.054 

-.064 

-.049 

-.031 

-.012 

0 



NeX 10~ 3 

Symmetric 

0 

.004 

.013 

.020 

.026 

.029 

.030 



MsXlO- 6 

Symmetric 

0 

.043 

.366 

.778 

1 . 185 

1.469 

1.570 



u 

Antisym. 

.030 

.016 

-.003 

-.019 

-.023 

-.015 

0 



V 

Symmetric 

.179 

.187 

.154 

.071 

-.032 

-.116 

-.150 



w 

Antisym. 

1.63 

.52 

-.28 

-.98 

-1.13 

-.72 

0 


1530 

N x X 10“ 3 

Antisym. 

-.46 

-.25 

-.04 

.30 

.37 

.25 

0 



N x eX 10- 3 

Symmetric 

0 

.04 

.05 

.02 

-.03 

-.07 

-.09 



NeX 10“ 3 

Antisym. 

0 

-.07 

-.01 

-.02 

-.02 

-.01 

0 



MeX10~ 6 

Antisym. 

0 

1.2 

4.1 

6.0 

6.2 

3.9 

0 



u 

Symmetric 

.039 

.000 

-.012 

-.009 

-.002 

.006 

.008 



V 

Antisym. 

-.209 

-.094 

-.018 

.022 

.032 

.021 

0 



w 

Symmetric 

1.555 

1.105 

.671 

.281 

-.026 

-.219 

-.286 


840 

N x X 10- 3 

Symmetric 

-1.207 

0.004 

.379 

.302 

.058 

-.165 

-.247 



IV^XIO- 3 

Antisym. 

0 

-.183 

-.133 

-.027 

.036 

.041 

0 



NoXlO~ 3 

Symmetric 

0 

.028 

.058 

.064 

.048 

.027 

.019 



MeX 10“ 6 

Symmetric 

0 

.02 

.49 

1.04 

1.45 

1.66 

1.72 



U 

Antisym. 

.052 

.005 

-.013 

-.016 

-.012 

-.006 

0 



V 

Symmetric 

-.239 

-.122 

-.043 

.004 

.027 

.036 

.038 



w 

Antisym. 

1.543 

1.125 

.735 

.406 

.184 

.060 

0 


860 

N x X 10~ 3 

Antisym. 

-1.615 

-.149 

.437 

.549 

.420 

.219 

0 



N x eX 10- 3 

Symmetric 

0 

-.217 

-.159 

-.041 

.114 

.203 

.236 



ATflXlO- 3 

Antisym. 

0 

.038 

.093 

.121 

.107 

.061 

0 



MsXlO- 6 

Antisym. 

0 

.08 

.59 

1.12 

1.20 

.77 

0 



u 

Symmetric 

.048 

-.004 

-.015 

-.010 

.000 

.008 

.011 



V 

Antisym. 

-.200 

-.077 

-.004 

.029 

.033 

.023 

0 



w 

Symmetric 

1.64 

1.11 

.62 

.22 

-.06 

-.21 

-.26 


1320 

N x X 10" 3 

Symmetric 

-2.244 

.188 

.735 

.470 

-.001 

-.352 

-.494 



JVisXlO -3 

Antisym. 

0 

-.33 

-.10 

.17 

.27 

.21 

0 



A^XIO -3 

Symmetric 

0 

.11 

.21 

.19 

.09 

.00 

-0.05 



M e X 10~ 6 

Symmetric 

0 

-.27 

.66 

1.39 

1.56 

1.46 

1.41 

6 


u 

Antisym. 

.061 

-.003 

-.013 

-.008 

-.002 

.001 

0 



V 

Symmetric 

-.200 

-.079 

-.010 

.018 

.021 

.014 

.010 



w 

Antisym. 

1.606 

1.070 

.576 

.188 

-.024 

- .065 

0 


1450 

N x xib-* 

Antisym. 

-2.38 

.07 

.66 

.50 

.21 

.04 

0 



N x eX 10- 3 

Symmetric 

0 

-.38 

-.19 

.07 

.21 

.25 

.26 



iVaXlO -3 

Antisym. 

0 

.11 

.24 

.26 

.20 

.11 

0 



MeX10~ 6 

Antisym. 

0 

-.26 

.98 

2.02 

2.15 

1.33 

0 


THIN CIRCULAR CYLINDRICAL SHELLS 


165 


ory neglecting tangential inertia and is illustrated 
by the problem where the two longitudinal edges 
0 = 0, 6 o are completely free. Numerical results 
were obtained for a steel shell having the follow- 
ing physical parameters (expressed in the c.g.s. 
system): p = 7.8, 72 = 10.0, v = 0.3, F/ = 2.1X10 12 , 
Z = 20.0, h = 0.100, 0o = 6O°. Nondimensional fre- 
quency parameters are given in table 2.50. Modes 
are labeled either symmetric or antisymmetric 
with respect to the line 6=6 0 / 2. In figure 2.143 
the mode shapes are shown, along with theo- 
retical and experimentally measured cyclic fre- 
quencies for the physical parameters given above. 
Modal characteristics associated with each of 
these frequencies are listed in table 2.51. 


where, after sorting through several misprints in 
reference 2.127, it appears that 


1 — V 

flu = Mm 2 0nd — 8 m 6 n Q 2 


a 12 


(l-v \ 

MmMnl ^ vyiriY n J 


0 1 3 m6n 

1 — V 

0 22 Mn Vn~\ ^ Hm 2 8 m 8 n 

+k[n n 2 i) n -\-2(l — r)p m 2 5 m 5„] — 

023 = Mn i — yn + k[nn 2 y n 

+ 2(1 — v)fi m 2 5 m 8 n +vn m 2 y m y n ] } 


> (2.170) 


2.8.4 Other Boundary Conditions 

Problems involving open circular cylindrical 
shells not having two opposite sides supported 
by shear diaphragms (or the boundary condi- 
tions complementary to SD supports as dis- 
cussed in sec. 2.4.6) are not capable of exact 
solution by analytical methods, and approxi- 
mate techniques must be used. For this purpose 
the Ritz method using beam vibration eigen- 
functions is frequently employed. 

Gontkevich (refs. 2.127 and 2.202) developed 
a method of analysis for open circular cylindrical 
shells which need not be shallow. The Rayleigh- 
Ritz method was used along with displacement 
components in the form 

u=A mn X m '(x)<d n (6) cos at) 
v = B mn X m (x)@n\6) cos oit > (2.168) 

iv = C mn X m (x)® n (6) cos oil J 

where the X m (x) are conventional beam func- 
tions and @„(0) are the eigenfunctions of free 
vibration of circular beams determined for the 
appropriate boundary conditions at 0 = 0, 0 O . In 
references 2.127 and 2.202 a characteristic de- 
terminant is given in a general form for arbi- 
trary boundary conditions. The characteristic 
determinant is 


011 

012 

0 13 

012 

022 

023 


(2.169) 


033 — 0n + MMm 4 0n + 2('Hm 2 7m + Mn 2 '>'n 
+ /i-i 4 0n + 2(l — v)n m 2 5 m H 2 n 8 n ] 

-0„n 2 

and k = h 2 /Y2R 2 as before. The straight beam 
eigenfunction constants 8 m , y m , and fi m = ot m R/l 
to be used in equations (2.170) were given pre- 
viously in table 2.21. The curved beam constants 
Un, 8 n , y n , t]„, and 0„ are defined by 

a*. 

Un = ~ 

00 

£ rROo 

Sn=— (©„') 2 Rd6 

an Jo 

£ rRO o 

y n = ®n"®nRd9 

an Jo 

jz rROo 

Vn=~ (@„") 2 R Cld 

“n VO 

rROo 

e n =- @ n 2 R do (2.171) 

l Jo 

Values of a„ for circular curved beams are pre- 
sented in figure 2. 144. A double subscript is used, 
the first subscript indicating the mode number 
and the second is an edge fixity identifier having 
the following key: 

1. clamped-clamped 

2. free-free 

3. clamped-free 

Thus, for example, a 23 is identified with the 
second mode of a clamped-free circular beam. 
The clamped-SD and free-SD modes are included 
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Figure 2.144. — Eigenfunction constants for curved 
circular beams. (After refs. 2.127 and 2.202) 

within the antisymmetric clamped-clamped and 
free-free modes, respectively. The values of a,, 
for SD-SD supports are it, 2x, 3ir, . . . . The 
values of a n in figure 2.144 approach those of 
table 2.21 for straight beams as the included 
angle 0 O approaches zero. The constants 5„, y n , y n , 
and 6„ for the curved beam functions are avail- 
able for free-free, clamped-free, and clamped- 
clamped beams in figures 2.145, 2.146, and 
2.147, respectively. Upon substituting the ap- 
propriate constants from these figures and table 
2.21 into the terms of the characteristic de- 
terminant (2.169), the frequency parameters 
Q, 2 = u 2 R 2 p(l — v 2 )/E may then be evaluated di- 
rectly as the three roots of the determinant. The 
expanded determinant is, of course, a cubic char- 
acteristic equation in S2 2 which takes the form of 
equation (2.35). Usually, one of the three roots 
of the cubic equation (the root associated with 


a transverse bending mode) is much smaller than 
the other two. In such cases some of the ap- 
proximate frequency formulas such as equations 
(2.50) and (2.51) can be employed. 

The modal density (number of natural fre- 
quencies per unit frequency interval) for shallow 
shells having arbitrary edge conditions is dis- 
cussed by Bolotin in references 2.149 and 2.195. 

In reference 2.213 the frequencies of completely 
clamped shallow shells made of aluminum and 
having dimensions 1=11-5/8 in., Rd 0 = 9-5/8 in., 
and h = 0.032 in. were calculated using the Ritz 
method and straight beam functions. These 
results are exhibited in table 2.52 for two types 
of analysis. The first used the Donnell-Mushtari 
shell equations with only a single product of 
beam functions and neglected tangential inertia; 
the second used the Sanders equations with three 
beam function products and included tangential 
inertia. For shells having this extent of shallow- 
ness the two approaches give only slightly differ- 
ing results. A similar comparison is made in 
table 2.53 for a set of shallow shells having square 
planforms (from ref. 2.214). Experiments were 
also conducted on these shells and the results are 
shown in tables 2.54 and 2.55. Difficulty was 
encountered in obtaining rigid clamping in the 
test set-ups, which caused a significant decrease 
in the frequencies from the theoretical values for 
clamped shells, particularly for the lowest modes. 
For 72 = 96 in. and m = n = 1 in table 2.54 the 
clamping was very ineffective in restraining the 
tangential displacements at the boundary and 
the measured frequency (150 cps) is essentially the 


Table 2.52. — Frequencies of Completely Clamped 
Aluminum Shell Panels ( 1 = 11-5/8 in., 720 o = 
9-5/8 in., h = 0.032 in.); m = l 


Number of 
circum- 
ferential 
half-waves, 
n 

Frequencies, cps, for— 


R = 96.0 in. 

R =48.0 in. 

Donnell- 

Mushtari 

Sanders 

Donnell- 

Mushtari 

Sanders 

1 

314.4 

314.0 

602.7 

601.9 

2 

334.1 

333.15 

531.0 

529.8 

3 

479.2 

477.7 

595.05 

593.5 

4 

722.5 

720.5 

784.7 

782.8 

5 

1045 


1078 
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(C) e 0 



0 -tj ir l.5ir 2 t t 



Figure 2.145 — Constants for free-free curved beam func- 
tions. (After refs. 2.127 and 2.202) (a) S„. (b) +y„. 

(c) f]n> (d)0«. 


(b) 


Bo 
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0 77 ' 1.577 277 


(a) 


do 




0 -77 77 1.577 277 


(c) 





Figure 2.146 — Constants for clamped-free curved beam 
functions. (After refs. 2.127 and 2.202) (a) 5 n . (b) — -y n - 
(c) 5/ a ■ (d) d n . 


(b) 


8 0 
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(b) 


Figure 2.147 — Constants for clamped-clamped curved beam functions. (After refs. 2.127 and 2.202) 

(a) d n . (b) y n . (c) 7]w (d) 0 n > 
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Table 2.53. — Comparison of Calculated and 
Measured Frequencies (1 = 11-5/8 in., 

Rd a = 9-5/8 in., h = 0.032 in.), cps 


R, 

in. 



Theory 


111 

n 

Shear 

diaphragm 

supports 

Clamped 

Experiment 


1 

i 

146.7 

314.4 

150 


1 

2 

163.2 

334.1 

250 


1 

3 

322.8 

479.2 

440 


1 

4 

554.8 

722.5 

725 

96 

1 

5 

853.9 

1045 


2 

1 

274.3 

356.6 



3 

1 

373.1 

446.4 

345 


4 

1 

501.6 

593.0 

540 


5 

1 

680.1 

769.2 

800 


1 

1 

277.5 

602.7 

350 


1 

2 

183.2 

531.0 

270 


1 

3 

323.4 

595.05 

445 


1 

4 

551.9 

784.7 

760 

48 

1 

5 

848.7 

1078 


2 

1 

505.1 

635.9 




3 

1 

622.1 

699.9 

560 


4 

1 

729.7 

808.2 

770 


5 

1 

872.3 

971.4 

935 


same as the theoretical result for shear diaphragm 
supports all around. The method of clamping 
consisted of a simple lap attachment at the 
boundaries using closely spaced bolts (1/8 in. in 
diameter and spaced 1-1/16 in. on centers in 
ref. 2.213; 3/16 in. in diameter and spaced 1-1/2 
in. on centers in ref. 2.214). 

Theoretical results obtained in a similar manner 
for shells having £ = 11.0 in., R6 0 = 9.0 in., and 
h = 0.028 in. were compared in reference 2.198 
with experimental results presented in reference 
2.215. Graphs of these results have been exhibited 
earlier as figures 2.142. In these figures the effects 
of adding an additional clamping strip over the 
tops of the lap attachments is shown by squares 
having additional flags. Sewall (ref. 2.198) also 
gave the following formula for the frequencies of 
completely clamped shallow cylindrical shells 
(using the Donnell-Mushtari theory and neglect- 
ing tangential inertia) when only a single term 
in the products of beam functions is used: 


W = poo 2 R\l-v 2 )/E 




) 




2 RO o 


+ M w ;’-dy] 

+Kw)’H (w 


1 -rN m N n 


2 ROol 


(NJ+NJ) 


/N m N n y\ 
A Red ) ) 


where 


(2.172) 


N m t m /l, Nn fn/Rdo, H m — a m N m (a m N m l — 2 ) 
N n = oi„N n{<x n N nRdfi — 2), and a m , e m , e n 


are the eigenfunction constants for clamped- 
clamped beams as defined by equations (2.93) 
and (2.94) and are listed in table 2.23. 

Webster (ref. 2.199) obtained theoretical 
results for completely clamped shallow shells by 
using Fliigge’s shell equations and a variational 
approach. The procedure consisted of applying 
Hamilton’s principle subject to the constraints 
supplied by the geometric boundary conditions, 
which are enforced by means of Lagrange multi- 
pliers in the variational problem. The displace- 
ment functions are taken in the form of poly- 
nomials; i.e., 


M - 1 N - 1 

u =^ ^ A mn (x/l) m (d/d 0 ) n 

m = 0 n — 0 
M-l N - 1 

^ B mn (x/l) m (e/6 0 ) n 

7/1 = 0 71 = 0 
M-l N — l 

^ C mn (x/l) m (9/6 0 ) n 

m = 0 n = 0 


(2.173) 


where A mn , B mn , and C m „ are undetermined 
coefficients. The order of the resultant character- 
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Table 2.54. — Frequencies of Completely Clamped Square Aluminum Shell 
Panels (1 = R6 0 = 17.0 in.); m = l 


h, 

in. 

Number of 
circumferential 
half-waves, 
n 

Frequencies, cps, for — 

R = 96.0 in. 

12=48.0 in. 

Donnell- 

Mushtari 

Sanders 

Donnell- 

Muehtari 

Sanders 


1 

299.5 

299.0 

597.3 

596.3 


2 

245.9 

245.2 

484.1 

482.55 


3 

225.55 

225.0 

423.7 

422.6 

0.020 

4 

232.3 

231.8 

393.7 

393.0 


5 

267.1 

266.5 

392.9 

393.0 


6 

326.9 

326.2 

421.1 

420.45 


7 

407.7 

407.0 

476.9 

476.2 


1 

301.0 

300.5 

598.1 

597.0 


2 

253.6 

252.9 

488.0 

486.6 


3 

251.6 

250.9 

438.1 

437.0 

0.032 

4 

292.6 

291.8 

432.0 

431.05 


5 

373.4 

372.4 

471.6 

470.6 


6 

486.7 

485.6 

554.3 

553.3 


7 

627.4 

626.3 

674.4 

673.2 


1 

302.4 

301.9 

598.8 

597.75 


2 

260.5 

259.8 

491.65 

490.25 


3 

273.4 

272.6 

451.0 

449.8 

0.040 

4 

338.8 

337.8 

464.5 

463.4 


5 

449.7 

448.5 

534.0 

532.85 


6 

597.4 

596.1 

653.6 

652.3 


7 

776.9 

775.5 

815.2 

813.8 


istic determinant to be evaluated by this pro- 
cedure is 3MN plus the number of boundary 
constraint equations. In figures 2.148 through 
2.152 the parameter pu 2 (l — v 2 )l 2 R 2 d 0 2 /Eh 2 for 
fundamental frequencies obtained by the above 
procedure is plotted against the geometric 
parameter 9 0 l/h for five aspect ratios Rdo/l. 
Terms of degree up to x 5 6 s and x 1 9 1 were taken to 
ensure convergence. Data resulting from Sewall’s 
equation (2.172) are also depicted on these graphs. 
The notation ( m,n ) used in figures 2.148 through 
2.152 indicates that the normal displacement w, 
in the modes corresponding to these frequencies, 
has m and n half-waves in the x and 6 directions, 
respectively. 

When Sewall’s formula (2.172) is converted to 
the frequency parameter pu 2 (l — v 2 )l 2 R 2 9o 2 /Eh 2 
used in figures 2.148 through 2.152, it is found 
to be independent of 9 0 for a given R9o/l and 



Figure 2.148. — Fundamental frequency parameter for 
completely clamped shallow shells; fl9 0 /l = 0.25. (After 
ref. 2.199) 
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Table 2 . 55 . — Comparison of Calculated and Measured Frequencies 
(1 = 17.0 in., R6 0 = 17.0 in.), cps; m = l 




R =96.0 in. 

R =48.0 in. 

A 

in. 

n 

Theory 

Experiment 

Theory 

Experiment 



SD 

Clamped 

SD 

Clamped 


i 

167.3 

299.5 

240 

332.7 

597.3 

310 


2 

74.6 

245.9 


137.4 

484.1 



3 

74.4 

225.55 

85 

94.1 

423.7 

86 

0.020 

4 

114.7 

232.3 

129 

119.55 

393.7 

148 


5 

173.3 

267.1 

190 

174.7 

392.9 

241 


6 

246.2 

326.9 


246.6 

421.1 

387 


7 

332.5 

407.7 

345 

332.6 

476.9 

439 


1 

168.1 

301.0 


333.1 

598.1 



2 

85.3 

253.6 

117 

143.5 

488.0 

102 


3 

111.5 

251.6 

125 

125.4 

438.1 

144 

0.032 

4 

181.9 

292.6 

229 

184.9 

432.0 

270 


5 

276.9 

373.4 

295 

277.6 

471.6 

294 


6 

393.7 

486.7 


393.9 

554.3 



7 

532.0 

627.4 


532.0 

674.4 

613 


1 

168.9 

302.4 


333.5 

598.8 



2 

94.2 

260.5 

123 

148.9 

491.65 

169 


3 

137.1 

273.4 

197 

148.6 

451.0 

iso 

0.040 

4 

226.9 

338.8 

278 

229.2 

464.5 

289 


5 

346.0 

449.7 

388 

346.5 

534.0 

398 


6 

492.1 

597.4 


492.2 

653.6 



7 

665.0 

776.9 

727 

664.9 

815.2 

735 




Figure 2.149. — Fundamental frequency parameter for 
completely clamped shallow shells; R8 0 /l = 0.5. (After 
ref. 2.199) 


Figure 2.150. — Fundamental frequency parameter for 
completely clamped shallow shells; R8 0 /l = l.O. (After 
ref. 2.199) 
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61/ h 
0 


Figure 2.151. — Fundamental frequency parameter for 
completely clamped shallow shells; Rdo/l = 2.0. (After 
ref. 2.199) 



Bjt/ h 
0 


Figure 2.152. — Fundamental frequency parameter for 
completely clamped shallow shells; R6 0 /l = 4.0. (After 
ref. 2.199) 


dol/h, but the solution using the power series 
given by equations (2.173) is not. The results 
shown in the figures 2.148 through 2.152 are for 
do = 0.1 rad (5.73°) , but as pointed out in refer- 
ence 2.199 they may be used for shallow shells, 
in general, with little error. At 0 o =l.O rad. 
(57.3°) the results would be approximately 2 to 
3 percent less than those for 0 o = O.l rad. 

Figures 2.148 through 2.152 also show that 
Sewall’s equation gives accurate results for small 
values of 6 0 l/h but becomes inaccurate as 6 0 l/h 
increases because the beam functions do not rep- 
resent the true displacements very accurately in 
this range (ref. 2.199). In particular, the repre- 
sentation of the v displacement is poor for modes 
having more than one half-wave in the 0 direc- 


tion. For thick panels having large curvatures, 
these errors have a small effect upon the frequen- 
cies because the stretching strain energy is small 
compared to the bending strain energy. For 
thinner, less shallow panels the stretching energy 
becomes more significant. 

If one considers the nodal patterns of a clamped 
square plate (cf., ref. 2.157), it is found that some 
of them have node lines which are not at all 
parallel to the sides of the plate (see ref. 2.157). 
These modes are identified as ( m,n ) + (n,m) modes 
because they may be approximated by combina- 
tions of two assumed modes ( m,n ) and ( n,m ), 
which do have nodal lines parallel to the edges. 
The patterns of these modes are sensitive to 
asymmetry which is introduced by making the 
aspect ratio slightly different from unity. A 
similar effect occurs in shallow shells when asym- 
metry is introduced by virtue of having curva- 
ture in only one direction. Figure 2.153 (from 
ref. 2.199) shows the transformation of the nodal 
patterns of the (3,1) + (1,3) modes of a square 
flat plate to (1,3) and (3,1) modes by the intro- 
duction of curvature in one direction. For 6 0 l/h = 8 
the rise of the square curved panel is approxi- 
mately equal to the thickness. It is seen that 
curvatures of this order change the nodal pat- 
terns considerably. 

Rectangular curved panels, like flat plates, will 
have two modes with equal frequencies. How- 
ever, for this to occur the two modes must have 
different symmetries with respect to the x and 
0 axes, or both. If the two modes have the same 
type of symmetry (or antisymmetry) then two 
modes having nearly the same frequency can 
occur. The nodal patterns of these two modes can 
be quite complex (cf., ref. 2.157). In figures 2.148 


MODE 

(I.3H3, 


MODE 

(l,3)+(3 


0 

\-S)* 2 R 2 eZ/Eh 2 


X 


O 


o 


0 Q //b = 10 







R 2 = 1464.3 

I 



MODE(l,3) 

APPROXIMATELY 


MODE (3,1) 
APPROXIMATELY 


R 2 = 1531.7 


Figure 2.153. — Effect of curvature upon the nodal pat- 
terns of clamped square curved panels; Rd 0 /h = 100. 
(After ref. 2.199) 
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through 2. 152 the mode changes do all occur with 
changes of symmetry, giving actual crossings of 
frequency curves. 

Lisowski (refs. 2.216 and 2.217) computed the 
first eight frequencies of a completely clamped 
shallow shell of celluloid having dimensions in 
centimeters as shown in figure 2.154. A flexibility 
matrix expressed in terms of the eight interior 
points shown in figure 2.154 was obtained by 
experimental measurement with point loads. Fre- 
quencies were then calculated by treating the 
problem as one having eight transverse degrees 
of freedom associated with the eight mesh points. 
Frequencies in cycles per second and correspond- 
ing mode shapes are shown in figure 2.155. 

The Rayleigh method using the Love-Timo- 
shenko shell equations neglecting tangential 
inertia and a simple mode shape of the form 

io = x 2 d 2 (x-iy(6-e 0 ) 2 (2.174) 

was used by Palmer (ref. 2.211) for the com- 
pletely clamped shallow shell. Results for alumi- 
num plates are shown in figure 2.156, where / is 
the cyclic frequency. 

In reference 2.221 the finite element technique 



Figure 2.154. — Dimensions (in centimeters) of a com- 
pletely clamped shallow shell of celluloid used for the 
results of figure 2.155. (After refs. 2.216 and 2.217) 



Figure 2.155 — Frequencies (cps) and mode shapes of a 
completely clamped shallow shell. (After refs. 2.216 
and 2.217) 



0 0.05 0.10 0.15 0.20 

6 0 (RADIANS) 

Figure 2.156.- — Frequencies of a completely clamped 
aluminum shallow shell (/in cps). (After ref. 2.211) 

is used to calculate the natural frequencies of an 
arch dam of particular dimensions. The structure 
can also be regarded as a clamped-free-clamped- 
free circular cylindrical shell. 

Experimental results for curved cylindrical 
panels were presented in reference 2.213. The 
panels were made of 0.032 in. thick 2024-T3 
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Figure 2.157. — Experimentally determined frequencies 
for panels having riveted edges. (After ref. 2.213) 


aluminum alloy. The planform dimensions were 
b = 11 in. and 1= 13 in. (see fig. 2.141). The panels 
were riveted to rigid supporting frames having 
unsupported internal dimensions of 9-% in. by 
11-% in. Results are shown in figures 2.157 for 
R = 48 in., 96 in., and °° where it is demonstrated 
that there is little difference in the natural fre- 
quencies between flat and curved panels when 
the node lines are parallel to the longitudinal ( x ) 
direction. 

2.8.5 Added Concentrated Mass 

Chen (refs. 2.201 and 2.225) analyzed the 
problem of a circular cylindrical shell panel having 
a concentrated mass M attached at its center 
(x =1/2, 6 = 0 o /2 in terms of figure 2.141). All four 
edges of the panel were supported by shear dia- 
phragms. The Donnell-Mushtari shell equations 
were used. The procedure consisted of using an 
infinite set of solution functions in the form of 
equations (2.164) and (2.165) which satisfy the 
boundary conditions exactly, expanding the con- 
centrated inertia load in terms of the same 
functions, and substituting into the equations of 
motion. This procedure yields a characteristic 
determinant of infinite order which can be solved 
to any desired degree of accuracy by successive 
truncation. Detailed numerical results showing 
the rate of convergence of this method are seen 
in table 2.56 for the fundamental frequencies of 
panels having 6 0 =ir/Q, v = 0.3, and a ratio of 
concentrated mass to shell mass ( M/phlRd 0 ) of 
1/4. Similar results for higher frequencies of a 
particular panel having 0 o =ir/6, l/Rd 0 =l, and 
i?//i = 100 are given in table 2.57. Figure 2.158 


Table 2.56 . — Convergence of the Fundamental 
Frequency Parameter coZV p{l — r 2 )/x 2 A ( Breath- 
ing Mode) of a Cylindrical Panel Carrying a 
Concentrated Mass 


Number of 
terms in 
series 

Upper limit on — 


oil's/ p(l 

— v 2 ) /tt 2 E 

m 

n 

1/R8 0 = 1 
R/h = 100 

l/RB a = 2 
R/h = 1000 

1 

i 

i 

0.06101 

0.04473 

2 

i 

3 

. 05888 

. 02252 

3 

3 

1 

.05767 

. 02245 

4 

3 

3 

.05710 

.02181 

5 

1 

5 

.05682 

.02137 

6 

3 

5 

.05665 

.02137 

7 

5 

1 

.05644 


8 

5 

3 

. 05624 


9 

5 

5 

.05616 


10 

1 

7 

.05608 


11 

3 

7 

.05600 


12 

5 

7 

.05600 




0 ,25 ,50 .75 1.00 

M/>MR6> 0 


Figure 2.158. — Variation of the fundamental frequency 
parameters with mass ratio for cylindrical panels 
having a concentrated mass. (After ref. 2.201) 

shows the variation of wly/ p(l — v 2 ) /ir 2 E with the 
mass ratio for the fundamental frequency. The 
results shown in the figure are obtained by using 
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Table 2.57. — Higher Frequency Parameters « lVp(l-v 2 )/Tr 2 E for a 
Cylindrical Panel Carrying a Concentrated Mass 


Number 


Number of axial and longitudinal half waves— m,n 


of terms 


1,1 

1,3 

3,1 

3,3 

1,5 

3,5 

1 

§ 

0.0610 






2 


.0589 

0.1467 





3 

a 

.0577 

.1408 

0.2067 




4 


.0571 

.1386 

.2051 

0.2973 



5 

<v 

S-t 

.0568 

.1376 

.2044 

.2945 

0.4211 


6 

M 

.0567 

.1370 

.2040 

.2932 

.4171 

0.5576 

1 

£ 

0.8396 






2 


.8405 

1.8715 





3 

a 

0 

.8411 

1.8715 

2.8976 




4 

03 

C 

.8414 

1.8715 

2.8976 

2.5118 



5 

a> 

.8416 

1.8715 

2.8976 

2.5118 

3.0165 


6 


.8418 

1.8715 

2.8976 

2.5118 

3.0165 

3.4509 

1 


1.4145 






2 


1.4170 

3.1648 





3 

c3 

C5 

1.4174 

3.1654 

1.8718 




4 

*73 

1.4176 

3.1656 

1.8718 

4.2436 



5 

O 
£— 1 

1.4177 

3.1656 

1.8718 

4.2436 

5.1011 


6 


1.4178 

3.1656 

1.8718 

4.2436 

• 5.1011 

5.8321 


six term series of approximations for u, v, and tv. 
Results are given for aspect ratios l/R6 0 = 1.0, 1.5, 
and 2.0 and for thickness ratios R/h = 100 and 
1000. All results are for do = ir/6 and v = 0.3. 
For panels having the lower thickness ratio 
(R/h = 100), the fundamental (lowest) frequency 
occurs in the 771 = 11 = 1 mode. For R/h = 1000, 
however, it occurs in the m = 1, re = 3 mode. For 
purposes of comparison to show the effects of 
shallow shell curvature, figure 2.158 also gives 
the results for the case of a rectangular plate 
having the same dimensions and edge supports. 

2.8.6 Other Boundary Shapes 

Wieckowski (ref. 2.226) presented a procedure 
for the solution of the free vibration of a shell 
having circular cylindrical curvature bounded by 
the edges x =0, l and two helices. The edge x = 0 
is clamped and all other edges are free, which is 
intended to simulate a stream turbine blade. The 
Donnell-Mushtari shell equations are used and 
are transformed into skew coordinates which are 
compatible with the edges of the shell. The pro- 
cedure outlined is tedious and leads to an infinite 
sequence of ordinary differential equations having 


constant coefficients. No numerical results are 
given. 
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Chapter 3 

Complicating Effects in Circular Cylindrical Shells 


In the previous chapter the equations of motion 
for circular cylindrical shells were restricted to 
their most simple forms as derived in chapter 1. 
This permitted the study of the effects of dif- 
ferent types of edge constraints, added mass, 
cutouts, and varying geometric and material 
parameters upon natural frequencies and mode 
shapes. In this chapter the complicating effects 
of anisotropy, initial stress, variable thickness, 
large deflections, shear deformation and rotary 
inertia, nonhomogeneity, and surrounding media 
will each be considered. Each effect causes com- 
plications of one or more of the following types 
in the differential equations of motion : 

(1) Adding simple terms, thereby somewhat 
changing the forms of analytical solutions and 
increasing their complexity. 

(2) Changing constant coefficients to vari- 
able coefficients, thereby reducing the p ossibility 
of solution in terms of simple functions. 

(3) Adding nonlinear terms which completely 
change the character of the solutions. 

(4) Increasing the order of the equations. 

In some instances the boundary conditions are 
also changed. In each instance the type of shell 
considered in chapter 2 is a special case of the 
moi’e generalized analysis which includes a given 
complicating effect. 

A separate section in this chapter will be de- 
voted to each of the complicating effects listed 
above. From a logical standpoint it is possible to 
organize each section in the same manner as 
chapter 2. That is, for example, the section titles 
for sections 2.1, 2.2, . . . , 2.8 could also be used 
for subsections 3.1.1, 3.1.2, . . . , 3.1.8 of section 
3.1 dealing with the effects of anisotropy, and 
similarly for each other section of this chapter. 
However, of course, the added complexities have 


greatly reduced the number of solved problems, 
and for many of the subsection titles there are no 
results in the literature to report. Nevertheless, 
the ox-ganization described above will be followed 
in each section of this chapter insofar as it is 
appropriate. 

The coordinate notation of chapter 2 as shown 
in figure 2.1 will apply throughout this chapter. 


3.1 ANISOTROPY 


For a general elastic solid (neglecting couple 
stresses) there are 21 independent elastic con- 
stants relating stresses and strains. In the case 
of a thin plate or shell, only the stresses o a , ap, 
and T afi (in the notation of chapter 1) and their 
corresponding strains are involved, and the num- 
ber of independent elastic constants is thereby 
reduced to six (cf., the appendix of ref. 3.1). 

However, particularly because of the complex- 
ity arising from having six independent con- 
stants, no numerical results have been found in 
the literature for the vibrations of circular cylin- 
drical shells having general anisotropy. Rather, 
all results given are for the special case of orthot- 
ropy. Equations of motion for a number of theo- 
ries in the case of general anisotropy will be given 
in section 3.1.1. 

For an ortho tropic shell the stress-strain equa- 
tions (1.70) are 


6a (a a v a op) 


6/3 = — ((T/S — 

tip 


&afi _ 


T afi 


(3.1) 


which, when inverted, become 
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1 (3.2) 

<10 = (Epep + Vft Ecfia) 

1 — V a Vfj 

r a p = Gy a p 

However, the five elastic constants E a , Ep, v a , vp, 
and G are not all independent; symmetry con- 
siderations require that 

v a Ep = vpE a (3.3) 

thereby reducing the number of independent 
elastic constants to four. 

Equations (3.2) and (3.3) are written in terms 
of the principal coordinates of the middle surface 
of the shell, but they need not be. Indeed, it 
would be physically realistic to have a circular 
cylindrical shell wherein the axes of orthotropy 
are not coincident with the x and 6 directions. 
Such a situation could arise, for example, in the 
case of a filament- wound shell. Nevertheless, no 
results have been found in the literature except 
when the two sets of axes are coincident (in ref. 
3.2 the procedure for transforming the shell equa- 
tions from rotated coordinate axes to the shell 
coordinates is discussed, but no problems are 
solved). 

One of the most important uses of orthotropic 
circular cylindrical shell equations is in the 
representation of a shell which is stiffened 
by longitudinal beam-like elements (stringers) 
and/or circumferential rings. An example of this 
type of construction is shown in figure 3.1 (from 
ref. 3.3). This representation can be accurately 
made for the purpose of determining free vibra- 
tion frequencies and mode shapes (but not stress 
resultants) if the stiffening elements are relatively 
closely spaced. When the distance of separation 
is too large, or if the wave length of the vibration 
is too short relative to the stiffener spacing, then 
the structure must be represented as a combina- 
tion of shell elements and stiffener elements each 
having its own equations of motion and coupled 
to each other by equations of continuity. For the 
sake of consistency with the rest of this mono- 
graph, such structures will not be considered. 
However, when the rings and/or stringers can be 
“smeared out” along the shell to yield a single 
equivalent orthotropic shell (by methods that 


will be discussed in the next section), the problem 
will be included here. In order to establish the 
validity of the equivalent orthotropic analysis a 
few comparisons will be included, where available, 
which include both the orthotropic analysis and 
the more accurate, complex structural analysis. 
These comparisons will help in establishing the 
limits of applicability of the equivalent ortho- 
tropic shell representation. 

No results are available for orthotropic shells 
of infinite length. It would be interesting to 
determine the differences arising from various 
shell theories in the manner of section 2.2 in cases 
of severe orthotropy (e.g., E x ^>Ee) for the analyti- 
cally simple case of plane strain. Similarly, no 
results exist for elastic edge supports, added mass, 
noncircular boundaries and cutouts, and very 
little for open shells (except the special case where 
all four sides are supported by shear diaphragms, 
which is included among the vibration modes of a 
closed shell supported by shear diaphragms) . 


3.1.1 Equations of Motion 


Substituting equations (3.2) into the general- 
ized force resultant integrals of the shell theories 
of, for example, Love-Timoshenko, Reissner, 
Naghdi, Berry, Mushtari, and Donnell as given 
by equations (1.72) through (1.74) (neglecting 
z/R a and z/Rp with respect to unity) yields 


Na = Cue a -\-C i2«0 
Np = Cue a +Cnep ' 
N a p = N Pa = 


(3.4) 


M a = DnKct~{-DuKp | 

Mp=DiiK a -\-DiiKp\ (3.5) 

M a p=Mp a =DppT ) 

where Cu, Cvi, C 22 , and Cm are the extensional 
stiffness constants defined by 


C n = 
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(3.6) 


and Dn, D i 2 , D 22 , and D 6 6 are the flexural stiffness 
constants defined by 
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(3.7) 


Substituting the generalized stress-strain equa- 
tions (3.4) and (3.5) into the equations of motion 
from chapter 1 and using the proper generalized 
strain-displacement equations ultimately gives 
equations of motion in terms of displacements 
which are in the form of equation (2.3). For the 
Donnell-Mushtari theory these equations are for 
circular cylindrical shells: 


d 2 u 

ds 2 


G(l — v a vfi) d 2 u 

~E~ X lid 2 + 
v x Ee dw 
E x ds 
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Ex 


dt 2 


(3.8c) 



Figure 3.1. — Typical stiffened circular cylindrical 
shell. (After ref. 3.3) 


where s = x/R and k = h 2 /12R 2 as used in chap- 
ter 2 and a and /3 in the stiffness constants given 
by equations (3.6) and (3.7) are replaced by x 
and d, consistent with circular cylindrical shell 
coordinates. It is clear that the isotropic form of 
equations (3.8) is obtained simply by substitut- 
ing E for E x and E t , v for Vx and ve, and E/2(l + v ) 
for G, which then agrees with equation (2.7). 

Nelson, Zapotowski, and Bernstein (ref. 3.4) 
used the Love-Timoshenko strain-displacement 
equations to arrive at a set of equations of motion 
which can be written as 


d 2 U Cee d 2 u C u + Cm d 2 V C« dw 
ds 2 ' Cn dd 2 + Cn ds dd + C n ds 


phR 2 d 2 u 

~CY ~dt 2 
(3.9a) 


0 12~\~G 22 d 2 U 
Cn ds dd 
C 22 dw 

+ cYdd 
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Cu dd 3 Cn ds dd 2 


phR 2 d 2 y 
C u ~dt 2 


(3.9b) 


C 12 du C 22 dv D 22 d 3 V 
Cn ds Cn dd Cu dd 3 
D 11 d 4 w D 22 d 4 w 
Cn ds 4 Cn dd 4 


D 12 ~1~ Dee d 3 V C 22 
C11 ds 2 dd + (hi W 

2 Di 2 “h Dee d 4 W 


Cn ds 2 dd 2 

phR 2 d 2 w 
~ Cn Y 2 


(3.9c) 


where, as before, the subscripts 1 and 2 corre- 
spond to the x and 0 directions, respectively. 
Using equations (3.6) and (3.7) it is seen that the 
above equations are of the same form as equa- 
tions (3.8) except for the addition of terms hav- 
ing Dp’s in the numerators. The added terms are 
modifying terms of the same form as found in 
isotropic shell equations. Indeed, if in equation 
(3.9c) the numerator 2Di 2 -|-D66 in one term were 
replaced by 2 (Di 2 + 2D 66 ), then the Reissner- 
Naghdi-Berry equations (2.9c) would follow for 
the isotropic case. Equations (3.9) are also of a 
more general form than equations (3.8) because 
they permit separate stretching and bending 
thicknesses h s and ht, in the equations (3.6) and 
(3.7) which then do not, in general, cancel out in 
terms of the type D 22 /C 11 . In the case of stiffened 
shell simulation this distinction is necessary. 

For general anisotropy, equations (3.4) and 
(3.5) are generalized to 
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(3.11) 


N x = C\\t x - s rC\^t 6 -\-C\ 6 y x e 

N e = Ci2e x -\-C22te-\-C267xe 

NxS = C 16ez+ CWe + (7667*0 

M x = D llK x + D 1 2*0 + D 1 67 

Me — D i2K x -\- D 22K6 D 2&r 

M x e — DuK x -\-D26Ko-{-DeeT 

where the (Uj and /),,• are generalized extensional 
and flexural stiffness coefficients arising from the 
three-dimensional form of Hooke’s law and the 
force and moment resultant integrals taken over 
the thickness of the shell, and where it is now 
assumed that the coordinate axes used to define 
the elastic constants are parallel to the x and 6 
shell coordinates. 

DiGiovanni and Dugundji (ref. 3.2) performed 
a notable service by deriving the general aniso- 
tropic forms of equations of motion according to 
a number of shell theories. These, as for isotropic 
shells (see sec. 2.1.1), can be written in terms of a 
Donnell- Mushtari matrix operator [£d_m] and a 
modifying operator [<£ mod] as given by eqs. (2.3) 
and (2.5), where the anisotropic form of [£n_jir] is 




“611 

bi2 

&13 

(3.10) 

[£jaon] = 

b 2 i 

b 22 

&23 



_bsi 

& 32 

?>33 


[£d-m] = 


an an ai3 

&21 &22 &23 

&31 ^32 &33 


(3.12) 


where 


“ U C 22 3s 2+ <7 22 ds 36 ' C 22 36 2 


C 66 3 2 phR 2 3 2 
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C 66 3 2 2^ 26 

C 22 3s 2+ (77 2 ds 36 ' dd 2 


C22 dt 2 
d 2 phR 2 d 2 


C 22 dt 2 


s — 1-f-k 


+21 


\_D22 ds 4 


' Du-\-2D( 
k D 22 


C i6 3 2 I 
ait-a,u — — — +1 
C22 ds 2 ' 


C 12 3 C 26 

013 ■ 0,1 ~cr, 5^3* 

C 26 3 d 
an ~ a32 ~c^2dl + 7e 


«\ a 4 

+ 34 1 

p/iH 2 a 2 

/as 2 aa 2 

aa 4 J 

1 (7 22 a< 2 

Im + CmN 

1 32 

C 2 e 3 2 

G 22 / 

as aa 

C 22 dd 2 

a 




(3.13) 


and the modifying operators are written as 


(3.14) 


The coefficients b {j for use in equation (3.14) are 
given below (ref. 3.2). 

Love-Timoshenko: 

&11 = &12 = f>13 = 5 2 i = i>31 = 0 

d 2 d 2 


D 22 ds 2 D 22 ds 36 


dd 2 


b 33 = 4-^ 


Du d 4 


. D 2 r 3 4 


d 22 as 3 aa d 22 as aa 3 

D\q 3 3 /Di2+2D 


b 23 = - — 

D 22 as 3 


/ Dl 2 + 2D66\ 
V D 22 ) 


a 3 


as 2 aa 


d 22 as 3 \ 


n D 26 a 3 

a 3 

d 22 as aa 2 

aa 3 

Di 2 + 4D 6 6'\ 

a 3 

, D 22 Jds 2 aa 

i) 2 « a 3 

a 3 

d 22 as aa 2 

aa 3 


(3.15a) 


Goldenveizer-N ovozhilov: 

bii = bi 2 = bi 3 = b2i = 631 = 0 

, Dee d 2 d m a 2 , a 2 

5, 2 = 4 H4 

D 22 as 2 D 22 ds 36 dd 2 

L 4 Die 3 4 , 4 D 26 a 4 

1)33 4 — I — ^ 

D 22 3s 3 36 D 22 ds d6 3 

, , 0^16 3 3 /Dl 2 +4D66\ 


as 2 aa 
(3. 15b) 

d 22 as aa 2 aa 3 


Fliigge-Byrne-Lur’ye 

(also Herrmann and Armenakas): 
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11 D 22 36 2 j 

a 2 


5 22 = 3^ ^- +2 ^ 

D 22 ds 2 D 22 ds 36 


h — A^ 13 

O33 — 4-r— 


a 4 


. D 2 e a 4 


Z> 22 ds 3 36 


+2- 


D 22 ds dd 3 

^Jl + 2 il +1 

D 22 ds 36 dd 2 


COMPLICATING EFFECTS IN CIRCULAR CYLINDRICAL SHELLS 


189 


b 12 — 
bu = 


&21 — 


D 16 d 2 
-D22 3 s 2 


D22 3 s 3 


Du a 3 . d 66 a 3 


D22 as 2 aa D22 as aa 2 
D26 a 3 z? 26 a 
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ds 2 dd 
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Figure 3.2. — Shell with integral stiffener. 


stiffeners which are integral with the skin as 
shown in figure 3 . 2 . The stiffener has thickness 
h w and depth b w and the repeating section is of 
length b s as shown. The following formulas were 
given in reference 3.2 for the calculation of equiva- 
lent orthotropic stretching constants (assuming 
no stress lag) : 


1 D ee a 2 
4 z > 22 aa 2 

9Z>« a 2 ^ 3 ^,^ 
4 D22 as 2 +d D 22 aa 2 


D 16 a 4 


Do 6 a 4 


1 — 1 - 4 — 

D22 ds^ dd D22 

ds dd 3 


3 d 66 a 2 

1 d 26 a 2 


4 D22 ds dd 

2 z>22 aa 2 


1 D u d 3 

d 66 a 3 

1 d 26 a 3 

' dl 2 Z >22 ds 2 dd 

D22 ds dd 2 

2 d 22 aa 3 

3 Du d 3 

( Di 2 + 3 D 66 

\ a 3 


2 d 22 as 3 


7 Z) 2 


D22 

a 3 


'as 2 aa 


2 D22 as aa 2 aa 3 


a 3 

- — ( 3 . 15 d) 


Note in equations ( 3 . 15 c) that bu^b 3 i as taken 
from reference 3 . 2 . Inasmuch as the Fliigge- 
Byrne-Lur’ye theory has a symmetric set of equa- 
tions of motion for isotropic materials, it is 
recommended that the reader verify the b 13 
and 631 coefficients of equations ( 3 . 15 d) before 
attempting to use them. 

Methods of representing stiffened shells by 
orthotropic analyses will now be briefly con- 
sidered. In order to do this the stretching and 
bending stiffnesses of the stiffening elements 
must be properly treated. Consider first the iso- 
tropic shell which is reinforced by longitudinal 



where k 1 = h w b w /b s h s , k i = (l-h w /b s )/(l+h s /h w ), 
and v and E are the elastic properties of the skin 
and stiffener, which are assumed to be of the 
same material. The bending constants are 


D „=- 


(1+Aq) 

+fci 21 


(! ;) ,[2<1 -' ! )+ 3 ] 


+k 
+6 k 

+ 4 fc 1 2 +/b 1 [ 3 (l-r 2 )+ 2 ] 
D 12 ~ vD s 
D2 2 = 


D s 


i-Mi — 1 

b. L {l+b w /KY\ 


> ( 3 . 17 ) 
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(3.17) 


where C is the torsional rigidity of the web, /3 is a 
constant depending upon b w and h w which varies 
from 0.333 to 0.141 and D s is the bending stiffness 
of the unstiffened skin; i.e., D 3 =Eh s 3 /l2(l — v 2 ). 
For the case of circumferential stiffeners, where 
figure 3.2 still represents a typical repeating sec- 
tion, Cn, Cn, D ii, D 2 2 are calculated by the 
formulas given above for C 22 , Cn, H 22 , D u , 
respectively, and the remaining constants are 
calculated as above. 

In reference 3.5 the orthotropic stiffness con- 
stants for the skin-stiffener repeating section 
(shown in figure 3.2) were given as 


Cn = ^~(l+h) 




l+f+fc 

h. 


(sX 1 -!;) J 


C 12 = 


Ch 2 — 


Ce, 6 — 



2(l + *0\ 1 b w 

1-— -fci, 

fls 


> (3.18) 


Du— D, 


1 +3(1 — v 2 )ki 


+ 6(1 
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D 12 — vD s 


(3.19) 


D22 — ■ 


D s 


b 


D 66 — 


D s (l — v) 


1 (1+6./*.)*] 


(3.19) 


i+ 4:> 


where k w is a torsional constant which takes on 
values 0, 0.14, 0.23, 0.33 as b w /h w is 0, 1, 2, 00 . 
It appears that the sets of equations (3.16) and 
(3.17) differ considerably from equations (3.18) 
and (3.19). 

Nelson, Zapatowski, and Bernstein (ref. 3.4) 
gave the following formulas for the calculation of 
the equivalent orthotropic stiffness constants for 
a shell stiffened by stringers having the same 
modulus of elasticity as the shell, and rings which 
have a modulus which may be different: 

Er v 

Gu = - [+l ++ Sz /(1 — r 2 )] 


C 12 — vCn 

C 22 = — [E F Ap-{-Ei,sAs8/ (1 ■ 

IjRx 


V)] 


C 66 = (l 
D - Els 

d,1 ~T7, 

Dl 2 = vDll 


v)Cu/2 

1 — r 2 )] 


(3.20a) 


> (3.20b) 


D'22 t [EpI po-\-Els! ss/ (1 — +)] 

J-IRx 

D m = 2(1-v)Du 
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and A F and A L are the cross-sectional areas of 
rings (frames) and stringers (longerons), respec- 
tively; If and I l are the area moments of inertia 
of frames and longerons about their own cen- 
troidal axes; I L x and I Sx are the area moments of 
inertia of the longerons and skins, respectively, 
about the centroidal axis of the skin-longeron 
cross section; I FS and I ss are the area moments 
of inertia of the frames and skins, respectively, 
about the centroidal axis of the skin-frame cross 
section; /i = skin (shell) thickness; y F and y L are 
the distances from the centroidal axes of frames 
and longerons to the underside of the skin; E F 
and Els are the moduli of elasticity of the frames 
and longerons (and skins), respectively; L Bx and 
Lbo are the lengths of repeating section in the 
axial and circumferential directions, respectively ; 
L Rx is the effective length of repeating section in 
the axial direction (taken as 0.75 Lr x in ref. 3.4); 
/3 = 0 if the skin is attached to the longerons but 
not to the frames, and — 1 if it is attached to 
both. 

Mikulas and McElman (ref. 3.3) wrote the 
potential energy for a shell stiffened by ribs and 
stringers as shown in figure 3.1. A minimum of 
the total potential was found by allowing the 
variations of the three displacements Su, Sv, and 
Si o to be arbitrary, which yielded the following 
equations of motion: 
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(3.22c) 


where E and v are the modulus of elasticity and 
Poisson’s ratio, respectively, for the shell; E s , A s , 
I s , 2 S , and G S J S are the modulus of elasticity, 
cross-sectional area, moment of inertia about the 
centroid, distance to the centroid from the shell 
middle surface, and torsional stiffness, respec- 
tively, of a stringer; E r , A r , I r , z r , and G r J r are 
corresponding constants for a ring; R, d, a, and h 
are dimensions shown in figure 3.1; k = h 2 /12R 2 , 
as before; and M is the average smeared-out mass 
per unit area of the stiffened cylinder. It is easy 
to see that equations (3.22) are the Donnell- 
Mushtari equations of motion neglecting tan- 
gential inertia with added terms to account for 
the stringers and rings. In this case the varia- 
tional procedure smears the stringer and ring 
stiffnesses into the shell orthotropy in contrast 
with structural representation methods depend- 
ing upon physical behavior of the stiffened shell. 

3.1.2 Shear Diaphragm End Conditions 

The closed circular cylindrical shell of ortho- 
tropic material having axes of orthotropy coinci- 
dent with the shell coordinates has the same 
relatively simple, exact, closed form solution for 
the displacements as in section 2.3 for isotropic 
shells. That is, taking 

u = A cos Xs cos nd cos coil 

v = B sin Xs sin nd cos cot > (3.23) 

w = C sin Xs cos nd cos coi J 

where X = vvkR/1, satisfies the boundary condition 
equations (2.33) exactly as before, and substitut- 
ing equations (3.23) into the equations of motion 
(e.g., eqs. (3.8)) yields a third order characteristic 
equation for the frequencies as in the case of 
isotropic shells. A small amount of added com- 
plexity then occurs in the coefficients of the 
characteristic equation for the orthotropic case. 
However, probably the greatest added complica- 
tion to the problem is that instead of having one 
independent ratio of elastic constants (say, v) to 
vary as a parameter, there are three in the ortho- 
tropic case (say, E x /E e , v x , G/Eq). 

Das (ref. 3.6) used the Donnell-Mushtari 
theory neglecting tangential inertia and the exact 
solution functions given in equations (3.23). 
Correcting a misprint in reference 3.6, one arrives 
at the following frequency formula: 
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Figure 3.3. — Variation of frequency parameter with 
mR/l for an orthotropic shell; SD-SD supports; R/h = 
1000, n = 0, E e /E x = 24.2, *,= 0.270, G/E x = 0.527. 
(After ref. 3.2) 


Figure 3.5. — Variation of frequency parameter with 
mR/l for an orthotropic shell; SD-SD supports; R/h = 
1000, ra = 0, E x /E e = 5.35, v x = 0.273, G/E e = 0.405. 
(After ref. 3.2) 




mR /*= X/v 


mR/j?= X/tt 


Figure 3.4. — Variation of frequency parameter with 
mR/l for an orthotropic shell; SD-SD supports; R/h = 
1000, 7i = 0, Eg/E t = 5.35, r« = 0.273, G/E x = 0.405. 
(After ref. 3.2) 


Figure 3.6. — Variation of frequency parameter with 
mR/l for an orthotropic shell; SD-SD supports; R/h = 
1000, n = 0, E x /E e = 24.2, r* = 0.270, G/E e = 0.527. 
(After ref. 3.2) 
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Figure 3.7.- — Variation of lowest frequency parameters 
with mR/l for an orthotropic shell; SD-SD supports; 
R/h = 1000, n>l, E e /E x = 24.2, VB = 0.270, G/E x — 
0.527. (After ref. 3.2) 



mn/e ■ X/ir 

Figure 3.8. — Variation of lowest frequency parameter 
with mR/l for an orthotropic shell; SD-SD supports; 
R/h = 1000, n> 1, E e /E z = 24.2, r S =0.273, G/E x =0.405. 
(After ref. 3.2) 



Figure 3.9. — Variation of lowest frequency parameter 
with mR/l for an orthotropic shell; SD-SD supports; 
72/A = 1000, n> 1, E x /E e = 5.35, r„ = 0.273, G/E e = 
0.405. (After ref. 3.2) 



Figure 3.10. — Variation of lowest frequency parameter 
with mR/l for an orthotropic shell; SD-SD supports, 
R/h = 1000, n>l, E x /E e = 24.2, ^ = 0.270, G/E e = 
0.527. (After ref. 3.2) 
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where the coefficients K 0 and K i are given by 
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DiGiovanni and Dugundji (ref. 3.2) used the 
Goldenveizer-Novozhilov theory with exact mode 
shapes in the form of equations (3.23) to analyze 
a set of orthotropic shells having R/h= 1000 and 
various ratios of orthotropic elastic constants. 
Numerical results for n = 0 are shown in figures 
3.3 through 3.6, and for n> 1 in figures 3.7 
through 3.10. In figures 3.3 through 3.6 all three 
frequency parameters arising from the solution 
of the characteristic equation in co 2 are shown. 
The torsional mode for an orthotropic circular 
cylindrical shell uncouples from the other two 
axisymmetric modes as in the isotropic case. 
Torsional frequency is only slightly affected by 
the stiffness ratio Ee/E x , while the axial frequency 
depends mainly upon the stiffness in the axial 
direction. The torsional frequency parameter is 
simply 

w bVp(1-^,)/^. = +3- < 3 - 26 ) 


while the torsional frequency of a thin-walled 
circular bar according to St. Venant torsion 
theory is 

o>R'\/p(l — v x ve)/E x = \yj^- (3.27) 


The other two frequencies shown in figures 3.3 
through 3.6 have as asymptotes the frequency of 
axial vibrations of a bar, 

uRy/ p(l — v x vo)/E x = \\ / 'l — v x ve (3.28) 

the frequency of radial vibrations of a ring in 
plane strain for long axial wave lengths (small X) 

wRy/ p{\ — v x ve)/E x = y/ E$/E x (3.29) 


and a ring in plane stress for short axial wave 
lengths (large X) 

wRy/ p(l — v x ve)/E x = \/vr( 1 — v x ve) (3.30) 

The quantity p 0 R/C shown in figures 3.3 through 
3.6 is an internal pressure parameter which will 
be discussed in section 3.4.4. 

In figures 3.7 through 3.10 the lowest of the 
three frequencies is shown for each value of n. 
For ?i = l (beam bending mode) and long axial 
wave lengths the frequency parameters are 
asymptotic to those of beams according to the 
Euler-Bernoulli theory; i.e., 

co Ry/ p(l — v x ve)/E x = \ 2 \l-(l — v x ve) (3.31) 

This asymptotic behavior is shown in figure 3.11 
for cases when E x /Ee> 1 and Ee/E x > 1. These 
figures show that for long axial wave lengths the 
circumferential stiffening has negligible effect on 



Figure 3.11. — Frequency parameters for the beam-type 
modes (n = l) of orthotropic shells. (After ref. 3.2) 
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the beam-type frequencies; however, for short 
axial wave lengths circumferential stiffening pro- 
duces a major effect, whereas axial stiffening has 
only a slight effect. 

For 7i > 2 the asymptotic values of the three 
frequencies for long axial wave lengths are those 
of the inextensional mode of a ring, 


oRV p(l — v x ve)/E x 




,?i 2 (?i 2 — i ) 2 , . 

■vzve) — — — (3.32) 

n 2 + 1 


the axial shear mode, 

uKV p(l — v x v$)/E x = n'\/G/E x (3.33) 

and the extensional mode of a ring, 

co Ry/ p(l — v x ve)/E x 


- 4 - 


^)(n 2 +l) (3.34) 


Figures 3.7 through 3.10 show that the stiffness 
ratio E x /E e has little effect on the lowest fre- 
quency, which is for a predominantly radial 
mode, for long and intermediate wave lengths 
for E x >E e . However, for E S >E X the frequency 
shows a marked increase with increasing Ee/E x 
(circumferential stiffening). As for the isotropic 
case, in all orthotropic cases for n> 2, the value 
of n for which the fundamental (minimum) fre- 
quency occurs increases with increasing X. 

Calculations were also made in reference 3.2 
for circular cylindrical shells having integral 
stiffeners of the type shown in figure 3.2. The 
equivalent “smeared out” orthotropic stretching 
and bending constants were calculated accord- 
ing to equations (3.16) and (3.17). In one case 
integral ring stiffeners were used; in the second 
case the stiffeners were longitudinal stringers. 
For both cases R/h was taken at 1000, and the 
repeating section dimensions are determined by 
the ratios 5 w //i s = 4, h w /b a = 0.10, and h w /h s = ()A() 
(0 = 0.280). It is important to note that in these 
two cases of integrally stiffened shells the ratios 
of stretching stiffnesses to each other are, in gen- 
eral, different than the ratios of the bending stiff- 
nesses, unlike the unstiffened orthotropic shells 
described in figures 3.3 through 3.11. The two 
cases were chosen, however, so that the ratios of 
bending stiffness Du/ Du and D^/Du were both 
24.2 as for two of the unstiffened orthotropic 


shells. Axisymmetric (n = 0) frequency param- 
eters for the ring-stiffened and stringer-stiffened 
shells are shown in figures 3.12 and 3.13, respec- 
tively. Frequency parameters for the n> 1 modes 
are depicted in figures 3.14 and 3.15. In these 
figures p* is an average mass density constant 
taking into account both the shell and the 
stiffeners. 

From figures 3.7 and 3.14 it is evident, when 
comparing the two types of circumferential stiff- 
ening, that the frequency of the predominantly 
radial frequency is approximately the same as 
that of the uniform thickness orthotropic cylin- 
der when viR/l <0.5 and n > 2. For greater values 
of viR/l, the frequency of the stiffened cylinder 
decreases below that of the uniform cylinder for 
all values of n>2. However, this decrease dimin- 
ishes with increasing n, so that for very large n, 
the frequencies for both these cylinders (uniform 
and stiffened) again become approximately the 
same. This is because for large values of n and 
inR/l the influence of bending is predominant. 
Looking at the cases of axial stiffening (cf ., figs. 
3.10 and 3.15), one observes that for ?i>4 fre- 
quencies for both types of cylindrical shells are 
nearly the same for long axial wave lengths; for 
intermediate axial wave lengths the differences 
in the frequencies between the two types be- 
come appreciable; while for short axial wave 
lengths the differences again become small. For 
n = 2 and 3, the frequency of the shell having- 
stringers is less than that of the corresponding 
uniform shell for all but large X. 

An interesting study of the effects of changing 
CA/C'u and Cgg/Cu ratios upon the frequencies 
of uniform orthotropic shells was made by Dong 
(ref. 3.7) using the Donnell-Mushtari theory and 
the exact displacement functions of equations 
(3.23). Numerical results are seen in figures 3.16 
and 3.17 for shells having 72 = 40 in., /i = 0.4 in., 
and C 12 /A = 0.1X10* psi. In figure 3.16 C-n/h 
and C Q&/h are taken to be 33.0 X10 6 psi. and 
14.5 X10 6 psi., respectively. A family of fre- 
quency envelopes is shown for various Cn/Cu 
ratios, plotted over a range of l/R. In figure 3.17 
Cn/h is 33.0X10 6 psi. and C^/h is 330X10 6 psi. 
It is apparent in this latter figure that as l/R is 
increased the curves approach each other, indi- 
cating small dependence of w upon the shear 
modulus for large l/R. This is because the vi- 
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Figure 3.12. — Frequency parameters for a ring-stiffened 
cylindrical shell; SD-SD supports, n = 0. (After ref. 3.2) 




Figure 3.14. — Frequency parameter for a ring-stiffened 
cylindrical shell; SD-SD supports, n= 0. (After ref. 3.2) 



mR/-A 


Figure 3.13. — Frequency parameter for a stringer- 
stiffened cylindrical shell; SD-SD supports, n= 0. 
(After ref. 3.2) 


Figure 3.15. — Frequency parameter for a stringer- 
stiffened cylindrical shell; SD-SD supports, n> 1. 
(After ref. 3.2) 
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Figure 3.16. — Frequency envelopes for an orthotropic 
shell; SD-SD supports; R/h = 100, C 22 /C 12 =330, 

C M /C n = 0.440. (After ref. 3.7) 


Figure 3.17. — Frequency envelopes for an orthotropic 
shell; SD-SD supports, R/h = 100, C 22 /C 11 = 10, 

(722/(7,2=3300. (After ref. 3.7) 


bration modes are predominantly radial for large 
l/R. For small values of 1/ It and large Cm, how- 
ever, the lowest frequency can correspond to a 
mode which is predominantly circumferential. 
This is shown by the dotted line in figure 3.17 
for Cm/C n= 100. For this mode, n=l. 

Iioppmann (refs. 3.8 and 3.9) proposed deter- 
mining the stretching and bending stiffness co- 
efficients Cij and Dij of integrally stiffened shells 
from static deflection tests on flat plates, and 
then solving the cylindrical shell free vibration 
problem using these coefficients as input data. 
He used Love’s strain-displacement equations 
and the exact solution equations (3.23) to arrive 
at a characteristic equation 


An — A 

A12 

Al 3 



A12 

<J 

1 

cu 

Cl 

✓< 

A23 

= 0 

(3.35) 

A13 

A23 

A33 — A 




where 


An = R 2 C 66 "b A 2 C ii 

A22 = ?l 2 C , 22 _ h^?I 2 H22 + A 2 C66 _ l _ 4fcA 2 C , 66 

A33 = C , 22+&A 4 -Dn+A;?i 4 .D22+2fcA 2 ?i 2 .Di2 

+4fcn 2 A 2 H66 

A12 = — AnCu — \nC M 

Al 3 = AC12 

A23 = — nC 22— kn 3 D kn\ 2 D 12 

— 4/cnA 2 Z) 6 6 




(3.36) 


A cursory comparison with equations (2.5), (2.7), 
and (2.9a) show that equations (3.36) do not 
agree with the Love-Timoshenko equations in 
the isotropic case, nor with any of the other shell 
theories included within equations (2.9). Re- 
sults were obtained for aluminum shells having 
an internal diameter of 3.85 in. and a length of 
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15.53 in. The shell thickness was 0.065 in. and 
the stiffeners had a width of 0.125 in., a depth of 
0.210 in., and spacing of 0.75 in. (see figure 3.18). 
The elastic constants as determined by static 
tests were 

cn/h, = 1.4X10- 6 


Cu/h a = — 0.21X10 -6 
c 22 A e = 0.83 X10~ 6 


(3.37a) 


c 6 6//h = 2.11X10- 6 


du/hb 3 — 306 X 10 -6 
du/h b 3 =- 8.3 X10- 6 
du/hb 3 = 13X10 -6 
dbb/hb 3 = 370 X 10 -6 


(3.37b) 


in units of inches and pounds, where h s and hb 
are the stretching and bending thicknesses, re- 
spectively, where in this case the elastic con- 
stants arise from the stress-strain relations for 
stretching 

tx, — Cue * t T Ci2°'e s I 

fe„ = ci 20 ’x,~\~C 22 < ^e, / (3.38a) 

^ x0 8 ^66 T x 0 a J 

and bending 

= diiCTxj + du<Te b j 

— di2(T Xb -\-d22 <r e b i (3.38b) 

£xO b dbbTxbi J 

Theoretical frequencies from equation (3.35) and 
experimentally measured frequencies are given 
in table 3.1 for shells having circumferential 
stiffeners and in table 3.2 for shells having- 
longitudinal stiffeners. 

In table 3.1 theoretical results taken from ref- 
erence 3.4 are also given for Hoppmann's ring- 
stiffened shells. These values were obtained using 
the Love-Timoshenko equations of motion given 
in equations (3.9) and the method of calculating- 
equivalent orthotropic constants given in equa- 
tions (3.20) and (3.21). Hu and Wah (refs. 3.10 
and 3.11) also gave theoretical results for this 
problem as shown in table 3.1. They treated the 
shell segments and rings as discrete elements by 
means of stiffness matrices. Two factors contrib- 
uted to error in the latter calculation : (1) Neglect 
of ring eccentricity and (2) the use of a slightly 
greater length of shell (15.0 in., rather than 



Figure 3.18. — Test models of stiffened shells. 

(After ref. 3.8) 

15.53 in.). Finally, results are shown in table 3.1 
taken from reference 3.12 wherein stiffeners were 
smeared out by means of an “effective width” 
and the Arnold- Warburton strain-displacement, 
equations were used. 

Sewall and Naumann (ref. 3.13) accomplished 
the smearing out of rings and stringers into the 
shell by means of a Ritz procedure using beam 
functions which included the strain energies of 
the rings and stringers and assumed vibration 
modes (eqs. (3.23) in the case of SD-SD sup- 
ports) and used their method to compare results 
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Table 3.1. — Lowest Frequencies ( cps ) for a Ring-Stiffened 
Shell Supported by Shear Diaphragms 


n 

Reference 

m 

i 

2 

3 

4 

5 




3.8 (exper.) 

1530 

2040 

3200 

4440 

6200 


3.8 (theor.) 

1530 

2100 

3330 

4860 

6480 

2 

3.4 

1529 

2112 

3266 

4608 

5932 


3.10 

1413 

2447 

4031 

5668 

7188 


3.12 

1660 

2270 

3500 

4960 

6420 


3.8 (exper.) 

4080 

4090 

4520 

5000 

5700 


3.8 (theor.) 

4230 

4320 

4500 

5040 

5760 

3 

3.4 

4171 

4234 

4472 

4933 

5576 


3.10 

3537 

3731 

4261 

5094 

6090 


3.12 

4500 

4590 

4850 

5360 

6070 


3.8 (exper.) 
3.8 (theor.) 
3.4 



7520 

7800 

7920 


8100 

8100 

8190 

8280 

4 

7994 

8000 

8055 

8179 

8395 


3.10 

3.12 

6700 

6772 

6957 

8520 

7296 

8680 

7787 

8950 





3.8 (exper.) 
3.8 (theor.) 
3.4 




11,400 



13,050 

13,100 

12,930 

13,140 

13,230 


5 

12,928 

19 '946 

12 ^ 990 

(a) 


3.10 

3.12 

10,730 

10,783 

10,892 

11,079 

11,357 








° Meaningless value given in reference 3.4. 


for Hoppmann’s ring-stiffened shell. The com- 
parison is shown in figure 3.19. Donnell-type 
strain-displacement relationships were used for 
the shell. 

In table 3.2 numerical results are also available 
from references 3.14 and 3.15 for Hoppmann’s 
stringer-stiffened shell. Adelman, Catherines, and 
Walton (ref. 3.14) used a finite element approach 
to compare with Hoppmann’s exact solution and 
to obtain better accuracy for comparison with 
their method they programmed the accurate solu- 
tion of Hoppmann’s exact characteristic equation 
(Hoppmann’s theoretical results given in tables 
3.1 and 3.2 carry no more than three significant 
figures and may have been calculated by slide 
rule). The agreement between the exact and 
finite element solutions is clearly outstanding, 

Figure 3.19. — Frequencies of a cylindrical shell having 

19 integral stiffening rings and shear diaphragm 

supports. (After ref. 3.13) 
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Table 3.2. — Loivest Frequencies ( cps ) for a Stringer-Stiffened 
Shell Supported by Shear Diaphragms 


n 

Reference 

m 

i 

2 

3 

4 

5 


3.8 (exper.) 

700 






3.8 (theor.) 

750 

2300 

4200 

6100 

7900 

2 

3 . 14 (exact) 

739 

2229 

4234 

6299 

8206 


3.14 (fin.el.) 

739 

2229 

4234 

6300 

8210 


3.15 

836 

2698 

6267 




3.8 (exper.) 

1270 

1830 

2640 

5490 

6100 


3.8 (theor.) 

1150 

1700 

2870 

4360 

5900 

3 

3 . 14 (exact) 

1184 

1719 

2840 

4318 

5962 


3 . 14 (fin.el.) 

1184 

1719 

2840 

4319 

5968 


3.15 

1276 

1750 

3059 

5178 



3.8 (exper.) 

2200 

2600 

3360 

4100 

5200 


3.8 (theor.) 

2100 

2350 

2970 

3960 

5100 

4 

3 . 14 (exact) 

2167 

2414 

3002 

3966 

5234 


3 . 14 (fin.el.) 

2167 

2414 

3002 

3967 

5240 


3.15 

2255 

2358 

2762 

3636 

5016 


3.8 (exper.) 

3460 

4080 

4120 

5130 

6100 


3 . 8 (theor.) 

3340 

3510 

3900 

4620 

5600 

5 

3 . 14 (exact) 

3468 

3650 

4040 

4706 

5669 


3 . 14 (fin.el.) 

3468 

3650 

4040 

4707 

5675 


3.15 

3552 

3580 

3699 

4002 

4577 


especially for the lower values of m. Only 10 
elements in the axial direction were needed for 
this accuracy. Numerical results for other cir- 
cumferential wave numbers n were also given in 
reference 3.14 for the stringer-stiffened shell and 
these are displayed in table 3.3 for the exact 
solution. In table 3.3 all three frequencies result- 
ing from solution of the cubic characteristic 
equation are tabulated. Note that, unlike for 
isotropic shells, the frequencies for n = 0 and n = 1 
do not increase monotonically with the value 
of m. A plot of the minimum co 2 versus n taken 
from these data is shown in figure 3.20. Figure 
3.21 shows the three frequencies arising for n = 2 
and 1 <m <5. 

The results of Penzes (ref. 3.15) shown in table 
3.2 were obtained by using Hoppmann’s elastic 
constants, the Donnell-Mushtari shell theory 
with Yu’s simplifying assumption (see sec. 2.3.5), 

Figure 3.20. — Minimum circular frequencies for a 

stringer-stiffened shell supported by shear diaphragms. 

(After ref. 3.14) 
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Table 3.3 . — Frequency Sets ( cps ) for a Stringer-Stiffened Shell 
Supported by Shear Diaphragms 


n 

m 

i 

2 

3 

4 

5 

0 

1.457X10 4 
7.135X10 3 
1.425 X 10 1 

1.307X10 4 

1.592X10 4 

9.010X10 3 

1.404 X 10 4 
2.227X10 4 
1.352X10 4 

1.422X10 4 

2.946X10 4 

1.802X10 4 

1.440X10 4 

3.673X10 4 

2.252X10 4 

1 

1.666X10 3 
1.331X10 4 
2.114 X 10 4 

4.863X10 3 
1.634X10 4 
2.363 X 10 4 

7.920X10 3 

2.824X10 4 

1.894X10 4 

1.025X10 4 

3.410X10 4 

2.169X10 4 

1.183X10 4 

4.052X10 4 

2.502X10 4 

2 

7.390X10 2 

2.354X10 4 

3.320X10 4 

2.229X10 3 
2.462X10 4 
3.561 X10 1 

4.234X10 3 

2.617X10 4 

3.933X10 4 

6.299X10 3 

4.401X10 4 

2.816X10 4 

8.206X10 3 

4.933X10 4 

3.064X10 4 

3 

1.184X10 3 

3.477X10 4 

4.653X10 4 

1.719X10 3 

3.508X10 4 

4.862X10 4 

2.840X10 3 

3.576X10 4 

5.178X10 4 

4.318X10 3 

3.690X10 4 

5.575X10 4 

5.962X10 3 

6.032X10 4 

3.853X10 4 

4 

2.167X10 3 

4.624X10 4 

6.033X10 4 

2.414X10 3 ' 

4.625X10 4 

6.213X10 5 

3.002X10 3 

4.647X10 4 

6.487X10 4 

3.966X10 3 

4.703X10 4 

6.833X10 4 

5.234X10 3 

4.800X10 4 

7.236X10 4 

5 

3.468X10 3 

5.777X10 4 

7.437X10 4 

3.650X10 3 

5.766X10 4 

7.593X10 4 

4.040X10 3 

5.765X10 4 

7.833X10 4 

4.706X10 3 

5.787X10 4 

8.140X10 4 

5.669X10 3 

5.839X10 4 

8.502X10 4 

6 

5.064X10 3 

6.933X10 4 

8.854X10 4 

5.227X10 3 

6.917X10 4 

8.990X10 4 

5.549X10 3 

6.905X10 4 

9.203X10 4 

6.079X10 3 

6.906X10 4 

9.479X10 4 

6.858X10 3 

6.929X10 4 

9.806X10 4 

7 

6.951 X10 3 
8.089X10 4 
1 . 028'XIO* 

7.108X10 3 

7.914X10 4 

1.040X10 6 

7.401X10 3 

8.054X10 4 

1.059X10* 

7.867X10 3 

8.043X10 4 

1.084X10* 

8.543X10 3 

8.047X10 4 

1.114X10* 

8 

9.129X10 3 

9.246X10 4 

1.171X10* 

9.284X10 3 

9.229X10 4 

1.182X10 6 

9.563X10 3 

9.208X10 4 

1.199X10* 

9.995X10 3 

9.190X10 4 

1.222X10* 

1.061X10 4 

9.182X10 4 

1.249X10* 

9 

1.160X10 4 

1.040X10* 

1.314X10 6 

1.175X10 4 

1.039X10* 

1.324X10 6 

1.202X10 4 

1.036X10* 

1.340X10 6 

1.243X10 4 

1.034X10* 

1.361X10* 

1.301 X10 4 
1.033X10* 
1.386X10* 

10 

1.436X10 4 

1.156X10* 

1.458X10 6 

1.451X10 4 

1.154X10* 

1.467X10 6 

1.478X10 4 
1. 152X10* 
1.481X10* 

1.518X10 4 

1.150X10* 

1.500X10* 

1.573X10 4 

1.148X10* 

1.524X10* 
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and exact solution functions in the form of 
equations (3.23). 

Using the exact solution functions given by 
equations (3.23) and substituting into the equa- 
tions (3.22) of motion, Mikulas and McEIman 
(ref. 3.3) derived the following frequency formula 
to take into account the “smeared out” ortho- 
tropy of stiffening rings and stringers : 



c c 2 Ml* 
t*D 


where 


m 4 (l + 5 2 ) 2 


+m 


+ 5 4: 


, JGsJ, , G r Jr\ 

L Dd +8 \ Dd + Da ) 

,U r 7 r l 12Z 4 (1 — v 2 ) 

Da J ' h 2 R 2 _ 

1 -\-SA s -\-RA r -\-SRA r 


} 


(3.39) 


A s = l + 2X 2 (z„/.R)(5 2 -r) 

+ XW«) 2 (l + 5 2 ) 2 

A r = 1 + 2n 2 (z r /R) (1 — v5 2 ) 
+n\z s /R)\ 1 + 5 2 ) 2 


A„ = n 2 X 2 [5 2 (l - r 2 ) +2(1 + v)](z s /R) 2 
+ n 4 [l — r 2 +25 2 (l + r)](l r /f?) 2 
+2w 2 (l — v 2 ) (z,/R) 

+2?i 2 (l — v 2 ) (z r /R) 

+2r 4 (1 + v ) \z r /R) ( z s /R ) + 1 - + 


(3.40) 


A = (l + S 2 ) 2 +25 2 (l + y) (/?+(§) 

+ (l-r 2 )[ ( S + 8 4 E+28 2 R ) S(l + r)]. 


where \=mirR/l, as before, 

g EAs fi_ ErAr 

Ehd ’ Eha 


mirR 


(3.41) 


and other notation is as used previously in equa- 
tions (3.22). 

Frequencies determined in reference 3.3 for two 
stringer-stiffened shells are shown in figures 3.22 
and 3.23. Dimensions of the stringers used in each 
case are shown on the figures. The eccentricity of 
the stiffeners causes considerable difference in the 
rigidity of the cylinders; for both cases the lowest 
frequency for external stiffening was 35 percent 
greater than for internal stiffening. However, for 
the second case the curves for external and 



Figure 3.21. — Frequencies (rad/sec) 2 of a stringer- 
stiffened shell supported by shear diaphragms. 
(After ref. 3.14) 



0 2 4 6 8 10 12 14 

CIRCUMFERENTIAL WAVE NUV3ER,n 


Figure 3.22. — Frequencies of a stringer-stiffened shell 
supported by shear diaphragms. (After ref. 3.3) 
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internal stiffeners cross for m = 2. It was also 
found in reference 3.3 that a stringer-stiffened 
shell having the same dimensions as in figure 
3.22, except increased stringer depth (0.302 in. 
becomes 0.500 in.), the lowest frequency for 
external stiffening was 64 percent greater than 
for internal stiffening. 

In reference 3.13 the effect of additional cir- 
cumferential stiffening due to the presence of 
stringers is quantitatively compared with the 
results of figure 3.22, This effect is significant for 
both small and large n, but not in the vicinity of 
the lowest frequency. The decrease in frequencies 
due to the rotary inertia of a stiffener is also 
evaluated. This effect is significant for large n. 

In figure 3.24 (from refs. 3.3 and 3.16) fre- 
quencies are given for a ring-stiffened shell. This 
configuration was obtained by replacing the 
stringers of figure 3.22 with rings having the same 
cross section and spacing. Comparing figures 3.22 
and 3.24 it is seen that the rings give considera- 
bly larger values of fundamental frequency than 
do the stringers; hence, they provide more effec- 
tive stiffening. Tor this ring-stiffened shell the 
lowest frequencies occur for internal stiffeners. 
However, the effects of eccentricity are not as 
important, giving a lowest frequency which is 
only 6 percent higher for internal rings than for 



0 8 16 24 32 40 48 


CIRCUMFERENTIAL WAVE NUMBER, n 

Figure 3.23.— Frequencies of another stringer-stiffened 
shell supported by shear diaphragms. (After ref. 3.3) 



CIRCUMFERENTIAL WAVE NUMBER, n 


Figure 3.24. — Frequencies of a ring-stiffened shell 
supported by shear diaphragms. (After refs. 3.3 and 
3.10) 

external ones. Tor m = 2, however, external rings 
give a higher frequency at the lower portions of 
the curves than internal rings. 

Hu and Wah (refs. 3.10 and 3.11) also obtained 
results for the ring-stiffened shell of figure 3.24 in 
the case where the rings are assumed symmetric 
with respect to the shell thickness (i.e., no eccen- 
tricity). Shell segments and rings were taken as 
separate finite elements in their analysis. It is seen 
in figure 3.24 that eccentricity is not important 
for small values of n where membrane stresses 
play a primary role, but it is important for large n 
where bending strain energy predominates. 

Hu, Gormley, and Lindholm (ref. 3.17) ex- 
tended the discrete method of references 3.10 and 
3.11 to include the effects of ring eccentricity. 
Numerical results were obtained by this proce- 
dure and compared with those of the “smeared 
out” method of Mikulas and McElman (ref. 3.3) 
for the ring-stiffened shells shown in figure 3.25. 
Each shell has 12 bays. It is interesting to note 
the marked difference between the two methods 
concerning the importance of ring eccentricity. 
The method of reference 3.3 shows the effect of 



204 


VIBRATION OF SHELLS 



CIRCUMFERENTIAL WAVE NUMBER, n 


Figure 3.25. — Comparison of discrete and smeared-out 
analyses for ring-stiffened SD-SD shells. (After ref. 
3.17) 


eccentricity to be very important, whereas the 
method of reference 3.17 shows little effect at 
all. The experimental results tend to support the 
latter analysis. Furthermore, for circumferential 
wave numbers n > (i the latter analysis, unlike 
the former, shows a flattening of the frequency 
curve. 

Figure 3.26 shows some interesting relation- 
ships between the frequencies of the ring-stiffened 
shell of figure 3.25 and certain reference frequen- 
cies such as those of the unstiffened shell (no 
ring), those of the short cylindrical shell segment 
between two adjacent rings (assuming SD-SD 
supports, and those of the free ring separated 
from its two adjacent shell elements. The fre- 
quencies of the three types of stiffened shells 
(internal, external, and symmetric) obtained 
from the discrete analysis of reference 3.17 are 
too close to be shown distinctly on the scale of 
figure 3.26; therefore, only the frequency curve 
for the symmetric case is shown. The frequency 


curve for the stiffened shell is divided into three 
regions according to abscissa values of the inter- 
section points of: (1) the two frequency curves 
for the unstiffened shell and for the free ring, and 
(2) the two frequency curves for the free ring 
and for the uncoupled short cylindrical shell seg- 
ment. These three regions, shown in figure 3.26, 
are characterized as 

Region I: The rings contribute more inertia 
effect than stiffness effect, so that the frequency 
of the stiffened shell is lower than that of the 
unstiffened one. 

Region II: The rings contribute the dominant 
stiffness, so that the frequency is higher than that 
of the unstiffened shell, but lower than the ring 
frequency. 

Region III: The ring motion becomes so small 
compared to the shell panel motion between rings 
that the frequency asymptotically approaches 



Figure 3.26. — Comparison of ring-stiffened SD-SD 
shell frequencies (cps) with other reference frequencies. 
(After ref. 3.17) 
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that of the clamped-clamped shell segment (the 
curve shown in figure 3.26 is for a SD-SD shell 
segment) . 

In the last region it is clear that equivalent ortho- 
tropic analyses are not applicable. It should be 
emphasized that the frequencies for m = 1 are 
plotted in figure 3.26, and this is not the lowest 
frequency mode for all n. Reference 3.17 shows 
that in region III the lowest frequencies will 
occur for m equal to the number of bays between 
rings, in this case 12. 

Similar parametric studies are shown in figures 
3.27 and 3.28 wherein the number of stiffening 
rings is varied for the same length of shell and 
the depth of the ring stiffeners is varied. Chang- 
ing the number of rings has a significant effect 
only in region III. Decreasing the ring depth low- 
ers the minimum frequency only slightly and 
increases the value of n at which the minimum 
occurs (the shell of fig. 3.28 has 12 bays). 

Schnell and Heinrichsbauer (refs. 3.18 and 



Figure 3.27. — Influence of number of rings upon the 
frequencies of a ring-stiffened SD-SD shell. (After ref. 
3.17) 



CIRCUMFERENTIAL WAVE NUMBER, n 


Figure 3.28. — Influence of ring depth upon the freq- 
uencies of a ring-stiffened SD-SD shell. (After ref. 
3.17) 


LENGTH OF SHELL = 38.8 in. 






(bl CLOSED PROFILE 


Figure 3.29. — Details of stringer cross sections. 

(After ref. 3.19) 

3.19) analyzed the effects of internal stiffening by 
means of stringers having a “hat shape” as shown 
in figure 3.29(a). Two theoretical approaches 
were followed. One smeared the stringers out into 
orthotropic elastic constants of an equivalent cir- 
cular cylindrical shell; the other represented the 
stringers and shell segments as separate, discrete 
elements. In figure 3.30 frequencies are given for 
the shell having four equally spaced stringers. 
The dashed curves are for the calculations using 
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Figure 3.30. — Frequencies of a stringer-stiffened SD-SD 
shell having four single internal stringers. (After ref. 
3.19) 



Figure 3.31. — Mode shape where stringers only twist 
(stringers “at rest”). (After ref. 3.19) 


Figure 3.32. — Frequencies of a stringer-stiffened SD-SD 
shell having eight single internal stringers. (After ref. 
3.19) 

smeared out orthot.ropy, while the data points 
are for the discrete analysis. For n = 2, 4, 6, . . . , 
two different types of modes are possible. For one 
type, the stringers lie on symmetry axes of the 
mode, and the stringers undergo normal displace- 
ment; in the second type of mode the stringers 
lie on axes of antisymmetry and they only twist 
(see figure 3.31) and are “at rest” with respect to 
displacement. Similar results are presented for 
eight equally spaced stringers in figure 3.32. Fig- 
ures 3.33 and 3.34 show frequencies when doubled 
stringers are used (see figure 3.29(b)). The simple 
sine function assumed in the d direction for an 
exact solution of the “smeared out” equivalent 
orthotropic shell problem only approximates the 
true behavior of the shell as can be seen in figure 
3.35. Here the mode shapes for the shell having 
four single stringers are given from discrete ele- 
ment and experimental studies for m = 2, n = 4 
and vi = 1, n — 10, where n now identifies the 
number of circumferential approximate half-sine 
waves. 
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Figure 3.33. — Frequencies of a stringer-stiffened SD-SI) 
shell having four double internal stringers. (After ref. 
3.19) 


m=2,nM 




THEORY:/ =332 cps 


Figure 3.34. — Frequencies of a stringer-stiffened SD-SD 
shell having eight double internal stringers. (After ref. 
3.19) 


m=l , n = 10 




THEORY: f = 266 cps 



Figure 3.35. — Theoretical (discrete element) and experimental mode shapes in the circumferential direction for an 
SD-SD shell having four equally spaced stringers. (After ref. 3.19) 


Another comparison with the results shown in obtain good numerical convergence. Typical 

figures 3.30 and 3.32 was made by Egle and mode shapes encountered for w are shown in 

Sewall (ref. 3.20) using a "smeared out” ortho- figures 3.38 and 3.39. Comparisons with figure 

tropic approach wherein more than a single trig- 3.32 were also made in reference 3.13 for a 

onometric term is used to represent the circumfer- smeared-out, Ritz type of analysis using a single 

ential variation in the mode shapes. The problem trigonometric term to represent the circumfer- 

is then eventually solved by the Ritz method. ential variation. The results were very close to 

Results using twenty terms are shown in figures the smeared-out results shown in figure 3.32. 

3.36 and 3.37; twenty terms were necessary to Another set of stiffened shell problems which 
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Figure 3.36. — Comparison of theoretical “smeared out” 
analysis with experimental results of reference 3.18; 
four stringers. (After ref. 3.20) 



Figure 3.37. — Comparison of theoretical “smeared out” 
analysis with experimental results of reference 3.18; 
eight stringers. (After ref. 3.20) 
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Figure 3.38. — Theoretical circumferential variation in 
mode shapes for a stringer-stiffened SD-SD shell; four 
stringers (After ref. 3.20) 

have received repeated treatment in the litera- 
ture was originally proposed by Galletly (ref. 
3.21). In this case external ring stiffeners were 
added to a steel shell having R= 4.082 in. and 
h = 0.047 in. The ring spacing was 1.236 in. and 
each shell had 15 bays. The rings were rectan- 
gular in cross section and had dimensions (in 
terms of fig. 3.2) of width, h w = 0.086 in.; depth, 
5,0 = 0.1145 in., 0.2290 in., and 0.3435 in. His 
approach was based upon energy using assumed 
displacement functions which allowed an addi- 
tional term to account for inter-ring warping. 
Comparisons were subsequently made by Geers 
(ref. 3.12) using a continuum approach and by 
Wall and Hu (refs. 3.10 and 3.11) using a dis- 
crete element approach. Results obtained from 
these various methods are summarized in table 
3.4. The frequencies from references 3.10 and 
3.11 are considerably less than those of the three 
other methods, undoubtedly, because of neglect 
of eccentricity of the externally mounted rings. 
The effect of inter-ring displacements deviating 


NORMALIZED DEFLECTION (w) 
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Table 3.4. — Comparison of Frequencies ( cps ) for Three Ring-Stiffened 
Shells Supported by Shear Diaphragms 


Reference 


Ring 

depth, 

n 

Galletly (ref. 3.21) 

Geers 
(ref. 3.12) 

Wah and Hu 

b w 


Inter-ring 
warping included 

Inter-ring 
warping neglected 

(refs. 3.10 
and 3.11) 


2 

708 

713 

719 

687 

0.1145 in. 

3 

570 

582 

597 

505 


4 

903 

948 

932 

727 


5 

1430 

1514 

1457 

1124 


2 

704 

709 

730 

675 

0.2290 in. 

3 


1008 

994 

735 


4 


1879 

1774 

1271 


5 


3030 

2780 

2020 


2 

756 

774 

806 

697 

0.3435 in. 

3 

1367 

1512 

1495 

1060 


4 

2595 

2870 

2652 

1937 


5 

3770 

4070 

4102 

3060 



m=l, n=4,f = 98.9 cps LOCATION 



m=l ,n= 8,f =170.3 cps 




m = 2,n=l3,f = 475.7 cps 

I I I I I I I I I I I 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

0/ 277 - 


Figure 3.39. — Theoretical circumferential variation in 
mode shapes for a stringer-stiffened SD-SD shell; 
eight stringers. (After ref. 3.20) 


from the overall sine curve with increasing values 
of n is clearly seen in figure 3.40 for the case of 
the deepest ring (b w = 0.3435 in.). 

A number of other authors have contributed 
to the literature of vibrations of orthotropic cir- 
cular cylindrical shells supported at both ends 
by shear diaphragms, particularly in the case of 
representing stiffened shells by “smeared out” or- 
thotropy. In references 3.22 and 3.23 methods 
based upon using the total energy of the stiffened 
shell are presented, but no numerical results are 
given. Other relevant works include references 
3.24 through 3.40. 

3.1.3 Other Simple End Conditions 

Relatively few results are available for the 
135 problems of free vibration of orthotropic 
closed circular cylindrical shells having one of 
the possible sets of simple boundary conditions 
other than shear diaphragm supports at both 
ends. The exact procedure outlined in section 
2.4 for solving such problems for isotropic shells 
is also straightforwardly applicable to the ortho- 
tropic case when the axes of material orthotropy 
are parallel to the shell axes. However, it was 
seen in section 2.4 that the exact procedure is 
quite complicated even for isotropic shells, re- 
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Figure 3.40. — Mode shapes of a ring-stiffened circular 

cylindrical shell supported by shear diaphragms. 

(After refs. 3.11 and 3.10) 

quiring the solution of an eighth order deter- 
minant to determine the forms of the solution 
functions for u, v, w to satisfy the boundary con- 
ditions, and the solution of a subsequent sixth 
order characteristic determinant arising from the 
equations of motion to determine the eigenfre- 
quencies. The added algebraic complexity arising 
in the orthotropic case apparently has deterred 
anyone from extending the exact solution proce- 
dure with this added generality. 

The Raleigh-Ritz method is particularly well- 
suited to yield approximate solutions for the 
problem of the orthotropic shell having arbi- 
trary edge conditions in the same manner as for 
the isotropic shell. That is, solutions are taken 
in the form of equations (2.66) involving beam 
functions in the axial direction. Gontkevich (ref. 
3.41) showed that this procedure leads to a cubic 
characteristic equation in the form of equation 


(2.67) where the coefficients are given by equa- 
tions (3.42), and where k = h 2 /12R 2 as before, 
values of S m , y m and p m = a m R/l are given by table 
2.22 for the various types of beam functions and, 
in this case, the orthotropic frequency parameter 
R replacing 12 in equation (2.67) is given by 

Sl s =coR\/p(l — v x i>e)/Ee (3.43) 

The stiffness constants Cu, . . . , <766,' Du, 

. . . , D 6 e are defined in equations (3.6) and 
(3.7) as before. For the clamped-clamped and 
clamped-SD shells equations (3.42) can be simpli- 
fied because 8 m =— y m . For SD-SD shells the 
equations are exact and further simplified 
{y m = — y m — 1) . The cubic characteristic equation 
can be approximated still further by one of the 
simplifying techniques suggested in section 2.3.5. 

Sewall and Naumann (ref. 3.13) used a 
smeared-out orthotropic representation (see sec. 
3.1.2) for aluminum shells having external and 
internal longitudinal stiffeners as shown in 
figure 3.41. The smearing out procedure gave 
Dti/D = 1.197, where D is the bending stiffness of 
the unstiffened shell, and v v = D u /Du = 0.346 for 
the equivalent orthotropic constants of the 
stiffened shell. The overall shell dimensions were 
R = 9.55 in. and Z = 25-l/8 in. Experimental 
results were also obtained. Cyclic frequencies for 
clamped-clamped boundaries are presented in 
figure 3.42. The frequency differences between 
externally and internally stiffened clamped- 
clamped shells are quite large, particularly in the 
vicinities of lowest frequencies for a given number 
of axial half-waves m. The minimum frequency 
for the externally stiffened clamped-clamped 
shell was 39 percent greater than that of the 
internally-stiffened one. 

Analytical and experimental results for a 
clamped-clamped shell stiffened by a large num- 


INTERNALLY STIFFENED UNSTIFFENED EXTERNALLY STIFFENED 



Figure 3.41. — Structural details of stringer-stiffened 
shells. (After ref. 3.13) 
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Figure 3.42. — Frequencies of stringer-stiffened, 
clamped-clamped shells. (After ref. 3.13) 


ber (eleven) of integral rings are seen in figure 
3.43 (from ref. 3.13). The experimental data 
shown in figure 3.43 are from reference 3.38. The 
difference between theoretical and experimental 
data becomes large for large n. 

Sewall, Clary, and Leadbetter (ref. 3.35) used 
the smeared-out approach of reference 3.4 (see 
eqs. (3.19)) to analyze clamped-clamped shells 
having ring stiffeners in the form of I-beams as 
depicted in figure 3.44(a). The shell had dimen- 
sions 1 = 29.42 in., h =0.049 in., and 12 = 14.35 in. 
The I-beam stiffener spacing is shown in figure 
3.44(b). Shell and ring materials were both steel. 
The rings were spotwelded to the shell along their 
inside flanges. Figure 3.45 shows the mode shapes 
(in the axial direction) and the associated fre- 
quencies for m= 1 and w = 3, 4, 5 for clamped- 
clamped ends. Both analytical and experimental 
results are given. The effect of discrete ring 
stiffeners is considerable in this case. 

Resnick and Dugundji (ref. 3.5) analyzed the 
free vibrations of clamped-clamped, stiffened 
shells by smearing out the stiffeners according to 
equations (3.18) and (3.19). The strain energy of 
the equivalent orthotropic shell was formulated 
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CIRCUMFERENTIAL WAVE NUMBER, n 

Figure 3.43. — Cyclic frequencies for ring-stiffened 
damped-damped shells. (After ref. 3.13) 


using the Sanders shell theory, and beam func- 
tions were used for the displacements. Integral 
ring and stringer stiffeners of the type shown in 
the repeating section of figure 3.2 were used. 
Using the Sanders shell theory (see chapter 1), 
the generalized stress-strain equations (3.4) and 
(3.5) must be replaced by 



Figure 3.44. — Structural details of ring-stiffened cylin- 
drical shells. (After ref. 3.35) (a) Cross-sectional 
details of I-beam ring stiffeners, (b) Arrangement of 
rings. 


N x = Cue x -\- Cute -\-HnK x -\-Hi2K e j 

Ne = Cl2i X -\-C22ie-\-Hl2K X -{-H22K e > (3.44) 
N x e = C^e x e +# 661*0 I 


M x = Duk x -\- Di2K e -\-Hue x -\-Hi2ee 
Mo~ Dl2K x -\- D22 K 6~\~Hl2ix~\-H22te 
M X $ = D eer +# 666*0 


- (3.45) 


where the coordinates x and 9 for circular cylin- 
drical shells have been used and where H n , # u, 
# 22 , # 66 are additional coupling coefficients 


which for the cross section shown in figure 3.2 
can be taken as 



(3.46) 


in the case of longitudinal stiffeners, for example. 
Numerical results were obtained for aluminum 
shells having dimensions and material properties 
as given in table 3.5. The resulting smeared out 
ratios of equivalent orthotropic stiffness coeffi- 
cients are also listed in table 3.6. Theoretical and 


NORMALIZED NORMALIZED NORMALIZED 

DEFLECTION DEFLECTION DEFLECTION 
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Figure 3.45. — Comparison of measured and calculated 
longitudinal mode shapes for a ring-stiffened, clamped- 
clamped shell. (After ref. 3.35) 


experimental frequencies for clamped-clamped 
ends are shown in figures 3.46 and 3.47 corre- 
sponding to axial and circumferential external 
stiffening, respectively. In these figures results 
for shells supported at both ends by shear dia- 
phragms are also presented. The difficulty of 
obtaining adequate clamping in the experimental 
models is seen in these figures. 

It was found in reference 3.5 that the addition 
of axial stiffeners had only a small effect on the 


Table 3.5. — Dimensions and Material Properties 
of Integrally Stiffened Shells 


Dimension 

Type of stiffening 

Axial 

Circumferential 

R 

2.91 in. 

2 . 92 in. 

l 

12.22 

12.05 

h. 

0.0075 

0.0080 

b. 

0.120 

0.120 

hjb . 

0.23 

0.10 

b w /h s 

5.33 

3.63 

E 

9.9 X10 6 psi 

9.9 X10 6 psi 

P 

0.254 

0.254 


X10 -3 lb-sec 2 /in. 4 

X10 -3 lb-sec ! /in. 4 

V 

0.3 

0.3 

Stretching 

stiffness 

(722=101,200 lb /in. 

C n = 94,400 lb /in. 

Bending 

stiffness 

Du — 0.496 lb-in. 

D n = 0.514 lb-in. 


Table 3.6. — Calculated Ratios of Stiffness Coefficients for Integrally Stiffened Shells 


Type of eccentricity 


Ratio 

of 

stiffness 

coefficients 

External 

None 

Internal 

Axial 

stiffeners 

Circum. 

stiffeners 

Axial 

stiffeners 

Circum. 

stiffeners 

Axial 

stiffeners 

Circum. 

stiffeners 

C 22 /Cn 

0.578 

1.24 

0.578 

1.24 

0.578 

1.24 

C 12 /Cn 

.174 

.30 

.174 

.30 

.174 

.30 

C^/Cn 

.202 

.35 

.202 

.35 

.202 

.35 

D22/DH 

. 00775 

23.9 

.01374 

19.1 

.00775 

23.9 

D 22 /Du 

.00178 

.27 

.00316 

.27 

.00178 

.27 

Dm/Dii 

.0198 

.48 

.035 

.48 

.0198 

.48 

h 22 /rc u 

. 00423 

.00193 

0 

0 

- . 00423 

-.00193 

h 12 /RCu 

0 

0 

0 

0 

0 

0 

Hu/RCu 

0 

0 

0 

0 

0 

0 


FREQUENCY, cps 
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Figure 3.46. — Comparison of the effects of clamped- 
clamped and SD-SD boundaries upon the frequencies 
of an axilly stiffened shell. (After ref. 3.5) 



CIRCUMFERENTIAL WAVE NUV.3ER, n 


Figure 3.47. — Comparison of the effects of clamped- 
clamped and SD-SD boundaries upon the frequencies 
of a circumferentially stiffened shell. (After ref. 3.5) 



Figure 3.48. — Eccentricity effects upon tne frequencies 
of a clamped-clamped, axially stiffened shell. (After 
ref. 3.5) 



Figure 3.49. — Eccentricity effects upon the frequencies 
of a clamped-clamped, circumferentially stiffened shell. 
(After ref. 3.5) 
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frequency distribution for the shell. That is, for 
to = 1 the minimum frequencies are about the 
same and occur at the same value of n, while for 
larger n the axially stiffened shell has somewhat 
lower frequencies than for the isotropic case. This 
occurs because the vibration modes for large n 
involve Da, which is about the same in both 
cases, but the stiffened shell has about twice as 
much effective mass. For m — 3, the axially stiff- 
ened shell has somewhat higher frequencies than 
the unstiffened one because of the importance 
of D n ■ 

The addition of circumferential stiffeners in- 
creased most frequencies of the shell. For all m 
the minimum frequencies were significantly 
higher and sharper and occurred at lower values 
of n. For m = 1 and higher values of n, the 
increase in frequency is even greater. However, 
for small n the circumferentially stiffened cylin- 
der has somewhat lower frequencies than the 
unstiffened shell. This is due to the important 
role of stretching stiffness C n which is the same 
in this case for both shells. Thus, the circumfer- 
ential stiffeners were of much smaller size than 
the axial ones, but had a much greater effect in 
raising the frequencies. 

The effects of stiffener eccentricity for the 
clamped-clamped shells of reference 3.5 are de- 
scribed by figures 3.48 and 3.49. All results 


shown are theoretical. The external axial stiffeners 
generally cause higher frequencies than internal 
axial stiffeners. This effect is more pronounced 
for higher values of m. Conversely, external cir- 
cumferential stiffeners generally yield lower fre- 
quencies than internal ones. Again, the effect is 
more pronounced for higher n. For very low 
values of n, external stiffeners may cause slightly 
higher frequencies for a small region of n. 

Theoretical results for Hoppmann’s longitu- 
dinally stiffened shell were also computed by 
Penzes (ref. 3.15) for clamped-clamped and 
clamped-SD boundary conditions (see earlier dis- 
cussion of analytical method and test model in 
sec. 3.1.2). Numerical data are compared with 
the SD-SD case in table 3.7. 

In reference 3.42 the free vibrations of ortho- 
tropic shells of semi-infinite length and having 
a free end are examined. The application of 
transfer matrices to orthotropic shell vibration 
problem is discussed. 

Theoretical and experimental frequencies for 
clamped-free, stringer-stiffened shells are shown 
in figure 3.50 (from ref. 3.13) (see fig. 3.41 and 
earlier discussion in this section for additional 
details). 

In reference 3.5 frequencies for axially and cir- 
cumferentially stiffened shells were also found 
for the cases of clamped-free and SD-free bound- 


Table 3.7. — Frequencies ( cps ) of Longitudinally Stiffened Shells 
Having Various Edge Conditions 


m 

Edge 

conditions 

n 

i 

2 

3 

4 

5 


Clamped-clamped 

1579 

4233 

9171 



2 

Clamped-SD 

1149 

3412 

7557 




SD-SD 

836 

2698 

6267 




Clamped-clamped 

1422 

2298 

4019 

6552 


3 

Clamped-SD 

1328 

1997 

3514 

5838 



SD-SD 

1276 

1750 

3059 

5178 



Clamped-clamped 

2284 

2509 

3135 

4264 

5891 

4 

Clamped-SD 

2265 

2422 

2932 

3934 

5439 


SD-SD 

2255 

2358 

2762 

3636 

5016 


Clamped-clamped 

3560 

3623 

3821 

4251 

4984 

5 

Clamped-SD 

3555 

3598 

3754 

4117 

4770 


SD-SD 

3552 

3580 

3699 

4002 

4577 
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CIRCUMFERENTIAL WAVE NUMBER, n 

Figure 3.50. — Cyclic frequencies for stringer-stiffened, 
clamped-free shells. (After ref. 3.13) 


Figure 3.52. — Comparison of the effects of clamped-free 
and SD-free boundaries upon the frequencies of a cir- 
cumferentially stiffened shell. (After ref. 3.5) 



Figure 3.51. — Comparison of the effects of clamped-free 
and SD-free boundaries upon the frequencies of an 
axially stiffened shell. (After ref. 3.5) 



Figure 3.53. — Eccentricity effects upon the frequencies 
of a clamped-free, axially stiffened shell. (After ref. 
3.5) 
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CIRCUMFERENTIAL WAVE NUMBER, n 

Figure 3.54. — Eccentricity effects upon the frequencies 
of a clamped-free, circumferentially stiffened shell. 
(After ref. 3.5) 



CIRCUMFERENTIAL WAVE NUMBER, n 

Figure 3.55. — Frequencies (cps) of a free-free, ring- 
stiffened cylindrical shell. (After ref. 3.35) 



Figure 3.56. — Frequencies (cps) of clamped-free and SD- 
sliding support, ring-stiffened shells. (After ref. 3.35) 


aries (see discussion of clamped-clamped case 
earlier in this section). Frequency distributions 
are depicted in figures 3.51 and 3.52. The effects 
of eccentricity for clamped-free ends are shown 
in figures 3.53 and 3.54. To observe the effects of 
stiffening in comparison with the unstiffened 
shell, the reader is referred to figure 2.82. 

Theoretical and experimental frequencies for 
the shell of reference 3.35 (see earlier discussion 
in this section) having free-free ends are shown 
in figure 3.55. The discrepancy between theory 
and experiment clearly increases as n increases. 
The results of two analyses are shown, one in- 
cluding all stiffnesses, and the other neglecting 
Cu, D 12 , and D es . Results for two other types of 
end conditions are shown in figure 3.56: (1) 
clamped-free and (2) shear diaphragm-sliding. 

Theoretical and experimental frequencies for 
free-free, stringer-stiffened shells are shown in 
figure 3.57 (from ref. 3.13) (see fig. 3.41 and 
earlier discussion in this section for additional 
details) . 
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Figure 3.57. — Cyclic frequencies for stringer-stiffened, 
free-free shells. (After ref. 3.13) 


3.1.4 Open Circular Cylindrical Shells 

No specific numerical results exist for open 
circular cylindrical shells of orthotropic mate- 
rial. However, a significant amount of useful in- 
formation can be gleaned from sections 3.1.2 and 
3.1.3 for those cases where the two lateral edges 
are supported by shear diaphragms, because the 
displacements and force and moment resultants 
which exist at “node lines” (to = 0) are precisely 
those required for shear diaphragm boundary 
conditions. Thus, as discussed previously for the 
isotropic case (see sec. 2.8.1) considerable infor- 
mation can be inferred for open orthotropic shells 
supported on all four edges by shear diaphragms 
from the results given in section 3.1.2. Similarly, 
for open orthotropic shells having their lateral 
edges supported by shear diaphragms and arbi- 
trary edge conditions along the curved edges, 
useful results can be obtained from section 3.1.3 
(similarly discussed for isotropic shells in sec. 
2.8.2). 

3.2 VARIABLE THICKNESS 

Variable thickness in circular cylindrical shells 
often takes the form of a step discontinuity in 
thickness at some point along the length. The 
analysis of such shells requires piecing together 
of shell segments by means of continuity equa- 
tions across the common boundary. These shells 
are considered to be structures and will not be 
treated here. 


Few references exist which deal with the vi- 
brations of circular cylindrical shells having con- 
tinuously variable wall thickness. This lack of 
treatment is no doubt the result of two types of 
difficulties: 

(1) Mathematical difficulties associated with 
the solution of systems of eighth order partial 
differential equations, and 

(2) The difficulties inherent in manufacturing 
shells of variable thickness. 

The latter of these two difficulties is obvious and 
needs no further discussion. The first difficulty 
has its source in the force and moment resultant 
equations. Returning to chapter 1 and scanning 
equations (1.75), for example, it is seen that the 
force and moment resultant integrals contain 
the shell thickness in the limits of integration. 
This fact in itself poses no difficulty, and equa- 
tions (1.76) are still applicable with the shell 
thickness now being regarded as a variable, 
h = h(x,d), instead of a constant. The difficulty 
arises when equations (1.76) are substituted into 
the equations of motion (e.g., eqs. (1.112) and 
(1.115)). The process of eliminating Q a and Qp 
( Qx and Qe in the case of the cylindrical shell) 
by substituting equations (1.115a) and (1.115b) 
into equations (1.112) yields equations of motion 
wherein terms containing the thickness must be 
differentiated one or two times with respect to 
the shell coordinates, and the thickness must be 
treated as a variable. The resulting set of differ- 
ential equations is essentially untractable, and 
recourse must be made to the approximate ana- 
lytical methods not requiring exact solutions of 
the differential equations (e.g., Ritz, Galerkin, 
Kantorovich, collocation, subdomain, finite dif- 
ferences, numerical integration, finite elements, 
ref. 3.43). Even with these approximate methods, 
the resulting numerical calculations are often 
considerably more complicated for a variable 
thickness shell than for one having constant 
thickness. 

Gontkevich (ref. 3.41) purports to have a pro- 
cedure for the solution of problems where the 
thickness varies in the axial direction according to 

h=hox' (3.47) 

where h 0 and i are constants. According to refer- 
ence 3.41, the equations of motion for the axi- 
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symmetric problem are solvable in terms of 
Bessel functions of nonintegral order for some 
values of i. A method is then proposed for the 
solution of problems for arbitrary numbers n of 
circumferential waves where the mode shapes 
are either the eigenfunctions of the axisymmetric 
problem or beam functions. A characteristic de- 
terminant is then obtained containing terms 
which are complicated integrals having the prod- 
ucts of x' and the beam (or axisymmetric Bessel) 
functions as integrands. The same procedure is 
also proposed in reference 3.41 for shallow shells. 

Oniashvili (ref. 3.44) made extensive calcula- 
tions for shallow shells using the Galerkin method 
and the products of beam functions. The proce- 
dure was demonstrated on a shell panel supported 
by shear diaphragms on all edges and hav- 
ing a thickness variation in the circumferential 
direction determined by 

A = A o (l+2A:0/0o) (3.48) 

where 6 is measured from the symmetry axis, d 0 
is the total circumferential angle included be- 
tween the edges of the shell (Rd 0 is the arc length 
between edges), h 0 is the thickness at the sym- 
metry axis, and k is a constant determining the 
degree of thickness variability. Numerical results 
were obtained for comrete shells having fc = 0.5, 
Z = 98.3 in., h 0 = 0.394 in., E = 2.84X10 6 lb/in 2 , 
pg = 0.0867 lb /ft 3 , v = 0.12, and various radii ( R ) 
and width/rise ( b/c in fig. 2.141) ratios given in 
table 3.8. For comparison, frequencies are also 
given in table 3.8 for the constant thickness shell 
Qc = 0). Table 3.8 clearly shows that for relatively 
deep shells (small b/c) the effect of variable thick- 
ness is negligible ; however, for very shallow shells 
(large b/c), the added stiffness near the lateral 


Table 3.8. — Frequencies ( cps ) for Shalloiv Cir- 
cular Cylindrical Shells of Variable Thickness 
Having Shear Diaphragm Supports on All Edges 


R, 

in. 

Shallowness 

ratio, 

b/c 

Variable 
thickness, 
fc =0.5 

Constant 
thickness, 
k = 0 

12.5 

4 

6.36 

6.36 

20 

8 

3.98 

3.9 

40 

16 

2.00 

1.94 

80 

32 

1.03 

.98 

160 

64 

.6 

.49 

320 

128 

.421 

.246 


boundaries due to increasing thickness more than 
offsets the added mass and the frequency is 
significantly increased. 

Vibrations o'f circular cylindrical shells of vari- 
able thickness were also discussed by Federhofer 
(ref. 3.45). 

3.3 LARGE (NONLINEAR) DISPLACEMENTS 

In the case of plates transverse deflections 
which are on the order of the shell thickness or 
greater cause additional stiffening of the plate 
and result in equations of motion which are non- 
linear. Because of the nonlinearity, approximate 
solution techniques such as the Galerkin method 
must be employed to obtain numerical results. 
However, in spite of slight disagreements among 
various writers concerning which Lor.Ii^ear terms 
are essential in the theory, as well as the approxi- 
mate character of solutions, it is universally 
agreed among writers (see ref. 3.1) that large 
displacements cause positive stiffening of the 
plate and a resulting increase in natural frequen- 
cies (i.e., “hard spring” behavior), regardless of 
the shape of plate or the boundary conditions. 

Such is not the case, however, for circular 
cylindrical shells. Widespread disagreement exists 
as to whether the shell behaves as a hard spring 
or a soft spring, and whether the type of behavior 
depends upon the boundary conditions and/or 
the shell being open or closed. 

The first investigation of nonlinear vibrations 
of cylindrical shells was reported by Reissner 
(ref. 3.46) in 1955. The shallow shell (Donnell- 
Mushtari) theory served as a basis for the work 
and mode shapes having sinusoidal variation in 
the axial and circumferential directions were 
taken, although the time response was not as- 
sumed to be sinusoidal. This led to results which 
indicated that the nonlinearity could be either 
of the hardening or softening type, depending 
upon the number of circumferential waves. Chu 
(ref. 3.47) subsequently made a similar analy- 
sis which gave results indicating that the 
nonlinearity was of the hardening type. 

Evenson (ref. 3.48) attempted to obtain exper- 
imental verification for closed shells of the theo- 
retical conclusions obtained previously. Instead, 
he found that (1) the nonlinearity was always 
of the softening type and (2) the nonlinearity 
effects were small. From this he concluded that 
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the assumed modes used in the previous theo- 
retical analyses gave rise to circumferential dis- 
placements v which were not single-valued and 
continuous, and that this caused serious error 
in the analyses. Nowinski (refs. 3.49 and 3.50) 
generalized the solution function to permit satis- 
faction of the continuity condition, but this 
resulted in different boundary conditions satisfied 
at the ends of the shell (v = 0 rather than iv = 0) . 
This led to hard spring behavior. Cummings (ref. 
3.51) also obtained frequency which increases 
with amplitude. 

Subsequently, Olson (ref. 3.52) observed soft- 
ening nonlinearity in a series of experiments. 
Then, in a later work, Evensen and Fulton (ref. 
3.53) found the nonlinearity to be either harden- 
ing or softening, depending upon the ratio of the 
number of axic.l waves to the number of circum- 
ferential waves, although the shear diaphragm 
boundary conditions were not exactly satisfied 
at the shell ends in their analysis. In reference 
3.53 some results were also obtained where for 
large deflections the shell behaves as a soft spring, 
but as the amplitude is increased further, the 
nonlinearity becomes hard. This phenomenon 
was also seen in a recent paper by Leissa and 
Kadi (ref. 3.54). Mayers and Wrenn (refs. 3.55 
and 3.56) used the more complicated shell theory 
of Sanders to arrive at the conclusion that free 
vibration is nonperiodic and of the hardening 
type. 

This confusing state of affairs will be elaborated 
upon in the following subsections. 

3.3.1 Nonlinear Equations of Motion 

The detailed derivations of nonlinear equations 
of motion will not be given here. Only the impor- 
tant differences with linear theory and the final 
forms of the equations of motion will be summar- 
ized. For additional information it is suggested 
that the reader consult references 3.44, 3.46, 3.47, 
3.49, 3.50, 3.55, and 3.56. A comprehensive trea- 
tise on nonlinear shell theory also exists in the 
monograph by Mushtari and Galimov (ref. 3.57). 

The middle surface strains of linear shell theory 
given earlier by equations (1.41) are specialized 
to the case of circular cylindrical curvature and 
generalized to include the nonlinear stretching 
terms arising from relatively large slopes, giving 


du l/d«A 2 
dx ~^2 \ dx) 

dv w l/dw\ 2 

'•■^ + R + 2(V S ) 1 <3 ' 49) 

du dv dw dw 
xy dy^dx+dx dy ) 

where, for convenience, the shallow shell notation 
is used; i.e., d/dy = {l/R)d/dd. Adding the bend- 
ing strains to equations (3.49) according to the 
Donnell-Mushtari theory, inverting the isotropic 
stress-strain equations, and integrating over the 
thickness gives the following expressions for the 
force resultants (cf., ref. 3.47): 


N X = C 


N y = C 




dv W 1 /dw 
dy E + 2\d?/ 


du 1/ dw\ 
dx 2\da; / 

[" dv w 1/diyVl 

1 Ji+fl+iW) J 
')] 

rau i/M’l| 

idx 2 \dxj J) 


+ 

/dM dv dw dw\ 
ly dy) 

d 2 w\ 

x ~~ D \dx 2+v dy 2 ) 

My = 

\dy 2 dx 2 J 


(3.50a) 

(3.50b) 

(3.50c) 

(3.50d) 

(3.50e) 


where C=Eh/( 1 — r 2 ) and D=Eh 3 / 12(1 — r 2 ), as 
before. 

Using the Donnell-Mushtari equations of 
motion of section 1.6 along with equations (3.50) 
gives (neglecting tangential inertia) 


DVhv+ph 


d 2 w ,/< 
— r = “l 

dt 2 v 


d 2 W d 2 ip d 2 W d 2 <p 
dx 2 dy 2 ^ dy 2 dx 2 


-2 


d 2 W d 2 tp 


__ldV\ 

R dx 2 ) 


dx dy dx dy 

where <p is an Airy stress function defined by 


(3.51) 


Nx 

h 


d 2 ip 

dy 2 

Nxy, 

h 


Ny 

h 


d 2 <p 
dx 2 

d 2 <p 
dx dy 




(3.52) 
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Another equation is obtained from the equation 
of compatibility of strains for the middle surface. 
From equations (3.49) it is seen to be 


d 2 e x d 2 e„ d 2 txu _/ d 2 W \ 2 
dy 2 dx 2 dx dy \3.r dy) 

dhv d 2 w 1 dhv 
dx 2 dy 2 dx 2 


(3.53) 


Using equations (3.52) and the stress-strain equa- 
tions for an isotropic material, equation (3.53) 
becomes 


V*ip=E 



d 2 w dhv 1 d 2 w 
dx 2 dy 2 R dx 2 


(3.54) 


Thus, the governing nonlinear equations for a 
circular cylindrical shell according to the Donnell- 
Mushtari (or shallow shell) theory are given by 
equations (3.51) and (3.54). In the case where 
R = oo the equations properly reduce to the cor- 
responding ones for a flat plate. In the case of an 
orthotropic shell having axes of orthotropy coin- 
cident with the shell coordinates (a~x, /3- — '?/) , 
the equations are generalized to (cf., refs. 3.49 
and 3.50) 


d*w , ^ . d 4 w 

Dii-—+2(v y Dn-\-D 66 )- 

dx 4 dx 2 dy 2 

_ d 4 w ,d 2 w 

+ D „—+ P h— 

d 2 W d 2 tp d 2 W d 2 ip 

_j - — 2 

dy 2 dx 2 dx dy dx dy 


-i 


d 2 W d 2 <p 

dx 2 dy 2 

1 dV\ 

R dx 2 ) 


dx 2 dy 2 Ey dy 4 


(3.55a) 


te 4+ \~G ~ 2Vx ) 

f/ dhv \ 2 d 2 w d 2 W 1 d 2 w~\ 
~ E {\dx dy) ~dx 2 dy 2+ Rdx 2 \ 


The nonlinear, middle surface strain-displace- 
ment relationships of the Sanders theory were 
found to be (see refs. 3.56 and 3.58): 


_ du UdwV 
dx~^2\dx) 


dv w 1 /dw\ 2 v dw 

*-77+H+ol^) 


dy R 2 \dy , 
du dv dw dw 


R dy 

V dw 


txv dy~^ dx~^~ dx dy R dx 


(3.56) 


In reference 3.56 equations (3.56), along with the 
other corresponding equations of the Sanders 


theory (see chapter 1) are used to derive a set of 
nonlinear equations of motion in terms of the dis- 
placements u, v, and w. The resulting equations 
are quite lengthy and will not be repeated here; 
they are displayed as equations (21), (22), and 
(23) in reference 3.56. 

The nonlinear form of the Morley equations of 
motion for circular cylindrical shells are exhibited 
in reference 3.51. 


3.3.2 Infinitely Long Shells 


Evensen (ref. 3.59) showed that in the case of 
plane strain for an infinitely long circular cylin- 
drical shell, the equations of motion reduce to 


dNy 

dy 


= 0 


(3.57a) 


dhc , d 2 w N y d 2 w 

d w +p ~w~-r-‘w ( ) 

The radial displacement was assumed to take the 
form 

ny 


w(y,t)=A n (t) cos^-Moft) 
K 


(3.58) 

Equation (3.57a) and the continuity condition 

v(y+2TrR,t)=v(y,t) (3.59) 

were exactly satisfied, and equation (3.57b) 
was approximately satisfied by the Galerkin 
procedure. 

If the amplitude A 0 (<) of the axisymmetric 
mode is taken to be zero, the resulting modal 
equation is 

~+a n +^a n 2 = 0 (3.60) 

dr 1 


where a„ is the nondimensional amplitude, A n /h, 
and r is nondimensional time, co„f, with 


Eh 2 n 4 

12(1 -v 2 ) P R 4 


(3.61) 


Equation (3.60) exhibits a hard spring behavior 
and results from considerable stretching of the 
middle surface of the shell. Its solution is, of 
course, expressible exactly in terms of elliptic 
integrals, but an approximate solution can be 
written as 

CLn{r) =a cos co*r (3.62) 
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where 

<*** = —, ; = l+?« 2 (3.63) 

«„ 2 4 

The nonlinearity is independent of the circum- 
ferential wave number n as well as the thickness 
ratio, h/R. It was pointed out in reference 3.59 
that the corresponding modal equations of 
references 3.47 and 3.49 yield 



o„+-(l — v 2 )a n 3 = 0 
4 


(3.64) 


instead of equation (3.60). Clearly while equa- 
tion (3.64) also characterizes a hard spring, it is 
much less strongly nonlinear than equation 
(3.60). 

For the case of inextensional vibrations (no 
stretching of the middle surface of the shell), 
A 0 (£) is related to A n (t) by 


rio(i) 


n 2 A n 2 (t) 

4E 


(3.65) 


yielding the modal equation 


d 2 a n 1 I" d 2 a n 



+a„ — 0 


where 



(3.66) 


(3.67) 


Taking an approximate solution to equation 
(3.66) in the form of equation (3.62) yields 


'co\ 2 1 

fitj _ 1 + (ea 2 / 4) 

= l-e^+0( e 2 ) (3.68) 


For small n and small h/R, terms of order e 2 
and greater in equation (3.68) can be neglected, 
and a soft spring response is indicated. When the 
length of the shell is taken to approach infinity, 
the analysis of reference 3.60 yields an equation 
identical to equation (3.66) except that the 
coefficient 1/2 in the second term is replaced 
by 3/8. 

Finally, consider the case when A n (t ) and 
A 0 (t) in equation (3.58) are permitted to be 
independent modes. This yields the two coupled 
modal equations 


d 2 a n 

Ik 2 ' 


-a„ + 12a ; 


d 2 r 

V> +12 


•( r+ i)'° 

("+T>o' 


(3.69) 


where A 0 /h = n(h/R)r, and e, a n , and r as de- 
fined previously. An approximate solution to 
equations (3.69) as found in reference 3.59 is 


where 


and 


r„(t) = a cos oo*t ) 
r(r) =r 0 +f 2 cos 2co*r) 


r o = a 2 / 8 | 

f 2 = — a 2 /8[l — co* 2 /3]J 


l-o>* 2 - 


1 — 


= 0 


Expanding equation (3.72) gives 

co 2 a 2 

-=l-6-+0(e 2 ) 


(3.70) 

(3.71) 

(3.72) 

(3.73) 


which is the same as equation (3.68) for terms 
up to order e. 

The conclusions reached in reference 3.59 for 
the infinitely long shell as a result of the fore- 
going analysis are 


(1) The shell vibrates in such a manner that 
the midsurface remains practically inextensible. 

(2) The frequency-amplitude relation is of the 
softening type and depends upon e= ( n 2 h/R ) 2 . 

(3) A radial contraction involving double- 
frequency (cos 2 co*t) motions is indicated and 
has been observed experimentally by Olson (ref. 
3.52). 

(4) Vibration modes that do not permit an 
axisymmetric radial contraction, in addition to 
the primary vibration shape, appear to place an 
unrealistic constraint on the shell. 


Dowell and Ventres (ref. 3.61) used the Don- 
nell-type shell equations (3.51) and (3.53) and a 
radial displacement function of the form 


/ \ A / \ • i f 1/ H %{/ /I'M 

iv{x,y,t) = A mn {t) sin — — cos — 
i R 

, _ ... mtrx . ny 

+B mn {t) sin — - sin — 
L K 

+A m 0 (f) sin — — 


(3.74) 
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A corresponding <p was obtained by integrating 
the compatibility equation (3.54). The equation 
of motion was approximated by the Galerkin 
procedure, yielding three complicated, coupled, 
nonlinear equations involving the amplitudes 
A mn , B mn , and A m o and their time derivatives. 
These equations were investigated in the limit 
as i/E— m» and found to yield a nonlinearity of 
the hardening type (at least for m even). 


3.3.3 Large Deflections of Closed Shells Having 
“Shear Diaphragm" End Conditions 


The term “shear diaphragm” is used with quo- 
tation marks because in the numerous analyses 
which are described below most of them attempt 
to satisfy shear diaphragm boundary conditions 
(eqs. (2.33)), but end up only by approximating 
them. 

Evensen and Fulton (ref. 3.53 and 3.60) used 
the Donnell theory (eqs. (3.51) and (3.54)) and 
the following two-mode approximation for the 
radial displacement: 


. , . . ny . . ny 1 rrnrx 

w(x,y,t) = j A mn (t) cos —+B mn [f) sin — I sin -y- 


n‘ 


+ T^[A mn ' i (t)+B mn 2 (t)} sin 2 
4/c 


irnrx 

~T 


(3.75) 


where the bracketed term involving A mn 2 and 
B mn 2 is added to satisfy the continuity condition 
on v. Substituting equation (3.75) into the com- 
patibility equation (3.54) and integrating gives 
the stress function <p as follows: 

<p(x,y,t) = a 1 (A mn cos 0y+B mn sin fiy) sin ax 
— a 2 (A mn 2 —B mn 2 ) cos 2 fiy 
-a 3 A mn B mn sin 2 fiy 
+a i (A mr 2 +B mil 2 )(A mn cos fry 
+B mn sin jiy) sin 3 ax (3.76) 

where a = nar/l, @ = n/R and 

a 2 Eh 

ai_ E(« 2 +^ 2 ) 2 


Although equation (3.75) exactly satisfies the 
shear diaphragm boundary condition w = 0 at the 
ends x = 0 and x=l, it will be found upon integra- 
tion of the strain-displacement equations (3.49) 
that v will not be zero at the ends. Similarly, using 
equations (3.50) it is found that N x and M x are 
not identically zero at the ends. For these quan- 
tities the coefficients of the linear terms in A„ and 
B n do vanish at x = 0, l, but the terms involving 
A n 2 , A n B n , and B n 2 do not vanish there. Thus, 
the shear diaphragm boundary conditions are 
only approximated. However, the continuity 
condition (3.59) is exactly satisfied. 

Finally, the equation of motion (3.51) is satis- 
fied approximately by the Galerkin procedure, 
giving rise to the two following coupled, non- 
linear, nondimensionalized equations: 




e7f,(f c 2 +G 2 ) 

+e 2 5f c G-c 2 +f 8 2 ) 2 = 0 (3.77a) 


dr 2 


+{■« + 


8 e H_ fs dr 2+ \dT/ +fc dr 2 




-e7f*(f 8 2 +fc 2 ) 


+f 2 5fs(f« 2 +fc 2 ) 2 = 0 (3.77b) 


wheie fc A mn /h, B mn /h , t o) jnn t, co mn is the 
linear free vibration frequency, t = (n 2 h/R) 2 as 
before, and y and 8 are defined by 
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where £ is the aspect ratio of the particular mode, 
given by % = mirR/nl. It is interesting to note 
that the nonlinearity of the problem depends 
upon the parameter e; that is, as « approaches 
zero, the problem becomes linear. 

Consider first the solution of equations (3.77) 
for the case when only a single mode is retained 
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in the solution function (equation (3.75)); i.e., 
A mn 7 * 0, B mn = 0. The method of averaging was 
used in references 3.53 and 3.60 to obtain the 
following approximate solution: 


f c (r) =A cos co*t 

r.W =0 


(3.79) 


with the frequency-amplitude relationship given 

by 


w 


*2 — 



1 eyA 2 -\--e' 2 5 A* 

4 8 


1 + 16 ei2 


(3.80) 


Numerical results for five values of e ranging 
from 0 to 1.0 are shown in figure 3.58. The solid 
and dashed lines were calculated for values of 7 
and S corresponding to aspect ratios of £ = 1/2 
and 2, respectively. Poisson's ratio was taken as 
v =0.3. 

Both sets of curves in figure 3.58 demonstrate 
that the strength of the nonlinearity is highly 
dependent upon e = (n 2 h/R) 2 . The nonlinearity is 
small for vibrations involving very thin cylinders 
and/or small values of n, and conversely. 

The character of the nonlinearity (i.e., whether 
it is hardening or softening) depends strongly 



Figure 3.58. — Frequency ratio versus amplitude for 
large deflections of a cylindrical shell ; v = 0.3. (After 
refs. 3.53 and 3.60) 


upon the aspect ratio £. This result is apparent 
from equations (3.77), which show that t is a 
multiplying factor in every nonlinear term. The 
effect is illustrated in figure 3.59, which shows 
frequency-amplitude response curves computed 
from equation (3.80) for values of £ ranging from 
0.1 to 4.0. The solid lines are the results of 
Evensen and Fulton (refs. 3.53 and 3.60) and 
are calculated for « = 1.0 and i> = 0.3. For com- 
parison purposes, Chu’s results (ref. 3.47) (dis- 
cussed later in this section) are shown as dashed 
curves in figure 3.59. The results of references 
3.53 and 3.60 are of the softening type for £<1 
and of the hardening type for larger values of £, 
whereas Chu’s results are all of the hardening 
type. 

Another fundamental difference between the 
results of Evensen and Fulton and those of Chu 
are that the latter’s results possess a symmetric 
dependence on the aspect ratio parameter £; i.e., 
Chu’s curves for £ = 1/2, 1 /4, 1 /8, . . . coincide 
with those for £ = 2, 4, 8, . . . , respectively. 
Such a symmetric dependence on £ seems to 
conflict with the basic geometric nonsymmetry 
of the shell; i.e., the shell has curvature in the 
circumferential direction, but not in the axial 
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Figure 3.59. — Frequency ratios for large deflections of 
a cylindrical shell; v=0.3. (After refs. 3.53 and 3.60) 
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direction. The results of Evensen and Fulton do 
not display this form of symmetric dependence. 

Another effect which is apparent from the 
curves of figures 3.58 and 3.59 for some values of 
a and £ is that although the initial response may 
be of the softening type, as the amplitude con- 
tinues to increase the A 4 term in the numer- 
ator of equation (3.80) eventually dominates, 
resulting in hardening nonlinearity. 

Results were also presented in references 3.53 
and 3.60 for solutions using both the A mn and 
B mn terms in equation (3.75). These are shown in 
figure 3.60 for a forced motion where the applied 
normal loading q(x,y,t) is chosen so that only one 
mode is directly excited (driven); i.e., 

mry . mirx 

q{x,y,t) = Q mn cos — sin — — cos cof (3.81) 
ft l 

The solid lines in figure 3.60 are the forced re- 
sponse curves of the driven mode and the com- 
panion mode for e = 0.01, £ = 0.1, and v = 0.3. 
The free vibration curves are shown dashed and 
exhibit the same initial soft spring response seen 
previously with a single mode. The corresponding 
curves for a single mode analysis are depicted in 
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Figure 3.60. — Forced vibration frequency ratios for large 
deflections of a cylindrical shell; two mode analysis, 
{ = 0.1, e = 0.01, v =0.3. (After refs. 3.53 and 3.60) 



Figure 3.61. — Forced vibration frequency ratios for large 
deflections of a cylindrical shell; single mode analysis, 
£ = 0.1, e = 0.01, v =0.3. (After refs. 3.53 and 3.60) 


figure 3.61. For further discussion of the forced 
response curves, see references 3.53 and 3.60. 

Experimental results for the nonlinear vibra- 
tions of cylindrical shells is scarce. Kana, Lind- 
holm, and Abramson (ref. 3.62) obtained results 
for circular cylindrical shells which showed a very 
slight nonlinearity of the softening type. Quanti- 
tative results obtained by Olson (ref. 3.52) are 
shown by the circles and dashed lines in figure 
3.62. The solid line shown is the free vibration 
curve calculated from equation (3.80) with the 
values of e, y, 8 that correspond to Olson’s 
experiment (copper shell, h = 0.0044 in., .ft = 8.00 
in., and l— 15-3/8 in., yielding e = 3.025 X10 -3 , 
£ = 0.1635, v = 0.365). The experimental and 
theoretical results are nondimensionalized with 
respect to the experimental and theoretical 
linear frequencies, respectively. Again, the 
results show nonlinearity which, at least initially 
for moderate amplitudes, is of the softening 
type. 

Mayers and Wrenn (refs. 3.55 and 3.56) used 
the Donnell equations and the single mode 
(A mn ^ 0, B mn = 0) special case of the deflection 
function given in equation (3.75) to duplicate the 
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NONLINEAR FREQUENCY. 
LINEAR FREQUENCY 


Figure 3.62. — Comparison of theoretical and experi- 
mental nonlinear responses for a cylindrical shell; 
t = 3.025X10 -3 , £ = 0.1635, v=0.365. (After refs. 3.53 
and 3.60) 

results of Evensen and Fulton (refs. 3.53 and 
3.60) which were presented previously in figures 
3.58 and 3.59. They found this motion to be 
-periodic in time. A two-mode solution was also 
taken in the form 


w d . . -m-KX 
- = Ai(f) cos — r - 

tl v 


cos ¥ + As) l ( ) 

+ A iff) cos (3.82) 


where x' is measured from the longitudinal sym- 
metry plane of the shell; i.e. ; x' = x — l/2. Using 
this solution function the resulting motion was 
found to be nonperiodic in time, as shown in 
figure 3.63. In figure 3.63 the dashed curve repre- 
sents the periodic solution obtained from the 
single mode solution. The deflection function for 
this mode in terms of the shifted coordinate x' is 
given by 


w irnrx ' 

-r = Ai(t) cos — — 
h L 


ny i n 2 ( h 
~h 

n 2 / h 


COS S + 8 1 R AA,) 


+ sift )' 1 1(<) co “ -f (3 ' 83) 


The solid line is the nonperiodic response arising 
from the two mode function used in equation 
(3.82). The interrupted line is the nonperiodic 
response arising from a two mode function of the 
form 


iv mirx' ny 

cos — — cos — 

/l L it 

F . . . n 2 /h\ "I 4m7rx' 

-[A,(0+ ¥ (g)2l,> ( l)J c o S ~ 

(3.84) 

Another analysis was conducted in references 
3.55 and 3.56 using the Sanders shell theory 
in order to accommodate small numbers of 
circumferential waves n. In this case the three 
components of displacement were taken as 



EQUATION (3.84) 


Figure 3.63. — Comparison of periodic and nonperiodic radial displacements as functions of 

time. (After refs. 3.55 and 3.56) 
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mirx' ny 

A\(t) cos — - — cos — 
l R 


. , . . mirx ny 
A 3 {t) sin — — cos — 
t K 

2mirx' 2 ny 
+ il.5(0 sin — - — cos 

l R 


-\-A 1 (t) sin 


2mirx' 

~T 


. mirx . ny 

A At) cos — - — sin — 
l R 

, . 2 rmrx' . 2 ny 

+ A u (t) cos — - — sin — 

t R 

+ A 13 (t) sin 


2 ny 
R 


The results of this analysis yielded nonlinearity 
of the hardening type as depicted in figures 3.64 
and 3.65 for n = 2 and the aspect ratio 

2mirR _ 

— — — =1.0 and 0.50 
In 


respectively. 

Cummings (ref. 3.51) developed the nonlinear 
form of the Morley equations and applied the 
Galerkin procedure using a radial displacement 
function 


w(x, y,t) = A (t) sin — cos — (3.86) 

L R 

to arrive at a nonlinear equation of the hard 
spring type (Duffing’s equation) : 



Figure 3.64. — Frequency ratios according to the Sanders theory; n= 2, 2mirR/ln = 1.0. (After 

refs. 3.55 and 3.56) 



Figure 3.65. — Frequency ratios according to the Sanders theory; n =2, 2mwR/ln =0.50. (After 

refs. 3.55 and 3.56) 
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— ■ +k 1 A+k t A* = 0 (3.87) 

i.e., where ki and 7c 2 are positive constants. 

Chu (ref. 3.47) used the Donnell theory and 
equation (3.86) to arrive at an equation of the 
same form as equation (3.87) differing only by a 
factor of two in /c 2 . Numerical results found in 
reference 3.47 for a shell having R/h= 100 and 
v =0.318 are exhibited in figures 3.66 and 3.67 for 
n = 8 and 10 (circumferential wave numbers), 
respectively. In these figures the nonlinear /linear 
frequency ratio is plotted versus the amplitude 
ratio A max A for a series of aspect ratios, irR/ln. 
Results are also shown for the flat plate. Accord- 
ing to this analysis, the nonlinearity is of the 
hardening type, as for flat plates, although the 
nonlinearity is not as strong. 

As described in section 3.3.3, in reference 3.61 
a set of three coupled equations of much greater 
complexity than equation (3.87) were derived 
from the Donnell theory using a three mode 
representation for w. 

Nowinski (refs. 3.49 and 3.50) used the ortho- 
tropic form of the Donnell equations given previ- 



Figure 3.66. — Comparison of nonlinear response of a 
circular cylindrical shell with a flat plate; n =8. (After 
ref. 3.47) 


ously as equations (3.55) with the displacement 
function 

/ .n . , . . vittx . nv n 2 
w(x,y,t) = A(t) sin — sin -yf+— -A 2 (() (3.88) 

t K o Jtt 

and the Galerkin procedure to obtain numerical 
results for shells having material types as shown 
in table 3.9 (correcting a misprint in ref. 3.49). 
Duffing’s equation (3.87) was also obtained from 
this analysis. Frequency ratios versus amplitude 
ratios are shown in figure 3.68 for shells hav- 
ing the types of materials listed in table 3.9, 
R/h= 100, and various values of n and X = vitR / l. 


Table 3.9. — Properties of Orthotropic and 
Isotropic Shells 


Material 

type 

Ex 

Ey 

G 

V x 

"i i 

Ortho- 

1X10 6 

0.5X10 6 

0.1X10 6 

0.05 

0.025 

tropic I 






Ortho- 

IX 10 s 

. 05 X 10 5 

. 05 X10 5 

.20 

.01 

tropic II 






Isotropic 

1X10 6 

1X10 6 

. 384 X10 6 

.30 

.30 



h 

Figure 3.67. — Comparison of nonlinear response of a 
circular cylindrical shell with a flat plate; n = 10. 
(After ref. 3.47) 
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Figure 3.68. — Frequency ratio versus amplitude ratio 
for SD cylindrical shells; R/h — 100, \=mirR/l. (After 
ref. 3.49) 

Large amplitude vibrations of closed circular 
cylindrical shells ostensibly having shear dia- 
phragm end conditions are also discussed in 
references 3.46 and 3.63 through 3.65. 

3.3.4 Other End Conditions 

Sun and Lu (ref. 3.65) is the only reference in 
the literature purporting to deal with closed 
circular cylindrical shells having end conditions 
other than shear diaphragms. Reference 3.65 
briefly considers (as a special case of a conical 
shell) the instance when the constraint w = 0 is 
added to the SD end conditions giving 


The earliest results were obtained by Reissner 
(ref. 3.46) using the shallow shell theory (i.e., 
eqs. (3.51) and (3.54)). Solution functions of the 
form 


w(x,y,t) = A (t) sin — cos — 
l R 

/ \ t*/\ • vx n y 

<p(x,y,t)=B(t) sin — cos — 
i K 


(3.89) 


were assumed, and a variational procedure was 
followed to arrive at the following equation of 
motion; 


d 2 A 
clt 2 


„ , /16n 2 \ 

+ C00 A+coo*. j 


„ „ 2/16n 2 \ , „ 

A ‘ + A^) A 


=o 

(3.90) 


A perturbation technique was used to solve equa- 
tion (3.90), yielding the following relationship for 
where coo is the frequency according to linear 
bending theory; i.e., 


phuo 2 = D 


my 


Eh {tt/IY 
. + f? 2 [(n/RY+iTr/lY]* 
(3.91) 


and wom is the frequency according to linear 
membrane theory; i.e., 


u = v=w = M„ = 0 

at both ends. Shallow shell theory was employed, 
and Hamilton’s principle was applied to obtain 
the nonlinear equations of motion. The only 
result obtained in reference 3.65 which has any 
relevance at all to this monograph is the post- 
buckling amplitude frequency relationship of the 
hardening nonlinearity type derived for the case 
of thermal loading. 

3.3.5 Large Deflections of Open 
Cylindrical Shells 

The only results available in the literature for 
the nonlinear motions of cylindrically curved 
shell panels are for the case when the edges are all 
nominally supported by shear diaphragms (i.e., 
the SD boundary conditions are exactly satisfied 
if the nonlinear terms in the functions for v, N x , 
and M x are neglected in the statement of the 
boundary conditions). 


, Eh {v/iy 
pW ° 0m fl 2 [(n/fl) 2 +(*/*)*] 


(3.92) 


A perturbation technique was followed to arrive 
at the relationship between nonlinear frequency 
co and amplitude A max as follows: 



= 1+ 5^(‘- 

6 coo 2 \ 


5 w X^Jw nr) 


(3.93) 


From equation (3.93) it is seen that the non- 
linearity increases or decreases the frequency 
depending upon whether coom/co 0 is less than or 
greater than l/\^5, or 0.45. Also, the nonlinear 
correction effect is strongly dependent upon the 
value of the circumferential wave number n. 

Looking at the amplitude A(t) in equation 
(3.89), it was shown in reference 3.46 to take 
the form (retaining only first order correction 
terms) 
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A(t) = A 0 { COS 0)t 


XrXvOti 

1 i „ i) 

— cos oot — cos 2c ot 1 
3 6 JJ 


(3.94) 


which takes the shape shown in figure 3.69, along 
with its components. This graph shows that the 
shell does not spend equal time intervals de- 
flected outwards and deflected inwards. Rather, 
more than half of the cycle is spent during the 
inward deflection. Also, the inward deflection is 
larger than the outward deflection, the ratio of 
amplitudes being given by 


A inward . 32?l 2 / h\ /A p\ /co 0m 2 \ 

A outward 3lT 2 \r) \ k )\ CO 2 / 


(3.95) 


Equation (3.90) was also obtained by Cum- 
mings (ref. 3.51) using the shallow shell equa- 
tions and the Galerkin procedure. Integrating it 
gives 

m+A*' + mm)] (3 ' 96 > 


where — (16n 2 /ir*R)A(t) and e = a) 0 m 2 Aco 2 . 
Equation (3.96) yields phase-plane diagrams as 
depicted in figure 3.70. 

In reference 3.51 another approach was also 
taken wherein only the displacement function 
for w as given in the first of equations (3.89) is 
assumed, and the compatibility equation (3.54) 
is integrated to yield 



Figube 3.69. — Amplitude and its component parts as 
functions of time during nonlinear vibration. (After 
ref. 3.46) 


(I'll 



d ^ 



Figure 3.70. — Phase plane trajectories for nonlinear 
vibrations of a cylindrical shell according to Reissner’s 
equation. (After ref. 3.51) 


ip = Eh A (f) 





Applying the Galerkin procedure then gives the 
equation of motion 


dV 

dtt 2 


+ IOo 2 


H- 


^+-« lA 


9 /V 


+ 28W (R_4 ( 1 + (R2 ) 2 ( 1 - (R4 )^ 


= 0 (3.98) 


where and « are as defined in the preceding 
paragraph, and (A — nl/irR is an “aspect ratio” 
for the panel. Depending upon (R, equation (3.98) 
can yield either hard spring or soft spring non- 
linear response. The corresponding phase plane 
trajectories are displayed in figure 3.71. Figure 
3.71 shows that the oscillations for a very long 
panel become less stable as the length of the 
panel increases. Comparisons of the assumptions 
made in the derivations of equations (3.90) and 
(3.98), the Galerkin and perturbation methods 


NONLINEAR FREQUENCY/ LINEAR FREQUENCY 
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SHORT PANEL 
nl 
7tR 



MEDIUM PANEL 


cf\f/ 




Figure 3.71. — Phase plane trajectories according to 
Cumming’s equation. (After ref. 3.51) 



Figure 3.72. — Frequency ratio versus amplitude ratio; 
l/R6o = l, R/h — 1000, 0o=22.9°, x = 0.3. (After ref. 
3.54) 


for their solution, and the stability of the solu- 
tions are investigated further in reference 3.66. 

Leissa and Kadi (ref. 3.54) obtained an equa- 
tion similar to equation (3.98) for shallow shells 
having arbitrary, constant radii of curvature 
(see chapter 10 for further discussion) and 
obtained the amplitude-frequency curve shown 
in figure 3.72 for a cylindrical panel having 
l/Rd 0 = 1 (square planform, with 0 O as depicted in 
figure 2.141), fi//i = 1000, 0 o = O.4 radians (22.9°), 
i< = 0.3, and m = n= 1. The shell behaves initially 
as a soft spring but, as the amplitude is increased, 
a region of hard spring behavior is eventually 
reached. 

The nonlinear vibrations of circular cylindri- 
cal shell panels are also discussed to a limited 
extent in references 3.67 through 3.70. 

3.4 INITIAL STRESS 

The voluminous results of chapter 2, as well as 
the preceding sections of this chapter, dealt with 
circular cylindrical shells under the assumption 
that the only stresses present in the shells are 
those arising from the vibratory motions them- 
selves. In many (if not most) practical applica- 
tions, shells are subjected to static loadings 
causing internal stress fields. The presence of such 
stresses affects the vibrational characteristics of 
the shells significantly. 

There is, of course, no limit to the number of 
possible types of initial stress fields which may be 
encountered in practice. However, some of the 
most important ones are those in which the 
stresses are uniform (not varying with the spatial 
coordinates, x and 0). These loadings can occur, 
for example, for shells acting as axial or torsional 
load transmitting structures, for pressurized 
(internal or external) cylinders, or for shells 
Spinning about their longitudinal axes. For this 
reason, as well as because of the relative mathe- 
matical simplicity, uniform initial stresses (or 
prestresses) have received much attention in the 
published literature. 

Incorporating initial stress effects requires a 
generalization of the equations of motion. These 
changes will be discussed in section 3.4.1. Sub- 
sequent sections give extensive numerical results 
for various types of loadings, particularly those 
yielding uniform prestresses. It will be seen that, 
as usual, because of the relative mathematical 
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simplicity, the vast majority of references deal 
with shells having their boundaries supported by 
shear diaphragms. Straightforward methods for 
handling other edge conditions (including an 
exact procedure) are available but, as will be 
subsequently indicated, have been sparingly ap- 
plied because of the great deal of effort required. 

In the cases involving pressurization, except 
where otherwise indicated, it is assumed that the 
pressure is “constant directional”; i.e., the direc- 
tion of the pressure does not change as the shell 
deforms during vibration, but remains in its 
initial direction. 

3.4.1 Equations for Circular Cylindrical Shells 

Consider a circular cylindrical shell acted upon 
by a static initial stress or prestress field <rj, of, 
and <r x f which is in equilibrium. The initial 
stresses within the shell result from the solution 
of a static problem having prescribed loading 
and/or end conditions. In general the initial stress 
field is not uniform; i.e., <r x i =o x '(x,6), etc. During 
vibration the internal stresses in the shell consist 
of the initial stresses and the additional vibratory 
stresses <j x , no, and <r x e. The bending stresses in the 
initial loading state are usually neglected, and 
the displacements due to the membrane stresses 
are also usually neglected. These assumptions 
result in uncoupling of the initial and vibratory 
stresses; that is, there is no interaction between 
the prestress displacements and the vibratory 
stresses. Because the initial stress state is in 
equilibrium, the potential energy of the system 
in this state is taken as the reference level. Thus, 
the internal strain energy of the shell can be 
written as (cf., eq. (1.84)) 

U=- f (<r x e x -\-<Teeo-\-o- x ey x g) dV 
*Jv 

(cr x e x -\-cre'ee-\-<T x e'y id) dV (3.99) 

The vibratory stresses o x , <re, <r x o are related to the 
vibratory strains by Hooke’s law as indicated by 
equations (1.70). Next the strain-displacement 
relationships of a given shell theory (see sec. 1.4) 
must be substituted into equation (3.99). How- 
ever, because the initial stresses may be large it 
is necessary to use the second-order, nonlinear 
strain-displacement equations (cf., section 3.3) 


in the second integral of equation (3.99) while 
using only the linear relationships in the first 
integral. This maintains the proper homogeneity 
in the orders of magnitude of the terms in 
the integrands. Because the initial stresses are 
assumed to be membrane in nature (uniform 
through the thickness), it is sufficient to retain 
only the linear terms in the equations relating 
curvature changes to displacements. Applying 
Hamilton’s principle (cf., eq. (2.13)) and taking 
the necessary variations with respect to the dis- 
placement components u, v, and w then straight- 
forwardly leads to the desired equations of 
motion, which is the linear form of equation (2.3). 
However, in this case the matrix differential 
operator is generalized from equation (2.5) to the 
form 

[£] = [jCd-at] -f-/c[£jiroz>] + — (3. 100) 
1 / 

where [£d_m] and [£mod\ are the Donnell-Mush- 
tari and modifying operators (depending upon 
the shell theory), respectively, as used previously 
in equation (2.5), k = h 2 /12R 2 , C = Eh/(l — v 2 ), 
and [<£,•] is a matrix operator containing the addi- 
tional terms which account for the initial stresses. 
The [<£fl_Ar] operator for isotropic and anisotropic 
materials is given by equations (2.7) and (3.12), 
respectively. Corresponding [£mod\ operators ap- 
pear as equations (2.9) and (3.14), respectively. 
Any of these operators can be used directly in 
equation (3.100). 

The operators [£,■] arising from the nonlinear 
forms of the Donnell-Mushtari, Sanders (ref. 
3.71), Herrmann and Armenakas (ref. 3.72), and 
Washizu (ref. 3.73) were shown by Sampath (ref. 
3.74) to be as follows for the case where N e' and 
N x e' are not functions of 6 (N o = a e'h, etc.): 
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Donnell-Mushtari: 


[£i] 


0 

0 

0 


0 

0 


-sKH 


._a* 

36 2 

r . a 2 


as aa 


(3.101a) 


Sanders: 


[£.] = 


4 

aa 


/AV _a\ AV a 2 ^ _ a/AV _a \ _ NY JY_ 

V 4 aa/ + 4 aa 2 aa\ 4 as/ 4 asaa 


AV'^+A^V 

aa as 


(3.101b) 


_ .a . a aA/w 

W,*— +2#*,*— + — 
aa as as 


- RND- W< ‘ 
-sM- 


a 2 
aa 2 
. a 2 
as aa 


Herrmann- Armendkas and Washizu: 

"A 


[£.] = 


0 

A-NY 


w 4+ 2Ar -V+ur 


0 

2 *4+2*-‘f+Ur 


— (A— NY) 


(3.101c) 


where 


-iK) 


.a 2 


i+NY-^+N.Y 


r 32 , 

d ( 

as aa 1 

as\ 


(* 4 ) 


and where s = x/R, as before. The {£mod\ operator for the Herrmann-Armenakas theory is the same 
as that of the Fliigge theory. The [£ MO d] operator for the Washizu theory is the same as for the Golden- 
veizer-Novozhilov theory (ref. 3.74). 

The initial stress matrix operator for the Fliigge theory in the case of uniform NJ, NY, and N xS ' 
is (ref. 3.75) 



a 2 a 2 a 2 

0 

a 


[£.•] = 

0 

a 2 a 2 a 2 

Ne 'd6 2+Nx 'ds 2+2Nx9 'ds aa 

N -i +2N "is 



1 

1 

< 3 > 

g’P* 

N 4+ 2N -‘i 

a 2 a 2 

- w -‘»-^- 2Ar - 

a 2 

as aa 


(3.102) 
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The symmetry of the operator in equation (3. 102) 
as well as the repetition of terms along the prin- 
cipal diagonal is striking in comparison with 
those given in equations (3.101). 

In the case of uniform initial stresses the single 
nonvanishing term of the Donnell-Mushtari 
operator (eq. (3.101a)) simplifies to 

-( N S + 2 N - , £i +N ‘‘B <3 ' io3) 


which is the same as the terms on the diagonal of 
the Flugge operator (eq. (3.102)). 

The initial stress operator for use with equation 
(2.9a) in equation (3.100) according to the 
Timoshenko theory (ref. 3.76) is 


0 —Ns' 


. a 2 
as aa 


-Nf- 


as 


[£<] = 


0 

0 


a 2 

N x — 
ds 2 


(3.104) 


a 2 

-N * — 
Vx as 2 


Sechler, and Kaplan (refs. 3.78 and 3.79) used a 
set of equations of motion consisting of the [£jvon] 
operator of Timoshenko theory, eq. (2.9a), and 
the same [lh] operator used by Voss, eq. (3.105). 
Mugnier and Schroeter (ref. 3.80) followed a 
derivation similar to that of the Flugge theory, 
but arrived at a set of equations of motion for 
which both the [£mod\ and [£,•] operators are 
different from any of those given previously in 
section 2.1.1 or in this section, respectively. 

Reissner (ref. 3.81) derived the equations of 
motion for initially stressed (uniform Nf and 
No i only) circular cylindrical shells for the mem- 
brane theory. These are obtained by taking k = 0 
in equation (3.100) (including where it appears in 
[£d-m\ and using for [£j : 



(3.106) 


3.4.2 Uniform Axial Prestress 



for the case of uniform Nf and Nf. 

Voss (ref. 3.77) derived a form of the equa- 
tions of motion according to the Goldenveizer- 
Novozhilov theory. In this case, for uniform Nf 
and Nf and for N x f = 0 the initial stress operator 
becomes 



0 

a 2 

-Nf 

ds dd 

1 

<*> 


[£.] = 

0 

d 2 

Nf— 

ds 2 

0 

(3.105) 


0 

d 

N 'fe 

d 2 

—N *' — 
x ds 2 





1 

3? 

sT* 

to 

1 


It is 

disturbing to 

note that this operator is 


unsymmetric, even though the modifying opera- 
tor (2.9b) is symmetric. However, the Washizu 
equations (3.101c), which also use the [£moz>] of 
the Goldenveizer-Novozhilov theory, are sym- 
metric. As further examples of the great variety 
of shell theories employed in the literature, Fung, 


A closed circular cylindrical shell having a uni- 
form axial initial stress field is obtained by simply 
loading the ends of the shell with a uniform axial 
stress resultant as shown in figure 3.73. The 


N^ = CONSTANT 



Figure 3.73. — Circular cylindrical shell subjected 
to uniform axial prestress. 
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resulting internal stress field is then simply given 
by NJ = constant, Ne' = N x e' = 0, where N x is 
positive in tension as indicated in the figure. 

Consider first a shell supported at both ends 
by shear diaphragms. The boundary conditions 
for the vibratory force and moment resultants and 
displacement components are given by equations 
(2.33). As in the case of an unloaded shell, dis- 
placement functions taken in the form of equa- 
tions (2.20) satisfy the boundary conditions 
exactly, provided X is taken as X = mvR/l. For the 
Donnell-Mushtari theory the operator [£mod\ is 
null. Substituting the operators from equations 
(2.7) and (3.101a) and the displacement equations 
(2.20) into equation (3.100) yields a set of equa- 
tions for the eigenfrequencies o> which is the same 
as equation (2.21) except that the element in the 
third row and third column is now changed to 

1 +fc(X 2 +n 2 )+A^— O 2 (3.107) 


where 12 2 = co 2 if 2 p(l — v 2 )/E. Further, let the tan- 
gential inertia be neglected, an assumption which 
is often justifiable, especially when the Donnell- 
Mushtari theory is used (see sec. 2.3.4). Then ft 2 
disappears from the coefficient matrix of equation 
(2.21), except for the term given by equation 
(3. 107) , and an explicit equation for the frequency 
parameters can be written as 


W-N x 


.X 2 K 0 +kAK 
'c~ Ki 


o 


(3.108) 


where K 0 , A K 0 , and Ki are given in equation 
(2.36), table 2.1, and equation (2.43), respec- 
tively. The significance of equation (3.108) is 
that, if tangential inertia is neglected, the numeri- 
cal results for the frequency parameters of circular 
cylindrical shells supported by shear diaphragms 
obtained using the Donnell-Mushtari theory are 
directly applicable to the case where uniform 
axial prestress is present; one simply replaces 12 2 
by Q 2 -NJ\ 2 /C (C =Eh/(l — v 2 ), \ = mirR/l). 

The above statement is even capable of fur- 
ther generalization. Consider, for example, the 
case when the shell is orthotropic. Then the 
Donnell-Mushtari equations of motion are given 
by equations (3.8). Again, if tangential inertia 
is neglected, then it is clear that numerical 
results for orthotropic shells supported by shear 


diaphragms can be used simply by replacing 
a 2 R 2 P (l-v x v u )/E x by w 2 R 2 p(l- VxVy )E x -NJ\ 2 /C. 

Clearly, if tangential inertia is neglected the 
same useful simplification can be made for the 
membrane theory in the case of initial axial 
stress. From equation (3.106) it is seen that 
equation (3.108) also applies to membrane theory 
by taking k = 0. 

It is interesting to note that the Fliigge equa- 
tions permit a similar manipulation in the case 
where the tangential inertia terms are retained. 
Looking at the Fliigge initial stress operator given 
by equation (3.102) it is seen that in the case 
where N J = N x e' = 0 that identical terms NJd 2 / ds 2 
in each element of the principal diagonal are 
all that remain. Thus, in formulating the char- 
acteristic determinant for the case of the shell 
supported by shear diaphragms by means of 
equations (3.100), (2.7), (2.9d), and (2.20) it is 
found that the same determinant arises except 
that ft 2 is replaced by O 2 —N x i \ 2 /C. This fortunate 
circumstance was pointed out by Bozich (ref. 
3.82) and permits the direct utilization of the 
extensive data presented earlier in those tables 
and figures of section 2.3 which result from 
the Fliigge theory. One simply replaces 12 2 by 
il 2 —NJ\ 2 /C wherever it appears. 

Because of the identical mode shapes of free 
vibration and classical, linear buckling for the 
case of shear diaphragm end supports, it is easy 
to show that the frequency w can be expressed as 

(3 ' 109) 

where co 0 is frequency in the absence of initial 
stress and (NJ)„ is the critical value of NJ which 
causes buckling. If one were to plot w/uo versus 
NJ/ (NJ) cr , according to equation (3.109) it is 
clear that the curve would be a parabola having 
its vertex at NJ/(NJ) cr = —1 as shown in figure 
3.74. A positive (tensile) NJ stress resultant field 
increases the natural frequency without limit, 
whereas negative (compressive) values of NJ de- 
crease the frequency until, at w = 0, buckling 
ensues. 

Nikulin (ref. 3.83) used the Donnell-Mushtari 
equations including tangential inertia and the 
exact displacement functions (2.20) to obtain a 
characteristic equation for the shell supported 
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Figure 3.74. — Frequency ratio versus axial initial stress ratio; shear diaphragm end conditions. 


by shear diaphragms at both ends. The charac- 
teristic equation is 


o 6 - 


Kz+^NJ |n 4 


[^+(V) (x,+n2) ^4 2 

-(^) (x2+n2) f^‘] =o 


(3.110) 


where Ko, Ki, and K 2 are the Donnell-Mushtari 
coefficients in the absence of initial stress, given 
in equations (2.36). The solution of equation 
(3.110) for its lowest root O 2 was accomplished 
in references 3.83 and 3.84 by the commonly 
used device of neglecting the terms containing 
O 6 and O 4 (see sec. 2.3.5) and by neglecting 
ft(\ 2 +n 2 ) 2 and X 2 N x '/C with respect to unity to 
give 

(l-„ 2 )X 4 +A:(X 2 +n 2 ) 4 +^iV I .-(X 2 +n 2 ) 2 

J]2 = 

(X 2 +n 2 ) 2 -Hi 2 +(3-t-2„)X 2 

(3.111) 

=fi ° 2 ( 1+ ^if) (3 ' 112) 


where fi 0 2 is the frequency parameter in the ab- 
sence of initial stress and /3i is defined by 


ft- 


14 


(X 2 +n 2 ) 2 /X 2 
k (X 2 4-w 2 ) 

(1 — v 2 ) X 2- 


2 


(3.113) 


It is interesting to note that Nikulin in reference 
3.84 arrived at equations (3.111) and (3.112) by 


using an altogether different shell theory (see the 
discussion in sec. 3.4.3). 

Variation of the parameter with R/h and 
n is shown in figure 3.75 for l/R = 2 and v = 0.3. 
Numerical results showing the behavior of the 
frequency (cps) with the initial stress and n were 
also given in references 3.83 and 3.84 for shells 
having R/h = 500, /i = 0.1 cm., 2? = 2X10 6 dyne/ 
cm 2 , j/ = 0.3, m = 1, and p = 8X10 -6 dyne-sec 2 /cm 4 
and are presented in figures 3.76 through 3.80 
for l/R = 1/2, 1, 2, and 6. 



Figure 3.75. — Variation of the parameter /3, used in 
equation (3.112) with R/h and n for l/R = 2. (After 
refs. 3.83 and 3.84) 
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Figure 3.76. — Frequencies (cps) of axially prestressed 
SD-SD shells for l/R = 1/2; other dimensions in text. 
(After refs. 3.83 and 3.84) 



Figure 3.77. — Frequencies (cps) of axially prestressed 
SD-SD shells for l/R = 1 (tensile stress); other dimen- 
sions in text. (After refs. 3.83 and 3.84) 



Figure 3.78. — Frequencies (cps) of axially prestressed 
SD-SD shells for l/R = 1 (compressive stress) ; other 
dimensions in text. (After refs. 3.83 and 3.84) 



Figure 3.79. — Frequencies (cps) of axially prestressed 
SD-SD shells for l/R =2; other dimensions in text. 
(After refs. 3.83 and 3.84) 
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Eh 
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Figure 3.80. — Frequencies (cps) of axially prestressed 
SD-SD shells for l/R = 6; other dimensions in text. 
(After refs. 3.83 and 3.84) 


Armen&kas (ref. 3.85) used the exact solution 
(2.20) in the Herrmann-Armenakas equations to 
obtain numerical results for axially prestressed 
SD-SD shells. These are shown in figure 3.81, 
where the frequency parameter o> hy/ 2p(l -f- v)/E 
is plotted versus the axial wave length parameter 
mR/l for fi/A=1000, r = 0.3, and NJ/C = 0.001. 
Results for no initial stress are also shown for 
comparison. It was found that for modes having 
1 the influence of axial initial stress decreases 
as R/h decreases. For example, in figure 3.82 it 
is seen that the prestress effect is appreciable 
for R/h— 1000, whereas for R/h = 20 (and the 
other parameters the same as for figure 3.82) 
the frequency increase was less than 5 percent. 



mR/X 


Figure 3.81. — Comparison of frequencies with and with- 
out axial prestress for an SD-SD shell; R/h = 1000, 
v = 0.3. (After ref. 3.85) 


For beam-like vibrations (n=l), the effect of 
axial prestress on the predominantly radial 
modes having short axial wavelengths (large 
mR/l) also decreases as R/h decreases; however, 
for modes having long axial wavelengths, this 
effect is not dependent upon h/R. In the case 



Figure 3.82. — Relative effect of axial pre- 
stress ( N x '/C = 0.001) on the frequency 
of an SD-SD shell; R/h = 1000, v = 0.3. 
(After ref. 3.85) 


COMPLICATING EFFECTS IN CIRCULAR CYLINDRICAL SHELLS 


239 


of thin shells (#//i= 1000) vibrating in modes 
having short axial wave lengths, the relative 
effect of initial stress on the frequency is not 
dependent upon n inasmuch as in these modes 
the effect of the axial wavelength on to is of 
greater significance than that of the circumfer- 
ential wavelength. As seen in figure 3.82, in the 
other frequency spectrum range, the relative 
effect of axial prestress is negligible for axisym- 
metric (n = 0) modes, but can become large for 
flexural modes. The value of mR/l at which this 
relative effect is a maximum increases as n 
increases. 

Experimental results for a shell subjected to 
compressive axial initial stress were obtained by 
Herrmann and Shaw (ref. 3.86) for a stainless 
steel SD-SD shell having E = 1.50 in, h = 0.010 
in, and 1 = 29 in. These are shown in figure 3.83 
for a compressive axial force of 2000 lb. Analyti- 
cal results calculated from equation (3.156) of 
section 3.4.4 are also given. To show the change 
in frequencies due to the initial stress, figure 3.84 
is also given for the case of no initial stress. 

Very little has been reported in the literature 
for axially loaded shells having boundary con- 
ditions other than shear diaphragms, although 
the same exact, straightforward procedure could 
be followed as for unloaded shells (see sec. 2.4). 

Ivanyuta and Finkelshteyn (ref. 3.87) used 
the Donnell-Mushtari shell equations and the 
Bubnov-Galerkin approximate procedure with 
beam functions (cf., secs. 2.4 and 2.4.1) to arrive 
at the following general formula for the fre- 
quency parameters Sl = oiRy/p(\ — v ‘ l )/E of axi- 
symmetric modes: 


where h, ... ,h are the integrals of beam func- 
tions as defined by equations (2.71) and 




X"X m dx 


(3.115) 


(see the discussion in sec. 2.4). Equation (3.114) 
permits the evaluation of frequencies for shells 
having arbitrary edge conditions and axial initial 
stress. 

Nikulin (ref. 3.84) obtained results for a cir- 
cular cylindrical shell clamped at both ends and 
subjected to an initial axial load. The shell di- 



Figtjre 3.83. — Theoretical and experimental frequencies 
for an SD-SD shell (dimensions given in text) sub- 
jected to a compressive initial axial force. (After ref. 
3.86) 



Figure 3.84. — Frequencies for the shell of figure 3.83 
without initial stress. (After ref. 3.86) 
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mensions used were h = 0.5 mm., 1 = 238 mm., 

# = 118 mm. and the material properties were 
given by 

i? = 2X10 6 dyne/cm 2 , v = 0.3 

p = 8X10 -6 dyne-sec 2 /cm 4 

Theoretical and experimental results for fre- 
quencies (cps) versus axial initial stress are com- 
pared in figure 3.85 for various circumferential 
wave numbers n. Similar results were obtained 
for a shell having structural orthotropy (inte- 
gral ring stiffeners) as shown in figure 3.86 for 

# = 2.5 mm. These results are given in figure 
3.87. 

Miserentino and Vosteen (ref. 3.88) presented 


f 

(cps! 


1600 



816 1632 

tr^, dyne /cm 2 


Figure 3.85. — -Theoretical and experimental frequencies 
for an axially prestressed shell having clamped-clamped 
boundaries; dimensions in text. (After ref. 3.84) 
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Figure 3.86. — Dimensions of shell having structural 
orthotropy. (After ref. 3.84) 


experimental results for a clamped-clamped shell. 
Model 324 described by the physical properties 
listed in table 3.12 (see section 3.4.4) was tested. 
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Figure 3.87. — Theoretical and experimental frequencies 
for the orthotropic shell of figure 3.86 subjected to axial 
initial stress. (After ref. 3.84) 




(N,[/Eh) x 10 s 

Figure 3.88. — Experimentally determined frequency 
parameters for an axially prestressed, clamped-clamped 
shell. (After ref. 3.88) 
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The frequency parameter u 2 R 2 p/E is plotted 
versus the axial tension parameter NJ/Eh in 
figure 3.88 for m = 1 and various values of n. 

Free vibrations of axially prestressed circular 
cylindrical shells are also discussed in references 
3.89 through 3.93. 


3.4.3 Uniform Circumferential Prestress 

Uniform circumferential initial stresses can 
arise from either of the following causes : 


(1) Internal or external pressure 

(2) Constant velocity rotation about the axis 
of the cylindrical shell. 


In the former case an internal pressure p 0 causes 
a stress resultant N e < = PoR, whereas an exter- 
nal pressure po causes Ng'= —poR, where po is 
a positive number. In the case of rotation it is as- 
sumed that the spin frequency co 8 is small com- 
pared with the vibration frequency, so that 
Coriolis and gyroscopic effects can be ignored. 
Then Ne' = phu a i R 2 . Both cases are only truly 
valid for the infinite shell, for the effect of edge 
conditions on a finite length shell would alter the 
uniformity of the static initial stress field. How- 
ever, for thin shells (large R/h) and certain 
types of edge constraints, the nonuniformity in 
membrane initial stress are localized to the vicin- 
ity of the edges, and the gross vibrational charac- 
teristics of the shell (particularly, frequency) are 
not greatly affected and the results contained in 
this section can be meaningfully applied. 

The same logic which led to the simple formula 
(3.108) in the preceding section dealing with axial 
prestress can also be applied to circumferential 
prestress. That is : (1) taking the case of the circu- 
lar cylindrical shell supported at both ends by 
shear diaphragms, (2) employing the Donnell- 
Mushtari shell theory (see section 2.3.1 for infor- 
mation concerning its range of applicability) ; and 

(3) neglecting tangential inertia leads to the 
simple formula 


W-N, 



Ko-\-k AKq 


(3.116) 


which is of the same form as equation (3.108). 
The statements made in the preceding section 
dealing with the usefulness of equation (3.108) 
apply here to equation (3.116) as well. That is, a 


great deal of the numerical results available in 
chapter 2 and elsewhere can be used directly as 
the right-hand side of equation (3.116). Further- 
more, from equation (3.116) it is clear that the 
effect of positive (tensile) circumferential initial 
stress is to increase the frequency, that negative 
(compressive) No' decreases the frequency and 
can lead to zero frequency (buckling), and that 
the effects of initial stress become more pro- 
nounced with increasing circumferential wave 
number n. 

Another characteristic behavior for circum- 
ferentially prestressed shells can be seen from 
equation (3.116). As seen in chapter 2, unloaded 
shells usually (depending upon h/R, l/R, etc.) 
have fundamental (lowest) frequencies occurring 
at values of n greater than unity (cf., figs. 2.19 
through 2.22). Equation (3.116) shows that the 
effect of tensile N o' is to decrease the value of n at 
which the fundamental frequency of the loaded 
shell occurs, whereas compressive Ne ' increases 
the circumferential wave number of the funda- 
mental frequency. 

It would appear from equation (3.116) that 
circumferential prestress has no effect upon the 
axisymmetric (n = 0) modes. However, it must be 
remembered that the Donnell-Mushtari theory is 
generally not considered applicable for small 
values of n (see sec. 2.3.1) even though acceptable 
results for vibration frequencies of unloaded shells 
having small l/R ratios are seemingly given. 
Further, looking at the matrix operators for initial 
stresses according to the other theories (eqs. 3.101 
and 3.102) it is seen in each of them that there are 
terms containing Ne' which are not multiplied by 
a derivative with respect to 8. Thus, the effect of 
Ng' does not vanish in the other theories for n = 0. 

From equation (3.106) it is seen that for the 
membrane theory equation (3.116) is replaced by 


o 2 -ivy 


,(r 2 -1) Ko 


c 


K ! 


(3.117) 


Section 3.4.2 shows that the Flfigge theory 
including tangential inertia permits the direct 
application of results for unloaded shells to prob- 
lems of axially loaded, SD-SD shells. Because of 
the appearance of off-diagonal terms involving 
Ng' in equation (3.102) there is no equivalent 
simple replacement for the case of circumferential 
initial stress. 
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Nikulin (ref. 3.84) analyzed SD-SD shells subjected to circumferential prestress. A shell theory 
was used which resembles the Love-Timoshenko theory except that (1 — i/)d 2 /ds 2 +d 2 /d0 2 is replaced 
by V 2 (i.e., v is neglected relative to unity in the first term) in the element of the second row and 
second column of the modifying differential operator given by equation (2.9a). The initial stress 
matrix operator [J2 f ] (see eq. (3.100)) corresponding to this theory was found in reference 3.84 to be 
(for uniform initial stresses) 


[£.] = 


N xl * (NJ-Nfl N x e * — 

ds dd j dsdd as 2 

a 2 a 2 a 2 

N e i NJ-—+2N xe i 

ds dd ds 2 ds dd 


(NJ-NeA 

as 

w x A 

ds 


(3.118) 


0 




-2 Na< 


a 2 

as dd 


Tangential inertia was retained. Using the exact 
displacement functions (eq. (2.20) led to the 
following formula for frequency parameters of 
SD-SD shells: 


0 2 = - 


(l-r 2 )X 4 +/b(X 2 +?i 2 ) 4 +^-^N 9 '(X 2 +R 2 ) 2 


(X 2 +R 2 ) 2 +R 2 +(3+2„)X 2 


(3.119) 


Equation (3.119) is comparable to equation 
(3.111) for axially loaded shells and can be 
rewritten as 


where 

(r 2 -1)(X 2 +r 2 ) 2 

X 4 +/b(X 2 +?i 2 ) 4 


(3.120) 

(3.121) 


comparable to equation (3.113). Variation of the 
parameter /3 2 with R/h and n is shown in figure 
3.89 for l/R =2 and v =0.3. Again, from equations 
(3.119) and (3.120) it is clear that positive values 
of N e { increase the free vibration frequencies, 
whereas negative values decrease them. It is in- 
teresting to note that in this case ( including tan- 
gential inertia) the theory used gives the result 
that circumferential initial stress has no effect on 
the vibration frequencies for n = 1 modes (in con- 
trast to n = 0 modes when the Donnell-Mushtari 
theory is used and tangential inertia is neglected, 
as seen earlier in this section). 

The frequency parameter can also be expressed 
as 

fi 2 = Ml+N 9 f /(VV) C r] (3.122) 


where (Ne') cr is the critical value of circumferen- 
tial initial stress which causes buckling. In figure 
3.90 a plot of the frequency ratio co/o> 0 versus 
NV'/(lW)cr is given for various circumferential 
wave numbers n. The particular shell upon which 
figure 3.90 is based has the following dimensions 
and physical properties: R/h = 500, l/R =2, 
A = 0.1 cm, E = 2X10 6 dyne/cm 2 , ? = 0.3, and 
p = 8 X 10 -6 dyne-sec 2 / cm 4 . In this case the critical 
buckling load, as can be seen in the figure, occurs 
for n = 9 and has the value 




Figure 3.89. — Variation of the parameter used in 
equation (3.120) with R/h and n for l/R = 2. (After 
ref. 3.84) 
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Figure 3.90. — Frequency ratio versus circumferential 
initial stress ratio for an SD-SD shell; dimensions in 
text. (After ref. 3.84) 

Bleich and Baron (ref. 3.94) used an energy 
method to arrive at the following formula for fre- 
quencies of circumferentially prestressed SD-SD 
shells: 

(3 - i24) 

The parameter B is a function of l/R and n and 
was tabulated in reference 3.94 over ranges of 
these ratios. This table is repeated as table 3.10. 
It is interesting to note that these results include 
negative values of B in most cases for n = 1, indi- 


Table 3.10. — Values of B for Equation (3.124) 
for Circumferentially Prestressed SD-SD Shells 


l 

n 

R 

i 

2 

3 

4 

1.00 

0.282 

2.604 

7.108 

13.86 

1.25 

.111 

2.362 

6.956 

13.81 

1.50 

-.0427 

2.222 

6.906 

13.82 

1.75 

- . 0457 

2.152 

6.903 

13.85 

2.00 

-.212 

2.126 

6.922 

13.89 

2.25 

-.240 

2.123 

6.947 

13.92 

2.50 

-.248 

2.132 

6.973 

13.95 

2.75 

-.245 

2.147 

6.997 

13.97 

3.00 

-.236 

2.165 

7.019 

13.99 

3.50 

- .211 

2.200 

7.056 

14.02 

4.00 

-.185 

2.231 

7.083 

14.04 

5.00 

- .140 

2.278 

7.120 

14.07 

6.00 

-.107 

2.310 

7.143 

14.08 

7.00 

-.0842 

2.330 

7.157 

14.09 

8.00 

- .0672 

2.345 

7.166 

14.10 

9.00 

-.0547 

2.356 

7.173 

14.10 

10.00 

- . 0452 

2.364 

7.178 

14.10 


eating that positive AV cause decreases in the fre- 
quencies in these cases, and vice versa. 

Armen&kas (ref. 3.85) used the exact solution 
(2.20) in the Herrmann- Armen&kas equations to 
obtain numerical results for SD-SD shells cir- 
cumferentially prestressed due to pressure. Par- 
ticular attention was ■ paid to comparing the 
differences arising between considering the pres- 
sure to be either constant directional or normal 
to the surface (hydrostatic). The corresponding 
initial stress terms and characteristic equations 
are given in a more generalized form (including 
axial prestress as well) in section 3.4.4. According 
to this theory, circumferential initial stress does 
not influence the axisymmetric (n = 0) modes of 
free vibration. Figure 3.91 depicts results for the 
frequency parameter wh^/ 2 p(l-\-v) /E versus the 
axial wavelength parameter mR/l for the beam- 
like (n= 1) modes of shells having Nf/C = 0.001, 
R/h = 100, 200, and 1000 and i> = 0.3. Hydrostatic 
and constant directional frequencies are also 



Figure 3.91. — Comparison of effects of hydrostatic, con- 
stant directional and no circumferential prestress upon 
the frequencies of the beam like (n=l) modes of an 
SD-SD shell. (After ref. 3.85) 
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compared with the case of no initial stress. 
According to this plot, internal pressure decreases 
the frequency of this mode, whereas constant 
directional internal pressure increases the fre- 
quency; this effect becomes negligible for large 
mR/l ( rnR/l>5 ). However, the effect becomes 
very significant for small mR/l ; the frequency 
can be decreased to zero, indicating that the 
shell reaches a condition of instability due to inter- 
nal pressure. The critical pressure is Ew 2 Rh/l 2 , 
and is independent of the R/h ratio. The cor- 
responding critical mR/l ratio for N o'/C = 0.001 
is 0.0102. It must be remembered that this 
phenomenon assumes the absence of axial initial 
stress. 


The effect of the circumferential prestress upon 
the lobar-type flexural modes (n = 2,3,4) can be 
seen in figures 3.92, 3.93, and 3.94. It is clear that 
internal pressure increases the frequency for these 
modes, regardless of whether the pressure is con- 
sidered to be hydrostatic or constant directional. 
The effect is larger for large R/h and for small 
mR/l. For example, it was found in reference 
3.85 that the frequency of a steel shell having 
R/h = 1000 and mR/l = 0.03 subjected to an inter- 
nal hydrostatic pressure of 1 psi and vibrating in 
a mode with n = 2 is approximately 420 times the 
frequency of the unloaded shell! This finding 
appears to be in contradiction with that of Fung, 
Sechler, and Kaplan (ref. 3.78), who indicated 


Figure 3.92. — Effect of circum- 
ferential prestress upon the fre- 
quencies of the n > 2 modes of 
an SD-SD shell; R/h = 100. 
(After ref. 3.85) 
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Figure 3.93. — Effect of cir- 
cumferential prestress upon 
the frequencies of the n >2 
modes of an SD-SD shell; 
R/h =20. (After ref. 3.85) 
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mR/A 

Figure 3.94. — Relative effect of internal hydrostatic 
pressure (Nfi/C = 0.001) upon the frequencies of an 
SD-SD shell. (After ref. 3.85) 

that initial stresses have a significant effect on 
the frequency only for n> 3. This discrepancy 
may be because in reference 3.78 results were 
studied only for relatively large mR/l. From 
figure 3.94, for example, for mR/l>0A5 the effect 
of circumferential prestress becomes negligible 
for n < 4 and R/h < 1000. Also from figure 3.94, 
the effect of circumferential prestress upon the 
frequency depends to a large extent upon n; this 
effect is larger for modes having values of n close 
to that for which an SD-SD shell of length l/m 
will buckle. 

Armen&kas and Herrmann (ref. 3.95) analyzed 
the infinitely long shell subjected to circumferen- 
tial initial stress. Three types of pressures were 
considered as being active during the vibratory 
displacements of the shell wall: 

(1) Constant directional 

(2) Hydrostatic 

(3) Centrally directed. 

The first two types have been discussed above. 
In the third case, during deformation the magni- 


tude per unit original area remains constant and 
the direction remains toward the center of the 
shell. In all three cases the system of applied 
loads is conservative. The equations of reference 
3.72 are used with exact plane strain displace- 
ment functions (2.24) to arrive at the following 
characteristic equations for the cases of : 

constant directional pressure 


.,4 


C(H-»«)+^(»*-l)* 


phR 2 _ 
+Nfi(l+n 2 ) 
N e 

+ p 2 h 2 R 

+|^ 2 -1) 2 ( 


( 2 4)] 

) 


?l 2 +l + 


+jW».-i)>(i T A)] 


CD 


n 2 (n 2 — 1) 2 = 0 


P 2 h 2 R 
hydrostatic pressure 




phR 2 


D 


C(l+n 2 )+— (n 2 -l) 2 


wk 2 ^ 1 


N, 


pWR 4 


-n 2 ) J| 

y C („.-i>„<(i±A) 


+— n 2 (n 2 — 1 ) 2 +N fin 2 ( n 2 


(3.125) 


-44)] 


CD 


p 2 h 2 R 


;n 2 (n 2 — 1) 2 = 0 


(3.126) 
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where C = Eh/(l- v 2 ) and D=Eh 3 / 12(1-k 2 ), as 
before, and 
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Ne i =±PoR^ 1 + ^) (3.128) 

the upper sign in all these equations applying to 
internal pressure, while the lower sign applies to 
external pressure. 

The lowest roots of equations (3.125), (3.126), 
and (3.127) which correspond to the predomi- 
nantly radial mode are (according to ref. 3.95) 

constant directional pressure, 


"’- K [ 1+ l^( 1T 25 +t ’‘ ! )] < 3 ' 129) 


hydrostatic pressure, 
N 




(3.130) 


centrally directed pressure, 


decreases with external pressure. The relative 
effect becomes very large for very large values of 
R/h, as illustrated in figure 3.95 for n = 2. The 
slopes of the curves change at the origin as the 
pressure changes from external to internal; co 0 is 
the frequency in the absence of initial stress. In 
figure 3.96 0 is plotted versus R/h for n = 2, 3 and 
N e i /G = 0, 1/1200. The differences among the 
types of pressure representations decreases as n 
increases; for n = 6, it is negligible. 

Two other interesting types of circumferential 
initial stress were considered by Armenakas and 
Herrmann in reference 3.95. This first case arises 
when, for example, during fabrication a circular 
cylinder is generated from a flat plate by means 
of circumferential bending moments M e i which 
are residual after joining the lateral edges. The 
frequency of the lowest (radial) mode of the 
infinite shell is 


-K\l 


. N ° iR2 L*_ 

H(ri 2 — 1) 2 L 


2 +— (n 2 — l)+fcn 4 
ZK 


where 


K = 


Dn 2 {n 2 - 1) 2 


P hR 4 ll+n 2 +(h 2 n i /12R 2 )] 


(3.131) 

(3.132) 


k = h 2 /12R 2 , as usual, and where terms of order 
of magnitude ( Ne'/C ) 2 and ( h/R ) 2 have been 
neglected in comparison with unity. 

In equations (3.129), (3.130), and (3.131) it 
may be observed that the frequency of the radial 
mode increases with initial internal pressure and 


£>R 2 (?i 2 -l) 2 r i + (M e y(7fi) 1 

phR* l 1 +?i 2 +fcn 4 J 


(3.133) 


Positive values of Me' (ones causing compressive 
stresses on the inner boundary of the shell) are 
seen to increase the frequency. However, the 
effect is generally small because, for most mate- 
rials the yield stress is reached before M o’ becomes 
significant in equation (3.133). 

The second type of circumferential initial stress 
alluded to above is when the internal and external 
boundaries of the infinite shell are subjected to 
oppositely directed uniform, circumferential, sur- 
face shearing forces f in and /«, respectively, as 


Figure 3.95. — Effects of various 
pressure representations upon 
the frequency ratios of circum- 
ferentially prestressed infinite 
shells: n =2, v = 0.3. (After ref. 
3.95) 
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Figure 3.96. — Effects of various pressure representations 
upon the frequency ratios of circumferentially pre- 
stressed infinite shells; n = 2, 3. (After ref. 3.95) 


shown in figure 3.97, thereby generating a trans- 
verse shearing force resultant Qe'. Neglecting 
circumferential inertia, reference 3.95 shows that 
the frequency becomes 


J(» , -i)T 1 (Qo’) 2 fl 2 l 
P hR i L 1 CDn 2 J 


(3.134) 


The effect of Qe * can be very large for large values 
of R/h. 

Experimental results for a shell subjected to 
circumferential initial stress due to external pres- 
sure were given in reference 3.86 for a stainless 
steel shell having E = 1.50 in., h — 0.010 in., and 
£ = 29 in. These are shown in figure 3.98 for an 
external pressure of 3.5 psi. Analytical results 
calculated from equation (3.156) of section 3.4.4 
are also given. The change in frequencies due to 
the initial stress can be seen by comparing figure 
3.98 with figure 3.84. 

Koval (ref. 3.96) obtained simple frequency 



Figure 3.97. — Shell subjected to circumferential, 
surface shearing forces. (After ref. 3.95) 



Figure 3.98. — -Theoretical and experimental frequencies 
for an SD-SD shell (dimensions given in text) sub- 
jected to an initial external pressure. (After ref. 3.86) 


formulas for shells subjected to circumferential 
initial stress and having various boundary condi- 
tions. The Donnell-Mushtari shell equations, 
neglecting tangential inertia, were used, as well 
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as Yu’s assumption, A 2 /?i 2 «l (see sec. 2.3.5 for 
further discussion). For shells supported at both 
ends by shear diaphragms (SD-SD shells) the 
resulting formula for the frequency parameter is 

0 2 = fcn 4 +( 1 - v 2 )(.mirR/niy+N e ^ (3.135) 

where m = l,2, .... Using the same assump- 
tions reference 3.96 shows that equation (3.135) 
can also be applied to clamped-clamped shells 
provided that the eigenvalues of the clamped- 
clamped beam are used; i.e., m = 1.506, 2.500, 
3.500, .... Similarly, the SD-free shell is 
governed by the SD-free beam eigenvalues, giving 
m = 1.250, 2.250, 3.250, . . . for use in equation 

(3.135) . Reference 3.96 also shows that using the 
Donnell-Mushtari theory and retaining tangential 
inertia leads to the frequency formula 

fcw 8 +(l — v 2 ) {mirR/l) iJ r{N e'n^/C 
n 2 (n 2 + l)+[(3-r)/(l-r)]fcn 6 1 j 

where m is taken for SD-SD, clamped-clamped, 
and SD-free shells as discussed above. It is inter- 
esting to note in both equations (3.135) and 

(3.136) that the effect of circumferential pre- 
stress disappears for axisymmetric ( n = 0) modes. 
This is in contrast to the results of Nikulin 
discussed earlier in this section. 

An early (1890) analysis of the circumferen- 
tially stressed cylinder was made by Bryan (ref. 
3.97) as a means of studying a rotating, vibrating 
bell. Rayleigh’s inextensional shell theory was 
used. Circular cylindrical shells subjected to 
circumferential initial stresses are also discussed 
in references 3.98 through 3.101. 

3.4.4 Combined Uniform Axial and 
Circumferential Prestress 

The type of initial stress field considered here 
includes both axial and circumferential stresses. 
Thus, sections 3.4.2 and 3.4.3 can be considered 
as special cases of this section. One other impor- 
tant special case occurs in this section, namely, 
when iVY’ = 2N X ', and N x e' = 0. This case occurs 
when a completely enclosed cylindrical tank is 
subj ected to uniform internal or external pressure. 
The axial prestress is caused by the pressure 
acting upon the ends of the tank. In the case of a 
tank having ends made of relatively thin, circular, 


flat plates, the SD-SD boundary conditions are 
reasonably approximated. 

Sections 3.4.2 and 3.4.3 show that in the case 
of the SD-SD shells, using the Donnell-Mushtari 
theory neglecting tangential inertia gave rise to 
simple formulas (3.108) and (3.116) which permit 
the vibration frequencies obtained for unloaded 
shells to be used directly to determine the fre- 
quencies for shells having either axial or circum- 
ferential uniform prestress. The extension to 
combined axial and circumferential uniform pre- 
stress is obvious, yielding 


.X 2 


.n 


0 2 -Ay--AV-= 


K 0 +k AKp 
K ! 


(3.137) 


Thus, equation (3.137) can be used for any 
combination of N J and W along with the right- 
hand sides of equation (3.137) determined for 
unloaded shells. This equation was given by 
Reissner (ref. 3.102) and by Vlasov (ref. 3.103). 

As shown in section 3.4.3, in the case of cir- 
cumferential initial stress the presence of the 
off-diagonal terms in the Fltigge theory initial 
stress operator (eq. (3.102)) prevents the simple 
solution form of equation (3.137) for this theory. 
However, Greenspon (refs. 3.24 and 3.25) and 
Bozich (ref. 3.82) pointed out that in many 
practical cases these terms are small in com- 
parison with the terms arising from the other 
two operators required in equation (3.100). In 
such cases the off-diagonal initial stress opera- 
tor terms can be neglected and, consequently, 
retaining tangential inertia terms in the Fltigge 
theory, one can utilize the numerous results 
of section 2.3 simply by replacing 12 2 by fi 2 — 

Njxyc-Nsnyc. 

Reissner, along with his other numerous signifi- 
cant contributions in the field of shell vibrations, 
studied the effects of initial stress according to 
the membrane theory (ref. 3.102). The shear dia- 
phragm (SD) boundary conditions were satisfied 
at both ends by using the exact displacement 
functions (2.20), with \ = mtrR/l. The initial 
stresses were those due to internal pressure; i.e., 
N x ' = p 0 R/2, No' = PoR ■ Substituting equations 
(2.20) into the equations of motion determined 
by equations (3.100) and (3.106) gives the char- 
acteristic equation 

fl 6 - A 2 'n 4 + Ki' O 2 -K 0 ' = 0 


(3.138) 
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where 


K 2 ' = - 


K.'J- 

9 


4(X 2 +n 2 )+3 


8p 0 R ( 

1 ' 

3 Eh \ 


n 2 -l+- 


■f)] 


3(X 2 +n 2 ) 2 + llX 2 +3n 2 
32 poRl 


3 Eh 


-^7i 2 -l+|-Yx 2 +w 2 ) j 


> (3.139) 


Ko 27 


8k,+8 ^( ,,! - 1 


+f)(x 2 +^ 2 ) 2 ] 


for y=l/3. (When p 0 = 0, these coefficients are 
the same as equations (2.36) with k = 0 and 
v = 1/3.) Extensive numerical results were given 
in reference 3.102 for X = 0, 7r/10, 7t/4, tt/ 2, 37r/4, 
ir, 37T/2, 2ir; n= 1, 2, . . . , 6; and 4poR/3Eh = 0, 
1/400, 1/200, 1/100. These are listed in table 
3.11. All three frequencies arising as roots of 
equation (3.138) are given in this table. The 
same behavior is also seen in figures 3.99, 3.100, 



R/je 



Figure 3.100. — Frequency parameters for SD-SD shells 
subjected to internal pressure p 0 (i.e., No* — 2 Ah'); 
membrane theory r = l/3; n = 4. (After ref. 3.102) 



ft/t 


Figure 3.99. — Frequency parameters for SD-SD shells 
subjected to internal pressure po (i.e., Ne i = 2N x < ); 
membrane theory, r= 1/3; n = 2. (After ref. 3.102) 


Figure 3.101.— Frequency parameters for SD-SD shells 
subjected to internal pressure p 0 (i.e., No' = 2 Ah’) ; 
membrane theory v = l/3; n- 6. (After ref. 3.102) 
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Table 3.11. — Frequency Parameters uR\^2p(l -\-v)/E for SD-SD Shells Subjected to 


an Internal 


Pressure p a (i.e., NJ = -N 9 '^; 


; Membrane Theory; v = 


8 




X = vittR /l 

3 Eh 

n 

0 

x/10 

ir/4 

7r/2 

37r/4 

7 r 

3 tt /2 

2tt 



0 

0.1011 

0.5383 

0.9771 

1.297 

1.445 

1.552 

1.588 


1 

1.000 

1.115 

1.503 

2.109 

2.686 

3.358 

4.836 

6.370 



2.499 

2.4783 

2.649 

3.386 

4.507 

5.755 

8.368 

11.04 



0 

. 03505 

.1927 

.5593 

.8845 

1.115 

1.364 

1.474 


2 

2.000 

2.042 

2.232 

2.709 

3.248 

3.840 

5.173 

6.620 



3.873 

3.902 

4.056 

4.606 

5.466 

6.519 

8.900 

11.44 



0 

.0168 

.09896 

.3315 

.5927 

.8228 

1.141 

1.318 


3 

3.000 

3.023 

3.135 

3.477 

3.932 

4.458 

5.661 

7.007 

0 


5.477 

5.501 

5.624 

6.056 

6.737 

7.611 

9.720 

12.09 


0 

. 009729 

.05872 

.2109 

.4071 

.6055 

.9325 

1.150 


4 

4.000 

4.015 

4.092 

4.348 

4.721 

5.177 

6.260 

7.504 



7.141 

7.161 

7.261 

7.611 

8.170 

8.906 

10.76 

12.93 



0 

.006366 

.03854 

.1436 

.2903 

.4527 

.7564 

.9898 


5 

5.000 

5.011 

5.070 

5.271 

5.579 

5.972 

6.943 

8.089 



8.832 

8.848 

8.931 

9.223 

9.695 

10.33 

11.96 

13.95 



0 

. 004632 

.02716 

.1032 

.2149 

.3461 

.6151 

.8461 


6 

6.000 

6.009 

6.056 

6.221 

6.481 

6.821 

7.691 

8.745 



10.54 

10.55 

10.62 

10.87 

11.28 

11.82 

13.28 

15.09 



0 

.1013 

.4387 

.9781 

1.299 

1.449 

1.561 

1.604 


1 

1.000 

1.115 

1.503 

2.110 

2.686 

3.358 

4.836 

6.370 



2.449 

2.478 

2.649 

3.386 

4.507 

5.755 

8.368 

11.04 



. 07746 

. 08533 

.2088 

.5668 

.8915 

1.123 

1.377 

1.493 


2 

2.000 

2.042 

2.232 

2.709 

3.248 

3.840 

5.173 

6.620 



3.873 

3.902 

4.056 

4.607 

5.466 

6.519 

8.900 

11.44 



.1342 

.1355 

.1683 

.3611 

.6129 

.8408 

1.161 

1.344 


3 

3.000 

3.023 

3.135 

3.477 

3.933 

4.458 

5.662 

7.007 

1 


5.477 

5.501 

5.624 

6.056 

6.737 

7.611 

9.720 

12.09 

400 


.1879 

.1884 

.1984 

.2871 

.4553 

.7432 

.9657 

1.187 


4 

4.000 

4.015 

4.093 

4.348 

4.721 

5.177 

6.260 

7.504 



7.142 

7.161 

7.261 

7.611 

8.170 

8.906 

10.76 

12.93 



.2402 

.2405 

.2446 

.2847 

.3851 

.5238 

.8107 

1.043 


5 

5.000 

5.011 

5.070 

5.271 

5.579 

5.972 

6.943 

8.089 



8.832 

8.848 

8.931 

9.223 

9.695 

10.33 

11.96 

13.95 



.2918 

.2920 

.2942 

.3140 

.3711 

.4654 

.7005 

.9221 


6 

6.000 

6.009 

6.056 

6.221 

6.481 

6.821 

7.691 

8.745 



10.54 

10.55 

10.62 

10.87 

11.28 

11.82 . 

13.28 

15.09 
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Table 3.11 . — Frequency Parameters uRV 2p(l + v)/E for SD-SD Shells Subjected to 
an Internal Pressure pa(i.e., N x { = ^N e ^j; Membrane Theory; v = ~ — Concluded 


4 p 0 7 ? 


\ = m.TR/l 

3 Eh 


0 

7 r /10 

7 t /4 







7 r /2 

Sir / 4 

7 r 

3 ir /2 

2 ir 



0 

0.1016 

0.4391 

0.9791 

1.302 

1.453 

1.569 

1.619 


1 

1.000 

1.115 

1.503 

2.110 

2.686 

3.358 

4.836 

6.370 



2.449 

2.478 

2.649 

3.386 

4.507 

5.755 

8.368 

11.04 



.1095 

.1155 

.2237 

.5742 

.8985 

1.131 

1.389 

1.512 


2 

2.000 

2.042 

2.232 

2.709 

3.248 

3.840 

5.173 

6.620 



3.873 

3.902 

4.056 

4.607 

5.466 

6.519 

8.900 

11.44 



.1897 

.1909 

.2165 

.3885 

.6324 

.8584 

1.181 

1.369 


3 

3.000 

3.023 

3.135 

3.477 

3.933 

4.458 

5.662 

7.007 

1 


5.478 

5.501 

5.624 

6.056 

6.737 

7.611 

9.720 

12.09 

200 


.2657 

.2662 

.2743 

.3469 

.4989 

.6788 

.9977 

1.222 


4 

4.000 

4.015 

4.093 

4.348 

4.721 

5.177 

6.260 

7.504 



7.142 

7.161 

7.261 

7.611 

8.170 

8.906 

10.76 

12.93 



.3397 

.3400 

.3438 

.3761 

.4609 

.5863 

.8615 

1.093 


5 

5.000 

5.011 

5.070 

5.271 

5.579 

5.972 

6.943 

8.089 



8.832 

8.848 

8.931 

9.224 

9.695 

10.33 

11.96 

13.95 



.4126 

.4129 

.4152 

.4319 

.4789 

.5599 

.7765 

.9922 


6 

6.000 

6.009 

6.056 

6.221 

6.481 

6.822 

7.691 

8.745 



10.54 

10.55 

10.62 

10.87 

11.28 

11.83 

13.28 

15.09 



0 

.1022 

.4399 

.9811 

1.306 

1.461 

1.587 

1.649 


1 

1.000 

1.115 

1 .503 

2.110 

2.687 

3.358 

4.836 

6.370 



2.449 

2.478 

2.649 

3.022 

4.507 

5.755 

8.368 

11.04 



.1549 

.1595 

.2509 

.5888 

.9122 

1.147 

1.414 

1.548 


2 

2.000 

2.042 

2.232 

2.710 

3.249 

3.840 

5.173 

6.620 



3.874 

3.903 

4.056 

4.607 

5.466 

6.519 

8.900 

11.44 



.2683 

.2694 

.2897 

.4381 

.6697 

.8926 

1.219 

1.418 


3 

3.000 

3.023 

3.135 

3.477 

3.933 

4.458 

5.662 

7.008 

1 


5.478 

5.502 

5.625 

6.056 

6.738 

7.612 

9.720 

12.09 

100 


.3757 

.3763 

.3835 

.4429 

.5763 

.7448 

1.059 

1.290 


4 

4.000 

4.015 

4.093 

4.348 

4.721 

5.177 

6.261 

7.504 



7.142 

7.161 

7.261 

7.611 

8.171 

8.906 

10.76 

12.93 



.4804 

.4808 

.4846 

.5121 

.5835 

.6946 

.9552 

1.187 


5 

5.000 

5.011 

5.070 

5.271 

5.580 

5.972 

6.943 

8.090 



8.832 

8.848 

8.931 

9.224 

9.696 

10.33 

11.96 

13.95 



.5835 

.5839 

.5865 

.6020 

.6422 

7.121 

.9097 

1.119 


6 

6.000 

6.009 

6.056 

6.221 

6.481 

6.822 

7.691 

8.746 



10.54 

10.55 

10.62 

10.87 

11.28 

11.83 

13.28 

15.09 
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and 3.101 where only the lowest of the three 
frequencies is plotted. 

In reference 3.102 comparisons were also made 
with the results arising from simplifications of 
membrane theory. The first results from neglect- 
ing tangential inertia, and yields the formula 

2co *R*p(l + v)/E=- (n2 + x2)2 

+ 4 3lf(”’ + H (SU40) 

for v = l/3. The second is from reference 3.104 
and is based on the assumptions that No and the 
shear stress deformability of the shell walls are 
negligible and that axial wave lengths are large 
compared with circumferential wave lengths. 
The second formula is 



H/t 


2o> i R*p(l + r)/E = 


3A 4 

(n 2 +l)n 2 

4 p 0 R (n 2 — l) 2 
+ 3 Hh ?i 2 + 1 


(3.141) 


for v = 1/3. Comparisons of results obtained from 
equations (3.138), (3.140), and (3.141) are made 
in figures 3.102 and 3.103. 

DiGiovanni and Dugundji (ref. 3.2) analyzed 
pressurized (Ne i = 2Nj) SD-SD shells by the 
exact method. The Washizu shell equations were 
used; i.e., operators (3.101c) and (2.9b). The ef- 
fect of internal pressure upon the axisymmetric 
frequency parameters of isotropic shells is shown 
in figure 3.104, where the pressure parameter 
PoR/C (with C = Eh/(l — v 2 )) has a value of 0.001 
and f?//i=1000. The pressure has a significant 
effect upon the frequency only for the predom- 
inantly radial mode for large mR/l and for the 
torsional mode for small mR/l, whereas the axial 
mode is unaffected. 

To grasp the significance of the magnitude of 
the pressure parameter, consider a shell having 
the material properties: E=10 7 and ^ = 0.3. 
Then the circumferential initial stress is 

aro i =l.lX10 7 p 0 R/C psi 

Figures 3.105, 3.106, and 3.107 show the vari- 
ation of the lowest value of ft with p 0 R/C for 
?i>l and for shells having three values of axial 
wave length —mR/l — 0.06, 0.5, and 3. Poisson’s 
ratio was taken at 0.3. Comparison of the figures 



R//- 


Figure 3.102. — Comparison of exact, first approximate, 
and second approximate formulas (eqs. (3.138), (3.140), 
and (3.141), respectively) for frequency parameters; 
n—2. (After ref. 3.102) 


Figure 3.103. — Comparison of exact, first approximate, 
and second approximate formulas (eqs. (3.138), (3.140), 
and (3.141), respectively) for frequency parameters; 
n= 6. (After ref. 3.102) 
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Figure 3.104. — Effect of internal pressure (AV = 2AV) 
upon the axisymmetric (n = 0) frequency parameters 
of an SD-SD shell; R/h = 1000. (After ref. 3.2) 



P 0 R/C 


Figure 3.106. — Effect of internal pressure (AV = 2 A**) 
upon the frequencies (n > 1) of an SD-SD shell ; mR /l = 
0.5. (After ref. 3.2) 




Figure 3.105. — Effect of internal pressure (AV = 2AV) 
upon the frequencies (n > 1) of an SD-SD shell; 
mR/l = 0.06. (After ref. 3.2) 


Figure 3.107. — Effect of internal pressure (AV =2AV) 

upon the frequencies («,> 1) of an SD-SD shell; 

mR/l = 3. (After ref. 3.2) 

shows that the value of n for which the lowest 
frequency begins to vary significantly with the 
internal pressure depends upon the axial wave 
length mR/l. For long shells {mR/l = 0.06) there 
is a significant increase of Q with p 0 R/C when 
n> 2, for mR/l = 0.5 the increase becomes signifi- 
cant when n>5, and for short shells {mR/l = 3) 
when n> 10. For n—l the frequency is virtually 
independent of pressure, especially for short 
shells. The two larger frequencies, which cor- 
respond to predominantly tangential motions, 
were little affected by internal pressure. The 
fact that the frequencies of the tangential modes 
are virtually unaffected by initial stresses has 
been pointed out in many references (cf., ref. 
3.85). 

In reference 3.2 pressurized orthotropic shells 
were also analyzed by the same method. Numer- 
ical results for the axisymmetric (n = 0) modes 
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of a set of shells have already been included in 
figures 3.3 through 3.6 of section 3.1.2. In these 
figures it is seen that for both circumferential and 
axial stiffening, and all values of stiffness ratios, 
the frequency of the predominantly radial mode is 
slightly increased by the addition of internal 
pressure at large values of mR/l. The frequency 
of the torsional mode increases with pressure for 
small mR/l, whereas the pressure has a negligible 
effect on the frequency of the axial mode 
everywhere. 

For the n = 1 mode (“beam bending”), the ef- 
fect of pressure on the lowest frequency is shown 
in figures 3.108 through 3.112. The direction and 
magnitude of the stiffness ratio E x /Ee varies from 
one figure to the next. For circumferential stiffen- 
ing (Ee/E x > 1) there is a significant increase in Sf 
for small mR/l. For axial stiffening (E x /Eo> 1) 
the increase in frequency due to pressure occurs 
for both small and large mR/l. 

For n> 2, figures 3.108 through 3.112 show 
that the lowest frequency increases significantly 
with internal pressure for all types of stiffening, 
the increase generally diminishing with increas- 
ing mR/l. It is observed that the frequency in- 
crease due to pressure is greater for E x /Ee> 1 
than for E e /E x >l. It was found that the pres- 
sure had a negligible effect on the two higher fre- 
quencies over the entire range of parameters 
encompassed in these figures. 

Fung, Sechler, and Kaplan (refs. 3.78 and 3.79) 
analyzed SD-SD shells by means of equations of 
motion (eq. (3.100)) which used equation (2.9a) 
for the [£mod] operator and equation (3. 105) for 
the [£,•] operator. They found the resulting char- 
acteristic equation to be equation (3.138) where, 
in this case, the coefficients K/ , K/ , and K 0 ' are 
given by 


K / = Kz+k AKi+2\ 2 n x +n 2 ne 


K\ = K\-\-k AKi-\-bino~\~bzh x 

+n‘ l \ 2 n x no + 'K*n x 2 


(3.142) 


Ko =K 0 -\-k AKo+aine+a2n x +a 3 n x ne 
+a i n x 2 +asne 2 i 


where K it K u K 0 , AK 2 , AK h and AK 0 are terms 
of the characteristic equation in the absence of 
initial stress as used previously in equation 
(2.35), h x = N x i /Eh, fig = N o' /Eh, and 



Figube 3.108. — Effect of internal pressure (N o' = 2N X ') 
upon the frequencies («, > 1 ) of an orthotropic, SD-SD 
shell; Eg/E x = 24.2. (After ref. 3.2) 



mR/* 

Figure 3.109. — Effect of internal pressure (TV’s 1 = 2N X ') 
upon the frequencies (n>l) of an orthotropic, SD-SD 
shell; Eg/E x — 5.35. (After ref. 3.2) 
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Figure 3.110. — Effect of internal pressure (AV = 2 A*') 
upon the frequencies (n>l) of an isotropic, SD-SD 
shell; E$/E x = 1. (After ref. 3.2) 



Figure 3.112. — Effect of internal pressure ( Ne' = 2N x < ) 
upon the frequencies (a>l) of an orthotropic, SD-SD 
shell; E x /E a = 24.2. (After ref. 3.2) 



mR/Jt 

Figure 3.111. — Effect of internal pressure (AV = 2AV) 
upon the frequencies (rc>l) of an orthotropic, SD-SD 
shell; E x /Eo = 5.35. (After ref. 3.2) 
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l-i 

2 

1 + r 


?l 4 +(/Xw^ 
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a 3 = ^-^X 2 ?l 2 (?l 2 — 1) 
bi —n i +2\hi 2 — n 2 +rX 4 

A 


-/bn 2 (X 2 +n 2 ) 


> (3.143) 


5 — v 5 — 2v „ 

6 2 = -X 4 -| — X 2 n 2 + X 2 


+A:X 2 (X 2 +n 2 ) 2 

Results obtained from equations (3.142) and 


(3.143) were reported in references 3.78 and 3.79 
and compared with the results obtained from 
the much more simple Donnell-Mushtari equa- 
tion (3.137). It was found that equation (3.137) 
gives frequencies within 7 percent of the more 
exact values obtained from equation (3.142) for 
0 < X < x at n — 2 over a wide range of pressures. 

Experiments were also reported in references 
3.79 and 3.105 for shells having ends which simu- 
lated SD-SD conditions. Tests were conducted 



Figure 3.113 — Theoretical and experimental frequencies (cps) for a pressurized 
(Ne' =2N X ') SD-SD aluminum shell. (After ref. 3.78) 
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on models made of 24S-H aluminum alloy having 
72 = 3.5 in.; h = 0.001, 0.002, and 0.003 in.; and 
three axial lengths —11, 7, and 3.5 in. Frequen- 
cies observed for the shell having h = 0.001 in. 
and 2=11 in. are plotted as small circles in figure 
3.113. Theoretical results from equation (3.137) 
are plotted as lines. Figure 3.114 is a magnifica- 
tion of the lower left corner of figure 3.113. The 



00 

Figube 3.114. — -Magnification of the lower left 
corner of figure 3.113. (After ref. 3.78) 


overall bending modes (n=l) are omitted from 
these plots because the end masses used in the 
experiments affect the frequencies significantly. 
The density of frequencies occurring at any given 
pressure is readily apparent from these graphs. 
The actual experimental end conditions were 
somewhere between being shear diaphragm and 
clamped ends. Extensive tabular and graphical 
data are available in reference 3.105 for the other 
experimental shell models described above but, 
as in figures 3.113 and 3.114, no mode shapes are 
identified with the experimental frequency data, 
thus limiting its usefulness and excluding it from 
being reproduced here. 

Herrmann and Armen&kas (ref. 3.72) derived 
a set of shell equations which take into account 
that, as the shell deforms, the direction of the 
internal or external pressure changes, always 
remaining normal to the shell. This is in contrast 
with the assumption that the direction of the pres- 
sure remains the same, (termed “constant direc- 
tional pressure” by Herrmann and Armenakas). 
The equations of motion (2.3) are generalized to 
(ref. 3.85): 


[£) {«<} (A FJ +^{A M<] = {0} (3.144) 

where [£] and {«,} are as in equations (2.3) and 
(3.100); {AFi} = {A F x , A F e , A g} ; A F x , A F t , and A q 
are the axial, circumferential, and radial com- 
ponents, respectively, of the change of the initial 
shell surface tractions due to deformation, ex- 
pressed per unit undeformed middle surface 
area; C = Eh/{ 1 — r 2 ); the vector {AM,} has 
components 


Ailf i=0 


dw 

AM 2 = —rriiV+viz 1-72 A me 

dd 

, , , dv r, d Awi* Am 8 

AM 3 = m z m z w — K It 

dd ds dd 


> (3.145) 


Am,, Ante are the axial and circumferential com- 
ponents, respectively, of the change due to 
deformation of the moment induced by the sur- 
face tractions, expressed per unit undeformed 
middle surface area; and m, is the sum of the 
products of the radial component of the initial 
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surface traction and the 2 -coordinate, evaluated 
at the two surfaces of the shell, expressed per unit 
undeformed middle surface area. The [£mod\ 
operator used by Herrmann and Armenakas is 
the same as that of Fliigge. 

As shown in reference 3.72 for initial uniform 


lateral pressure p 0 , 



(3.146) 


where the upper signs apply to internal pressure 
and the lower signs apply to external pressure. 
Correspondingly, it is found that 


A F x = - 


No' dw 
if 2 ds 



1WT du . dv 


Ag = — T~+7Z+ W 


R 2 \ ds dd 


h ( dhv dhv\ 

± 2fi\ + "a7 2+ ^e 2 > 


> (3.147) 


Am, = 


A vie = 


h Ne { dw 
± 2 ^R 2 ~ds 

_ h No'/ dw\ 

+ 2 W 


in the case where the pressure remains normal to 
the shell (hydrostatic pressure), and 


AF x = AFe = Ame = Aq = 0 (3.148) 


in the case of constant directional pressure. 

Using the exact solution function (2.20) for 
SD-SD ends, substituting into the equations of 
motion (3.144), and neglecting terms ( Ne'/C ) 2 
and (h/R ) 2 with respect to unity yields the follow- 
ing generalization of the characteristic equation 
(2.35) 

£2 6 — (A 2 +fc AKJW+iKh+k AAi)fi 2 
-{K 0 +k AK 0 )+^(K x N x <+K e N e { ) =0 (3.149) 


where K o, Ki, and K 2 are given by equations 
(2.36); AK 0 , AKi, and A K 2 are the Biezeno- 
Grammel coefficients of table 2.4; and 


A i =-^^X 2 [(X 2 +ji 2 ) 2 +1 

+ X 2 (3+2v)] 

Ko h = -^^-{n 2 (X 2 +n 2 ) 2 +n 2 (3X 2 
z 

+?i 2 ) + fc[(X 2 +?i 2 ) 3 — n i — 2X 2 ?i 2 ]} ( 

(1 — p) 

Kec= — — {?i 2 (X 2 +n 2 ) 2 -n 2 -|-2?i 4 

z 

+ X 2 [2(l + i/)-n 2 (3+2r)] 

+ A;[(X 2 +n 2 ) 3 -(-?i 2 — 2n 4 
+2X 2 (l + r-2?i 2 -2r?i 2 )]} 


(3.150) 


where Ko h and Ke c refer to the cases wherein 
the circumferential prestress is induced by 
hydrostatic and constant directional pressure, 
respectively. 

Some interesting alternative and simplified 
forms of frequency formulas were presented in 
reference 3.85. It was shown from equation 
(3.149) that the lowest frequency of a shell under 
the influence of initial stresses, Oi, is related to its 
three frequencies of free vibration in the absence 
of initial stress, 0i, 0 2 , S2 3 , by the formula: 



Figure 3.115. — Theoretical and experimental frequencies 
for an SD-SD shell (dimensions given in text) sub- 
jected to combined initial external pressure and axial 
compressive force. (After ref. 3.86) 
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O x 2 = S2i 2 — 


(KJV+KtN,*) 

c(n 2 2 n 3 2 ) 


(3.151) 


In the case where tangential inertia is neglected 
it was shown that 

Ko+MCv+^KzNJ+KiNe*) 

Q 2 = ^ (3.152) 

ivi 


where Ki was given previously in equation (2.43). 
For shells vibrating in inodes having a large 
number of circumferential waves, l/?i 2 can be 
disregarded in comparison with unity, giving 

fi 2 = i! 2 ^ % 4 +fc(X 2 +tt 2 ) + k\*NJ+n*Ne i ) 
(X 2 +R ) C 

(3.153) 


Taking the linearized form of equation (3.149), 
that is, neglecting the ft 6 and S2 4 terms, which is a 
reasonable approximation if one frequency is 
much smaller than the other two, and neglecting 
X 2 /n. 2 and kn 2 with respect to unity, gives for 
hydrostatic pressure, 


(1 — v 2 )X 4 n»(n 2 -l) 2 

?i 2 (l+?i 2 )"^ (w 2 +l) 



n 2 (n 2 — 1) NS 
^ n 2 + l ~C 


(3.154) 


and for constant directional pressure, 

(1 — „ 2 )X 4 knKn'-iy N »*' 

n 2 (l+n 2 ) ?i 2 +l C 


+n 2 


(?i 2 -l) 2 AV' 
n 2 + 1 C 


(3.155) 


Equations (3.154) and (3.155) are not valid for 
n = 0 and n= 1. In reference 3.86 the X 2 /n 2 terms 
were retained and X 3 /n 3 and kn 2 were discarded 
as compared to unity to arrive at a formula for 
the case of hydrostatic pressure which is more 
accurate than equation (3.154): 

S2 2 = { (l — „ 2 )x 4 +/cn 2 (n 2 — 1) 2 (1 +4X 2 ) 

+ n 2 [?i 2 (n 2 - 1) + X 2 (2n 2 - 3) ] (NS/C) 

+ n 2 X 2 (n 2 + 1) (NJ/C ) } 

H- { n 2 (n 2 + 2X 2 ) + (3 + 2v) X 2 n 2 + n 2 } (3.156) 

Experimental results for an SD-SD shell sub- 
jected to combined initial external pressure and 
compressive axial force were given in reference 
3.86 for a stainless steel shell having R = 1.50 in., 
h — 0.010 in., and 1 = 29 in. These are shown in 


figure 3.115 for an external pressure of 2.0 psi 
and an axial compressive force of 1500 lb. Analyt- 
ical results calculated from equation (3.156) are 
also given. The change in frequencies due to 
the combined initial stresses can be seen by 
comparing figure 3.115 with figure 3.84. 

Values of the parameter B to be used in 
equation (3.124) for the case of pressurized 
(NS = 2N X ') SD-SD shells were found by Bleich 
and Baron (ref. 3.94) by an energy approach. 
These values are exhibited in table 3.12 for 
1<1/R<10 and n= 1, 2, 3, 4. 

Experimental results were obtained by Got- 
tenberg (ref. 3.106) for pressurized (N e ' = 2N x i ) 
stainless steel shells having 

/i = 0.025 in., 72 = 3.012 in., and 7/72 = 31.86 

and simulated SD-SD end conditions. In figure 
3.116 the variation of frequency (cps) with the 
number of axial nodal circles (m— 1) and cir- 
cumferential wave number (n) is depicted. The 
internal pressure used was 53 psig. Experimen- 
tal data are compared with analytical results 
calculated from the formula (eq. (3.137)) of the 
Donnell-Mushtari theory neglecting tangential 
inertia. For n= 1 the Donnell-Mushtari theory 
is grossly inaccurate and an additional curve 
(denoted by an asterisk) is plotted on the basis 


Table 3.12 . — Values of B for Equation (8.124) 
for Pressurized (Ne' = 2N x i ) SD-SD Shells 


l 

n 

R 

i 

2 

3 

4 

1.00 

4.963 

7.171 

11.718 

18.55 

1.25 

2.949 

5.186 

9.869 

16.80 

1.50 

1.810 

4.142 

8.923 

15.90 

1.75 

1.252 

3.555 

8.391 

15.39 

2.00 

.763 

3.207 

8.071 

15.07 

2.25 

.539 

2.991 

7.865 

14.86 

2.50 

.405 

2.851 

7.726 

14.72 

2.75 

.323 

2.758 

7.629 

14.61 

3.00 

.273 

2.693 

7.559 

14.53 

3.50 

.222 

2.616 

7.466 

14.43 

4.00 

.202 

2.574 

7.410 

14.36 

5.00 

.195 

2.534 

7.348 

14.28 

6.00 

.201 

2.518 

7.316 

14.24 

7.00 

.209 

2.511 

7.298 

14.21 

8.00 

.215 

2.507 

7.286 

14.20 

9.00 

.221 

2.505 

7.278 

14.19 

10.00 

.225 

2.503 

7.273 

14.18 


FREQUENCY (cps) 


260 


VIBRATION OF SHELLS 



Figure 3.116. — Theoretical and experimental frequencies of an SD-SD shell (dimensions given 
in text) subjected to internal pressure (No' —2N X ')- (After ref. 3.106) 



Figure 3.117. — Experimentally measured frequency variation with internal pressure 
(N$ { =2N X ') for an SD-SD shell (dimensions given in text). (After ref. 3.106) 
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of Timoshenko beam theory. Additional experi- 
mental data are shown in figure 3.117 where the 
frequency variation with internal pressure is 
shown for various n and for m = 4. Free vibra- 
tions of circular cylindrical shells supported at 
both ends by shear diaphragms (SD-SD) and 
subjected to combined initial stress are also dis- 
cussed to some extent in references 3.70, 3.77, 
3.80, 3.84, 3.87, 3.91, 3.104, and 3.107 through 

3.115. In most of these works the Donnell- 
Mushtari formula (3.137) neglecting tangential 
inertia is either derived or used. 

The preceding results given in this section 
have all been for shells supported at both ends 
by shear diaphragms (SD-SD). In this case the 
equations of motion and the end conditions are 
exactly satisfied by the simple displacement solu- 
tion function (eq. (2.20)). For other boundary 
conditions the problem is considerably more 
complicated and relatively few results are 
available. 

The method of obtaining exact solutions for 
unloaded shells having arbitrary boundary con- 
ditions was discussed in section 2.4. This pro- 
cedure can also be followed for shells having 
combined axial and circumferential uniform pre- 
stress, as pointed out by Seggelke (ref. 3.116). 
In reference 3.116 the procedure was used to 
obtain frequency parameters for claviped-clamped 
shells. Numerical results are indicated in figure 
3.118. Equations for two theories (Donnell- 
Mushtari and Fliigge) are developed in reference 

3.116, but one cannot tell which theory was used. 
The shell length parameters used to obtain figure 
3.118 are not defined. From other calculations in 
reference 3.116 it is inferred that 72/ /t = 500, 
l/R = 2, and v = 0. 

The effects of replacing the boundary con- 
dition u = 0 by N x = 0 (relaxing the constraint 
on the axial membrane force developed during 
vibration) are depicted in figures 3.119 and 3.120. 

Note in figures 3.119 and 3.120 that the curves 
are straight lines, indicating a linear relationship 
between fl 2 and NJ. This phenomenon was also 
observed in section 3.4.2 in the case of SD-SD 
end conditions when either the Donnell-Mushtari 
theory (neglecting tangential inertia) or the 
Fliigge theory (including tangential inertia) are 
used. This is because terms containing NJ in 
the initial stress matrix operators (3.101a) and 



Figure 3.118. — Frequency parameters for a clamped- 

clamped shell subjected to combined uniform prestress. 

(After ref. 3.116) 

(3.102) occur only along the principal diagonal 
and Nfi enters each principal diagonal term in 
the same way. Thus, for fixed values of N $' (as 
in figs. 3.119 and 3.120) the curves of fi 2 versus 
Nz' will be straight lines for all possible bound- 
ary conditions. Following the same reasoning, 
plots of n 2 versus N «’ for fixed values of N x ' will 
be straight lines for the Donnell-Mushtari theory 
and curved lines for the Fliigge theory. 

Furthermore, it is important to note that if 
the mathematical statement of the boundary 
conditions is the same for prestressed and un- 
stressed shells (as in the case of a clamped- 
clamped shell, where u = v = w = dw/d : r = 0), then 
the exact solution procedure described in sec- 
tion 2.4 will yield the same deflection functions 
(2.53) (i.e., the same values of X) from satisfying 
the eight boundary conditions, independent of 


R z pU-v z )/E 
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N| ( Ry3(l-i' 2 )/Eh 2 


Figure 3.119. — Influence of axial constraint (u = 0) upon 
the frequency parameters of a shell subjected to com- 
bined uniform prestress. (After ref. 3.116) 


the prestress conditions. This permits one, for 
example, to use equation (3.137) for boundary 
conditions other than SD-SD provided the 
values of A and the right-hand-sides (frequency 
parameters of unloaded shells) are known. 

As discussed in section 2.4, the Ritz method 
or its equivalent for this class of problems, the 
Bubnov-Galerkin procedure, is a useful approxi- 
mate technique for finding frequencies and mode 
shapes of circular cylindrical shells having arbi- 
trary boundary conditions. Including the effects 
of initial stresses is a straightforward and sim- 
ple extension to the procedure. Ivanyuta and 
Finkelshteyn (ref. 2.87) laid out the procedure 
in detail (see sec. 2.4 for details when prestress 
is not considered) and demonstrated it for the 
clamped-clamped shell subjected to internal 
pressure p 0 (Ne i = 2 A/) . 

Koval (ref. 3.117) used the approximate de- 
flection function 

w = C ( cos |8_ is — cos /3+is) cos nd cos c ot (3.157) 

where /3 ± i= (m+ l)irR/l, to satisfy the boundary 
conditions for a clamped-clamped shell. The 
Donnell-Mushtari shell theory was used and 
Lagrange’s equation was written in terms of 
the assumed mode. This yielded the following 
useful frequency formula: 


Figure 3.120. — Dependence of fre- 
quency parameter upon circum- 
ferential wave number (n) for 
partially and completely clamped 
shells subjected to combined uni- 
form prestress. (After ref. 3.116) 
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‘ 1 ’-&^ + 5 w+2ftV+3 ”‘) 

+^(^ 2 2 N x i +n 2 N e ^j, m=l (3.158a) 


ft 2 = 


(1-v 2 ) 


L(^-i 2 + 


0+i 4 


+n 2 ) 2 (^+i 2 +w 2 ) 2 . 


+-[(/3_x 2 +n 2 ) 2 +(/3 +1 2 +n 2 ) 2 ] 


+ 


5[^ 1 ,+ * +iW+bW,< ]’ 

m = 2, 3, . . . (3.158b) 


where 


^ = 2tR/ 1, k = h 2 /12R 2 , and C = Eh/(l-v 2 ) 
as before. 

Mixson and Heer (refs. 3.114 and 3.115) pre- 
sented experimental results for two clamped- 
clamped circular cylindrical shells subjected to 
internal pressure (N / = 2N X ') . One shell was made 
of 2014-T6 aluminum and hfad the following 
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dimensions: Z = 28.6 in., 72 = 15.0 in., fi=15.0 in. 
Experimental data showing the variation of fre- 
quency with internal pressure p 0 and circumfer- 
ential wave number n are exhibited in figure 
3.121. A similar plot is made in figure 3.122 
for a stainless steel shell having 1 = 22.0 in., 
72 = 12.0 in., and h = 0.004 in. In both figures 
theoretical results are shown for SD-SD shells 
using the Donnell-Mushtari equation (3.137) 
neglecting tangential inertia. References 3.114 
and 3.115 argue that the experimental data for 
clamped-clamped ends should compare reason- 
ably well with the theoretical results for SD-SD 
ends because the end conditions have only a 
small effect upon the frequencies for values of n 
above the n for minimum frequency. 
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Figure 3.121. — Frequencies (cps) of a clamped-clamped, 
pressurized =2N X ') aluminum shell (dimensions 
given in text). (After refs. 3.114 and 3.115) 


Figure 3.122. — Frequencies (cps) of a clamped-clamped, 
pressurized (iVV' =2N x i ) steel shell (dimensions given in 
text). (After refs. 3.114 and 3.115) 
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Nikulin (ref. 3.84) obtained results for a cir- 
cular cylindrical shell damped at both ends and 
subjected to uniform combined initial stresses. 
The shell dimensions were h = 0.5 mm., 1 = 357 
mm., E = 118 mm., and the material properties 
were given by E = 2X10 6 dyne/cm 2 , >/ = 0.3, 
p = 8X10 -6 dyne-sec 2 / cm 4 . Theoretical and ex- 
perimental frequencies (ops) are compared in 
figure 3.123 for <jj= 1600 dyne/cm 2 with varying 
oV and n. 

Miserentino and Vosteen (ref. 3.88) obtained 
extensive experimental data for damped-damped 
shells. Geometric and material properties of the 
models used are summarized in table 3.13. Exper- 
imental data for these shells are displayed in 
table 3.14 for various magnitudes of internal 
pressure loading. Because of the type of flange 
attachments used to clamp the ends the internal 
pressure does not yield Ne' = 2N x ' but, rather, 
Ne' = poR and N x i = 0.117p 0 R for the cylinders 
having R = 6 in. and N x ' = 0.162 for those having 
R = 4 in. As noted in table 3.14, in some instances 
the node lines regularly assumed a particular 
orientation with respect to the longitudinal 
seams. 



crj , dyne /cm 2 

Figure 3.123. — -Theoretical and experimental frequencies 
for a clamped-clamped shell (dimensions given in text) 
subjected to combined uniform initial stress. (After 
ref. 3.84) 


The test results in table 3.14 for shell 324 (the 
one having the smallest R/h ratio) have also been 
plotted in figure 3.124. The square of the fre- 
quency is plotted as a function of internal pres- 
sure for modes having one-half wave length in 
the axial direction (?r= 1) and for a range of 
circumferential nodes (?i = 2 to 9) . Solid straight 
lines representing a least squares fit through the 
data points are also shown. This straight line 
behavior is the type exemplified by the Donnell- 
Mushtari theoretical equation (3.137) for SD-SD 
shells 

In figure 3.125 the experimental results are 
compared directly with those from equation 
(3.137). The correction formula (2.151) suggested 
by Arnold and Warburton (ref. 2.3) to approxi- 
mate clamped end conditions was used, with c 
taken as 0.3. The nondimensional frequency pa- 
rameter o> 2 R 2 p/E is used as the ordinate in this 
plot. The correlation between theoretical and 
experimental results is reasonably good except 
for n = 2. However, since the slopes of the two 
lines for n = 2 are approximately the same, the 
error lies in the intercept with the ordinate axis, 



25 50 75 


kN/m 2 

INTERNAL PRESSURE, p Q 

Figure 3.124. — Experimental results for pressurized 
shell 324, clamped-clamped. (After ref. 3.88) 
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Table 3.13. — Physical Properties of Circular Cylindrical Shells Referred to in Tables 3.14 and 3.15 


R/h 

R 

l 

h 

Material 

P 

E 

V 

Number 
of seam 
welds 

in. 

cm 

in. 

cm 

in. 

mm 

lb-s 2 /in 4 

kg/ 

m 3 

psi 

GN/ 

m 2 

324 

6.01 

15.27 

36.00 

91.44 

0.0185 

0.4699 

17-7 PH stainless steel 

0. 7149X10" 3 

7639 

29.0X10 6 

200 

0.28 

2 

601 

6.01 

15.27 

36.00 

91.44 

.0100 

.2540 

301 stainless steel 

.7408 

7916 

29.0 

200 

.32 

2 

645 

4.00 

10.16 

24.00 

60.96 

.0062 

.1575 

301 stainless steel 

.7408 

7916 

29.0 

200 

.32 

2 

666 

4.00 

10.16 

24.00 

60.96 

.0060 

.1524 

301 stainless steel 

.7408 

7916 

29.0 

200 

.32 

2 

1001 

6.01 

15.27 

36.00 

91.44 

.0060 

.1524 

2024 aluminum 

.2524 

2699 

10.0 

72.3 

.32 

4 

1502 

6.01 

15.27 

36.00 

91.44 

.0040 

.1016 

304 stainless steel 

.7408 

7916 

29.0 

200 

.32 

1 

1624 

6.01 

15.27 

38.20 

97.03 

.0037 

.0940 

301 stainless steel 

.7408 

7916 

29.0 

200 

.32 

2 


that is to say, with the inaccuracy of the Donnell- 
Mushtari theory for n — 2 for unpressurized shells 
(see sec. 2.3.1). 

In reference 3.16 the effects of combined axial 
and circumferential prestress were included in 
the analysis of circular cylindrical shells having 
rings and stringers which are represented by 
“smeared-out” orthotropy. The resulting fre- 
quency formula for SD-SD end conditions is 
given by equation (3.39) where the term 


1.25 x |0 _z 



Figure 3.125. — Comparison of theoretical and experi- 
mental frequency parameters for pressurized shell 324, 
clamped-clamped. (After ref. 3.88) 


-(1\T*'+AV5 2 )— (3.159) 

ttl) 

is added to the right-hand-side to account for the 
initial stresses. The vibration of prestressed struc- 
turally orthotropic shells is also discussed in 
reference 3.118. 

The free vibration of orthotropic, circular 
cylindrical, membrane shells were studied by 
Dym (ref. 3.119). 

Other references dealing with free vibrations of 
circular cylindrical shells subjected to uniform 
combined prestress include references 3.64, and 
3.120 through 3.130. 

3.4.5 Uniform Torsional Prestress 

Applying a torque to each end of a circular 
cylindrical shell as in figure 3.126 yields a static 
initial stress throughout the interior of the shell 
which is essentially N x e' = constant (that is, other 
membrane force resultants and bending moment 
resultants may be induced by the type of end 
constraints, but they are assumed to be negligibly 
small). 

From an analytical viewpoint the case of uni- 



Figure 3.126. — Circular cylindrical shell subjected 
to uniform torsional initial stress. 
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Table 3 . 14 . — Experimentally Measured Frequencies ( cps ) for the Shells of Table 3.13 Having 

Clamped-Clamped E?ids 


111 

n 

/, 

cps 

Po , 
psi 

1 

» 2 

387 

0 


a 2 

391 

2.00 


b 2 

398 

6.00 


b 2 

400 

8.00 


a 2 

396 

8.00 


b 2 

403 

9.00 


* 2 

402 

10.00 


3 

245 

0 



255 

2.00 



262 

4.00 



276 

8.00 



281 

10.00 


4 

168 

0 



193 

2.00 



233 

6.00 



249 

8.00 



265 

10.00 


5 

160 

0 



228 

4.00 



256 

6.00 



281 

8.00 



303 

10.00 


6 

189 

0 



237 

2.00 



274 

4.00 



306 

6.00 



335 

8.00 



355 

9.00 


7 

239 

0 



294 

2.00 



335 

4.00 



376 

6.00 



413 

8.00 



429 

9.00 


8 

318 

0 



370 

2.00 



490 

8.00 



508 

9.00 


9 

399 

0 



450 

2.00 



540 

6.00 



581 

8.00 



631 

10.00 


a Nodes lines are on seam welds. 
b Node lines are off seam welds. 


Shell 


m 


601 1 


n 

/, 

cps 

Po, 

psi 

Shell 

m 

n 

/, 

cps 

Po, 

psi 

2 

381 

0 

601 

i 

8 

450 

5.00 


392 

1.00 




519 

7.00 


394 

4.00 




581 

9.00 


395 

5 on 







399 

7.00 



9 

222 

0 


397 

9.00 




303 

1.00 


398 

10.00 




365 

2.00 







463 

4.00 

3 

252 

0 




502 

5.00 


259 

1.00 




592 

7.00 


269 

2.00 




662 

9.00 


280 

4.00 




692 

10.00 


297 

7 no 







312 

9.00 



10 

420 

2.00 


313 

10.00 




540 

4.00 







585 

5 . 00 

4 

165 

0 




673 

7.00 


190 

1.00 




744 

9.00 


207 

2.00 




781 

10.00 


241 

4.00 







255 

5.00 



11 

338 

0 


283 

7.00 







307 

9.00 



12 

453 

2.00 


319 

10.00 









645 

i 

2 

698 

3.10 

5 

122 

0 







169 

1 00 











3 

415 

1.28 


201 

2.00 












415 

1.72 


256 

4.00 












989 

5 . 66 


276 











i 

a 3 

415 

2.61 


323 

7.00 


i 

a 3 

466 

7.56 


355 

9.00 







373 

10.00 











4 

466 

8.18 

6 

121 

0 


i 

a 4 

415 

5.79 


180 

1.00 


i 

a 4 

466 

8.71 


226 

2.00 







296 

4.00 



5 

415 

1.19 


328 

5.00 



5 

587 

4.53 


377 

7.00 



“5 

587 

5.38 


425 

9.00 



5 

587 

5.49 


446 

10.00 



“5 

659 

7.60 






“5 

659 

8.38 

7 

270 

2.00 



a 5 

830 

15.98 


349 

4.00 



5 

830 

16.22 


447 

7.00 



5 

830 

16.79 


500 

9.00 


i 

a 5 

415 

4.76 


524 

10.00 



a 5 

466 

5.91 

8 

315 

2.00 



“6 

415 

3.07 


410 

4.00 



“ 6 

523 

5.28 
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Table 3.14 . — Experimentally Measured Frequencies ( cps ) for the Shells Of Table 3. IS 
Having Clamped-Clamped Ends — Continued 


Shell 


m 


645 1 


n 

f, 

Vo, 

cps 

psi 

a. 6 

587 

6.84 

“6 

659 

8.78 

“6 

698 

10.00 

“6 

830 

14.31 

b 6 

415 

3.21 

b 6 

466 

4.22 

b 6 

523 

5.59 

b 6 

587 

7.23 

b 6 

830 

15.01 

b 7 

523 

3.81 

b 7 

587 

5.00 


659 

6.40 


698 

7.34 


740 

8.18 


784 

9.38 


830 

10.54 

“7 

415 

2.06 


523 

3.62 


587 

4.69 


659 

6.18 


698 

7.05 


740 

7.95 


784 

9.01 


830 

10.20 

b 8 

329 

.55 


466 

2.03 


587 

3.51 


659 

4.55 


698 

5.16 


740 

5.91 


784 

6.78 


830 

7.73 


988 

11.20 

» 8 

466 

1.76 


587 

3.32 


784 

6.57 


830 

7.46 


988 

11.08 

b 9 

329 

.15 


415 

.67 


466 

1.07 


587 

2.29 


659 

3.17 


698 

3.74 


n 

f, 

cps 

Po, 

psi 

Shell 

m 

n 

f, 

cps 

Po, 

psi 

b 9 

740 

4.30 

645 

2 

8 

740 

5.51 


784 

4.94 




784 

6.31 


830 

5.66 




830 

7.28 


988 

8.44 




988 

10.79 

“9 

415 

.59 



9 

587 

1.99 


698 

3.65 




659 

2.91 


740 

4.17 




698 

3.36 


784 

4.81 




740 

4.01 


830 

5.51 




784 

4.57 


988 

8.15 




988 

7.88 

b 10 

415 

.37 



10 

587 

1.32 


466 

.75 




659 

1.99 


659 

2.30 




698 

2.40 


784 

3.69 




740 

2.85 


932 

5.53 




988 

6.06 


988 

6.34 










3 

6 

523 

3.34 

“ 10 

466 

.45 




587 

5.00 


587 

1.45 




659 

6.84 


659 

2.11 




698 

8.09 


698 

2.56 




740 

9.31 


740 

2.98 




932 

12.35 


784 

3.41 







988 

6.19 



7 

587 

3.92 







659 

5.35 

11 

587 

.78 




698 

6.24 


698 

1.58 




740 

7.16 


784 

2.42 




784 

8.17 


988 

4.77 




830 

9.36 

12 

740 

1.16 



8 

740 

5.35 


784 

1.56 




784 

6.12 


988 

3.66 




830 

7.12 

6 

523 

3.81 



9 

659 

2.70 


587 

5.49 




698 

3.26 


659 

7.38 







830 

12.85 



10 

698 

2.31 

7 

415 

1.46 

666 

1 

b 2 

659 

0 


659 

5.60 




671 

4.05 


698 

6.54 




669 

6.20 


740 

7.50 




671 

6.60 


784 

8.61 




672 

6.90 


830 

9.86 




673 

8.00 







675 

8.10 

8 

587 

3.08 




677 

8.30 


698 

4.71 




675 

8.70 


“ Node lines are on seam welds. 
b Node lines are off seam welds. 
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Table 3.14. — Experimentally Measured Frequencies ( cps ) for the Shells of Table S.1S 
Having Clamped-Clamped Ends — Continued 


m 

n 

/, 

cps 

Po, 

psi 

Shell 

771 

71 

/, 

cps 

Po, 

psi 

Shell 

771 

71 

/, 

cps 

Po, 

psi 

i 

b 2 

674 

8.90 

666 

!' 

1 

5 

418 

4.75 

666 

l 

6 

635 

8.78 



670 

9.50 




466 

5.75 




645 

9.10 



672 

10.00 




492 

6.80 




675 

10.00 



674 

10.20 




519 

7.40 




685 

10.00 



679 

11.10 




508 

7.40 




703 

10.90 



680 

12.40 




507 

7.40 




714 

10.90 






















diO 








3 

415 

2.00 




523 

7.60 



7 

579 

4.00 



435 

3.20 




524 

7.95 




597 

4.40 



439 

3.30 




529 

8.00 




639 

5.30 



437 

3.40 




529 

8.10 




648 

5.40 



447 

4.30 




527 

8.10 




656 

5.60 



447 

4.40 




536 

8.10 




659 

5.70 



448 

4.50 




548 

8.50 




677 

5.95 



451 

4.80 




544 

8.70 




673 

6.00 



458 

5.10 




556 

8.70 




690 

6.35 



457 

5.40 




549 

9.00 




697 

6.45 



462 

6.00 




552 

9.10 




701 

6.60 



463 

6.10 




578 

9.50 




709 

6.70 



473 

6.55 




567 

9.70 




713 

6.80 



472 

6.80 




590 

10.10 




736 

7.40 



472 

6.90 




651 

12.40 




761 

8.00 



476 

7.30 




651 

12.75 




761 

8.00 



479 

7.60 









766 

8.20 



486 

8.00 



6 

402 

3.00 




768 

8.20 



484 

8.10 




412 

3.20 




794 

8.70 



484 

8.10 




415 

3.25 




821 

9.50 



491 

8.30 




437 

3.60 




818 

9.50 



490 

8.70 




458 

4.00 




826 

9.60 



490 

8.78 




471 

4.30 




820 

9.60 



490 

8.80 




493 

4.80 




826 

9.80 



492 

8.90 




498 

5.00 




850 

10.40 



494 

9.00 




505 

5.20 








494 

9.00 




515 

5.30 



8 

449 

1.35 



496 

9.30 




517 

5.40 




568 

2.90 



500 

9.60 




531 

5.70 




580 

3.00 



506 

10.20 




531 

5.75 




631 

3.90 



513 

11.10 




548 

6.20 




663 

4.30 



513 

11.28 




556 

6.45 




684 

4.80 



522 

12.40 




573 

6.70 




749 

5.70 


4 

367 

4.20 




578 

6.90 




755 

6.00 



373 

4.30 




580 

7.10 




777 

6.60 



383 

4.30 




596 

7.40 




781 

6.60 



394 

4.79 




600 

7.60 




781 

6.70 



441 

6.80 




615 

7.90 




850 

7.95 



446 

7.65 




620 

8.00 




848 

8.10 



464 

7.90 




619 

8.00 




883 

8.70 



485 

8.10 




621 

8.10 




888 

8.90 



525 

11.10 




616 

8.10 




884 

9.00 








631 

8.30 




922 

9.60 


5 

402 

4.30 




629 

8.50 




915 

9.60 



424 

4.70 




639 

8.70 




937 

10.00 


b Node lines are off seam welds. 
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Table 3.14 . — Experimentally Measured Frequencies ( cps ) for the Shells of Table 3.13 
Having Clamped-Clamped Ends — Continued 


n 

f, 

Vo, 

cps 

psi 

9 

537 

1.35 


648 

2.90 


671 

2.90 


719 

3.60 


758 

3.90 


759 

4.10 


804 

4.75 


902 

6.40 


927 

7. 00 


1045 

9.00 

10 

405 

0 


543 

1.00 


569 

1.35 


591 

1.35 


671 

2.00 


731 

2.90 


741 

2.90 


800 

3.35 


835 

4.00 


890 

4.75 


910 

5.20 


910 

5.20 


934 

5.50 


978 

5.80 


1029 

6.70 


1179 

9.00 


1188 

9.10 

11 

149 

0 


598 

1.00 


622 

1.00 


751 

2.00 


798 

2.25 


800 

2.27 


850 

3.25 


897 

3.30 


903 

3.40 


962 

4.00 


970 

4.10 


1120 

6.45 

12 

732 

1.00 


800 

1.65 


850 

2.00 


883 

2.25 


946 

2.90 


1054 

4.10 


1247 

6.45 

13 

800 

.65 


814 

.80 


850 

1.10 


991 

2.25 


1182 

4.10 


n 

/, 

Vo, 

cps 

psi 

14 

1077 

2.25 


1140 

2.90 


1253 

4.10 


1520 

6.90 

15 

1029 

.70 


1628 

6.00 

16 

1105 

.70 

18 

1425 

.70 

3 

967 

3.30 


964 

3.40 


970 

4.10 


970 

4.75 


978 

5.40 


978 

5.80 


973 

6.30 


982 

6.35 


982 

6.50 


980 

6.60 


979 

6.90 


982 

7.00 


983 

7.00 


990 

8.00 


991 

8.10 


986 

8.20 


992 

8.85 


991 

8.90 


990 

9.00 


997 

9.60 


997 

9.60 


995 

9.80 


993 

9.90 


1002 

10.00 


1054 

11.11 

4 

666 

3.00 


670 

3.40 


682 

3.50 


677 

4.30 


699 

4.75 


716 

6.00 


715 

6.30 


723 

6.42 


716 

6.70 


725 

6.95 


739 

8.10 


743 

8.15 


758 

9.33 


764 

9.80 


765 

10.00 


778 

11.10 


790 

12.40 


n 

f, 

Vo, 

cps 

psi 

5 

537 

3.30 


545 

3.65 


556 

3.90 


554 

4.00 


579 

4.00 


570 

4.30 


581 

4.80 


579 

4.80 


585 

5.00 


617 

5.95 


630 

6.90 


652 

8.00 


645 

8.10 


676 

9.00 


678 

9.25 


680 

9.25 


684 

9.50 


683 

9.60 


684 

9.60 


693 

10.00 


696 

10.20 


714 

10.90 


723 

11.10 

6 

497 

3.40 


524 

3.90 


545 

4.30 


544 

4.40 


591 

5.25 


607 

5.70 


609 

6.00 


624 

6.20 


630 

6.45 


646 

6.90 

2 

262 

1.00 


276 

2.00 


297 

4.00 


317 

6.00 

3 

262 

2.00 


280 

3.00 


297 

4.00 


313 

5.00 

4 

212 

1.00 


276 

2.00 


322 

3.00 


401 

5.00 


430 

6.00 

5 

225 

1.00 


301 

2.00 


356 

3.00 


Shell 


666 


Shell 


666 


Shell 


666 


1001 
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Table 3.14. — Experimentally Measured Frequencies ( cps ) for the Shells of Table 3. IS 
Having Clamped-Clamped Ends — Continued 


m 

n 

f, 

Vo, 

cps 

psi 

i 

5 

413 

4.00 



453 

5.00 



494 

6.00 


6 

283 

1.00 



365 

2.00 



443 

3.00 



507 

4.00 



517 

6.00 


7 

309 

1.00 



421 

2.00 



719 

6.00 


8 

353 

1.00 



480 

2.00 



669 

4.00 



748 

5.00 



821 

6.00 


9 

408 

1.00 



729 

4.00 


10 

474 

1.00 



610 

2.00 



816 

4.00 


11 

545 

1.00 



717 

2.00 



850 

3.00 


12 

617 

1.00 



784 

2.00 



951 

3.00 



1190 

5.00 


13 

657 

1.00 



1303 

5.00 


14 

699 

1.00 



940 

2.00 



1260 

4.00 



1300 

5.00 


15 

798 

1.00 



1019 

2.00 



1568 

5.00 


16 

938 

1.00 



1169 

2.00 



1685 

5.00 

2 

3 

276 

2.00 



316 

4.00 



336 

5.00 



354 

6.00 


Shell 


1001 


1502 


2 


1 


n 

/, 

Vo, 

cps 

psi 

4 

238 

1.00 


375 

4.00 


423 

5.00 

5 

231 

1.00 


315 

2.00 


371 

3.00 


426 

4.00 


473 

5.00 


514 

6.00 

6 

287 

1.00 


520 

4.00 


576 

5.00 

7 

330 

1.00 


432 

2.00 


528 

3.00 


613 

4.00 


683 

5.00 

8 

373 

1.00 


608 

3.00 


764 

5.00 

2 

451 

2.00 


452 

3.00 


459 

4.00 


461 

5.00 

3 

283 

2.00 


296 

3.00 


314 

4.00 


324 

5.00 

4 

240 

2.00 


296 

4.00 

5 

257 

2.00 


307 

3.00 


378 

5.00 

6 

298 

2.00 


404 

4.00 


441 

5.00 

7 

342 

2.00 


411 

3.00 


475 

4.00 

8 

392 

2.00 


472 

3.00 

9 

445 

2.00 


547 

3.00 


616 

4.00 


687 

5.00 


Shell 


1502 


1624 


1 


2 


1 


n 

f, 

Vo, 

cps 

psi 

10 

595 

2.00 


688 

4.00 

11 

551 

2.00 

13 

653 

2.00 

14 

672 

2.00 

3 

647 

3.00 


659 

4.00 

6 

363 

2.00 


410 

3.00 


457 

4.00 


494 

5.00 

7 

380 

2.00 


495 

4.00 


550 

5.00 

10 

506 

2.00 

2 

424 

1.00 


419 

2.00 


416 

3.00 


432 

4.00 


420 

4.00 


433 

5.00 


426 

5.00 


429 

6.00 


448 

6.90 


430 

7.00 


434 

8.00 


432 

9.00 


432 

10.00 


433 

11.00 


444 

11.00 


435 

12.00 


432 

13.00 


421 

14.00 

3 

279 

1.00 


285 

2.00 


290 

2.00 


303 

2.30 


309 

3.00 


317 

3.50 


344 

4.00 


324 

5.00 


334 

6.00 


346 

6.00 


352 

6.90 


361 

8.00 


371 

8.00 


369 

9.00 


380 

9.00 
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Table 3.14 . — Experimentally Measured Frequencies ( cps ) for the Shells of Table 3. IS 
Having Clamped-Clamped Ends — Concluded 


Shell 

m 

n 

/, 

cps 

Po, 

psi 

1624 

i 

3 

382 

10.00 




389 

10.00 




391 

11.00 




402 

11.00 




399 

12.00 




414 

12.00 




414 

13.00 




418 

13.00 




421 

14.00 




437 

14.00 
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form torsional prestress is somewhat more com- 
plicated than the cases of uniform axial or 
circumferential stress because the initial stress 
matrix operators (see sec. 3.4.1) contain terms 
having mixed partial derivatives which are of odd 
order with respect to 0. Simple solutions using 
displacement functions of the forms given either 
by equations (2.20) or (2.53) require even num- 
bers of derivatives with respect to 0 in the 
equations of motion in order to be useful. 

Koval and Cranch (refs. 3.131 and 3.132) 
generalized the solution procedure by choosing 


u = Ae Xs e in9 cos coil 
v = Be u e in> cos c ot > (3. 160) 

w = Ce u e ine cos ut) 

Substituting equations (3.160) into the equa- 
tions of motion for the Donnell-Mushtari theory 
(see sec. 3.4.1) yields the characteristic equation: 

20 6 - n 3 { 2 - (3 - „M(X/n) 2 - 1] 

+2fcn 4 [(X/ra) 2 — 1]} 

+fi 2 { (3 - v )n 2 [l - (X/n) 2 ] +2 ?i 2 [„ 2 (X/n) 2 - 1] 

+ (l-rM(XAl) 2 -l] 2 
+ (3-u)kn e [l-(\/n) 2 ] 3 } 

- (1 - v )kn s [(\/ny - 1] 4 - (1 - v 2 ) (1 - v )\ 4 
-\-i(2N x e'\n/C) { -2a 2 -w 2 fi(3-r)[(X/n) 2 -l] 
-r 4 (1-A[(XA0 2 -1] 2 } (3.161) 

Upon examining equation (3.161) it is seen that it 
is of the same form as the characteristic equation 
(2.35) for unloaded shells for the Donnell-Mush- 
tari theory (i.e., AK 2 = AKi = AK 0 = 0) except 
that 

(1) X 2 is replaced by —X 2 to account for the 
more general exponential variation in x used in 
equations (3.160) than in equations (2.20). 

(2) An imaginary term is added which ac- 
counts for the torsional prestress. This imaginary 
term is a result of the odd derivative with respect 
to 0 which occurs in the third equation of motion. 
The amplitude ratios were 


where f2 is the usual nondimensional frequency 
parameter given by equation (2.26). 

The standard procedure at this point is to 
determine the eight roots Xy, of equation (3.161) 
and use these values to form the general solutions 


u = > d;e x ; s e"‘ 9 cos wt 


y= i 
8 

3 = 1 

-h 


. e \jS e in9 cog 


w = ) CjR K i s e in> cos c ot 

k 


(3.163) 


Substituting these solutions into the eight bound- 
ary conditions leads to a characteristic determi- 
nant, the three roots of which are the frequencies. 
This procedure parallels the one outlined in 
section 2.4 for unloaded shells. 

In references 3.131 and 3.132 the algebra was 
somewhat simplified by making Yu’s (see sec. 
2.3.5) assumption, |X/?i| 2 <5Cl. Then equation 
(3.161) becomes 

X 4 — i(aiN x e'/C)\ — a 2 — 0 (3.164) 

where 


(1 - v) (1 - v 2 ) ai = 2[2 nfi 4 - n 3 (3 - AS2 2 ' 

+ (1 — v)n e \ 


( 1 - A ( 1 ~ r 2 ) <x 2 = 20 6 - Q 4 [2 + (3 - A « 2 . 

-\-kn 9 \ -f-12 2 [(l — v) 
(n 2 +n 4 ) + (3 — v)kn 6 ] 

— (1 — v)kn 8 j 


(3.165) 


and the amplitude ratios reduce to 


A s 2 V W+(1 - v )n 2 

C ~ X 212 4 - (3 - v )nW+ (1 - An 4 

B . 2fi 2 — (1 - v )n 2 

— ■ = lyi 

C 2fl 4 — (3 — j>)n 2 Q 2 + (1 — v)n i j 


(3.166) 


^ = xLfl 2 +^n 2 KX/n) 2 +l] j/{n 4 +~n 2 n 2 [(X/?i ) 2 — l] + ^?i 4 [(X/n) 2 ^l ] 2 


| = , n |„ 2+ l_ V [(2 + ,)(X/n) 2 — !]}/{ 


Q 1 

O 4 + — Vi 2 2 [ (X/n) 2 - 1] + — -V[ (X/n) 2 - 1] 2 


> (3.162) 
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For a shell supported at both ends by shear 
diaphragms (boundary conditions given by eqs. 
(2.33)) references 3.131 and 3.132 show that the 
formal solution to the problem of finding the 
frequency parameters fi is given implicitly by 

-Mv 2 + H 2 )=<xiN x e i /C (3.167a) 

(rj 2 -f 2 ) 2 -4r)V-£ 2 ) = a 2 (3.167b) 


where on and a 2 are defined by equations (3.165) 
and, further, 


2rj l 

COS-- 


where 


i # & 

cosh — cos — 

R R 

3r,*+2 V *e+? . , fl . & 

= , smh — sm — 

2f!7 2 v2?7 2 + J 2 R R 


f* = 2ij*+{* 


(3.168) 

(3.169) 


For large values of fZ/K, equation (3.168) reduces 
to 


# 2 |^vV-K 2 

an i2 3n 4 +VS 2 +* 4 


(3.170) 


In reference 3.131 two approximate procedures 
were also used to obtain results for the SD-SD 
shell. The Donnell-Mushtari equations neglecting 
tangential inertia were used with the Galerkin 
procedure in one case. A deflection function 


oo 

> sii 


w = cos nd 2^ am sm 

m — 1 




+sin nd sin Xs (3.171) 

m= 1 


was used, where \ = mirR/l. A first approximation 
formula for frequency parameters is 



and 



(3.172) 


(3.173) 


(3.174) 


A second and more accurate approximation for 
O 2 is the implicit formula 




Cl 
8 nR 


j[(M 1 -n)(M 2 -n)(M 3 -fi)] 


(3.175) 


The second approximate procedure used in 
reference 3.131 was based upon assuming an 
approximate vibration mode shape, formulating 
the expressions for strain energy and kinetic 
energy, and applying Lagrange’s equations to 
solve the problem. The assumed mode shapes are 


where 


u = A — [<p(p) cos Q3x+7id)] 
ax 

v = B<p(x) sin (| 8x-\-nd) 
iu = C<p(x ) cos 0 3x-}-nd) 


(3.176) 


<p{x) = sin \x 


(3.177) 


with X = mvli / 1 and /3 an undetermined parameter 
which varies with Nxtf. These displacements 
yield u = v = w = 0, dho/dx 2 p^0 at the boundaries. 
Applying Lagrange’s equations yields the char- 
acteristic equation 

A 3 n 6 -A 2 n 4 +AiO 2 -A 0 = 0 (3.178) 

where 


A 3 = X 2 +/3 2 

Ki = Ai-|-(X 2 -|-/3 2 )(A 2 -|-A 3 ) 

Ai = A 3 [(X 2 +/3 2 )A 2 +Ai]+AiA 2 

Kq = A i A 2 A 3 T 2 A 4 A a A e — A 2 A 6 2 

-A 3 A, 2 -A 1 A 4 2 

A x = (X 2 +/3 2 ) 2 +4X 2 /3 2 + ^?^^?i 2 (X 2 +/3 2 ) 

A 2 = n 2 +^p^(X 2 +/3 2 ) 

+fc[n 2 +2(l — v) (X 2 +^ 2 )] 

A 3 = 1 + fc[(X 2 +/3 2 ) 2 +4X 2 /3 2 +n 4 

+2n 2 (X 2 +,3 2 )] - 20nNJ/C 

A 4 = n+fc[n 2 + (2 — r)n(X 2 +(3 2 )] 

^5 = (^)n(X 2 +/3 2 ) 

Ae = r(X 2 +|8 2 ) 


(3.179) 


274 


VIBRATION OF SHELLS 


Assuming that the parameter /3 varies linearly 
with N x e', taking on values /? = 0 when Nxt* = 0 
and P = p C r for the limiting case of buckling 
(O 2 = 0), the roots of equation (3.178) can be 
found. Numerical results for a shell having 
R/h = 300, l/R = 4, v = 0.3, E = 30 X 10 6 psi., m = 1 
and n — 8 are given in figure 3.127 for both the 
second approximation Galerkin procedure and 
the assumed mode energy procedure. 

Nikulin (refs. 3.83 and 3.84) obtained the fol- 
lowing formula for the frequency parameters of 


SD-SD shells (see earlier references in this 
chapter) subjected to twisting moment: 

(1 -u 2 )X i +k(\ 2 +nY-~^\7i(V+n 2 y 

_ 

(A 2 +n 2 ) 2 +n 2 + (3+2r)\ 2 

(3.180) 

where \ = vw R/l and k = h 2 /12R 2 as before. 
Curves showing the decrease in frequency ratio 
co/ coo (o»o is the frequency in the absence of initial 
stress) are shown in figure 3.128 for a shell hav- 


Figure 3.127. — Comparison of 
approximate solutions for a 
“freely supported” (u =v = w = 
0, d 2 w/d 2 ^0) shell. (After ref. 
3.131) 



Figure 3.128. — Frequency ratio versus torsional 
stress ratio for an SD-SD shell; R/h = 500, 
l/R= 2, m = 1. (After ref. 3.84) 
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ing R/h = 500, l/R = 2, and m = 1. The quantity 
(N x e%r used for the ratio of initial stresses is the 
least value of N x e i at buckling (i.e., w = 0, which 
occurs for n= 12). 

Koval and Cranch (refs. 3.131 and 3.132) also 
presented numerical results for clamped-clamped 
shells. Following the exact solution procedure 
outlined earlier in this section, it is found that 
the formal solution for frequency parameters is 
contained implicitly in equations (3.165), (3.167), 
and (3.169), and 


fZ & 2 „Z 3)7 2 . fZ . fZ 

cos — cos — — cos — = — sinh — sin — (3.181) 

lb lb lb lb lb 


In the case of long shells (fZ/222> 1), equation 
(3.181) simplifies to 


0.6801g 
tan (1-1/ R) 


(3.182) 


The equations were further simplified by neg- 
lecting tangential inertia (see sec. 2.3.4), giving 

(l-jd)ai = 2?i 5 (3.183a) 

(l-x 2 )a 2 =« 2 rc 4 -fcra 8 (3.183b) 

in place of equations (3.165). Then equations 
(3.167a), (3.182) and (3.183a) uniquely deter- 
mine )/ and £ for a given 2V** 4 , and the frequency 
is determined from equations (3.167b) and 
(3.183b). A plot of the frequency parameter O 2 
versus the torsional shear stress <r r o' is shown in 
figure 3.129 for a shell having R/h = 300, l/R = 4, 
»< = 0.3, and F = 30X10 6 psi. 

In reference 3.131 two approximate procedures 


were also used to obtain results for the clamped- 
clamped shell. The Donnell-Mushtari equations 
neglecting tangential inertia were used with the 
Galerkin procedure to arrive at the following 
first approximation for a frequency parameter 
formula: 


( 3 . 184 ) 

where 

G = (M 1 +M,)/ 2 ) 

F = (2M 0 +M 2 )/3 l (3.185) 
Hi — (32) 3 ?i 2 F 2 /675Z 2 1 


and Mj is defined by equation (3.173). Further- 
more, a second approximation was found from 


NJ 


Cl / 

~H (M 1 +M 3 -212 2 )[(2M 0 +M 2 

- 3fi 2 ) (Mi + - 2fi 2 ) - (Mi - fi 2 ) 2 ] } 

/64\/352\ 


+ 


/352V 

\105/ 


(2Mo T Mi — 312 2 ) 


ir 


(3.186) 


where it is computationally easier to substitute 
into equation (3.186) a value of U 2 lower than 
the load-free value and solve directly for the cor- 
responding torsional stress. In figure 3.130 the 
first and second approximation Galerkin-type 
solutions are compared with the exact solution 



Figure 3.129. — Lowest frequency 
parameters for a clamped- 
clamped shell subjected to uni- 
form torsional prestress. (After 
ref. 3.132) 
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Figure 3.130. — Comparison of exact and approximate 
solutions for a clamped-clamped shell. (After ref. 3.131) 


described earlier for the clamped-clamped shell 
having R/h = 300, l/R = 4, r = 0.3, i? = 30X10 6 
psi., m — 1 and n = 9. 

The assumed mode energy approach using 
Lagrange’s equations described earlier was also 
used in references 3.131 and 3.132 to analyze 
the clamped-clamped shell. The function <p(x) 
used in equations (3.176) is (in this case) the 
beam function for symmetric modes (odd num- 
bers of axial half-waves) 

<p(x) = cos ax+v cosh ax (3.187) 

in terms of a coordinate origin emanating from 
the middle of the shell, where 

a = mirR/l 

m= 1.506, 3.500, 5.500, . . . 
p = sin (m7r/2)/sinh (?mr/2) 

For axially unsymmetric modes (odd number of 
nodal circles) the corresponding beam function is 

<p(x) = sin ax—n sinh ax (3.188) 

where a and p are as before, and 

m = 2.500, 4.500, 6.500, . . . 

The resulting characteristic equation (3.178) 
now has the coefficients 

K 0 =l 

Ki = Ai~\~A2-\- A3 


K.2 — AlA2~{- AlA 3 ~\- A2A3 

— A§A§ — A3A3 — A 4 2 

K 3 = (A1A2 — A 5 A 3) A 3 -{-A i( A 3 A 6 + A 3 A 6 ') 

— AiAA — A2A3A3 



_ .r, . . sinmir \1 

’Fi = a: 2 l + (-l)^2— p 2 J 

+/3 2 [l + (-l)V] 

^ 2 =l + (-l)V 

\F 3 = (« 4 +/3 4 )[1-H-1)V] 

+6«v[l + (-l)'(2 S L^-^)] 

(3.189) 
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where N is the number of nodal circles (number 
of axial half-waves plus one). 

In figure 3.131 comparisons of the lowest fre- 
quencies obtained by the two approximate meth- 
ods are made with the “exact” values for the 
shell previously used (R/h = 300, l/R = 4, j/ = 0.3, 
and E = 30X10 6 psi). The frequency for a x e i = 0 
is lower from the energy method (12 = 0.00623) 
than the corresponding values given by the 
“exact” solution (12 = 0.00635) and by Galerkin 
method (12 = 0.00645) because the energy solu- 
tion includes tangential inertia, whereas the 


others do not. It was found in reference 3.131 
that the initial torsional stress has a negligible 
effect upon the two higher roots of the frequency 
equation (3.178). 

Experimental data were also presented by 
Koval and Cranch (refs. 3.131 and 3.132) for 
clamped-clamped shells subjected to torsional 
prestress. The test specimens were made from 
steel shim stock 0.010 in. thick and had R/h = 300 
l/R = 4 (the same as the shell parameters used 
in the previously discussed theoretical results). 
Numerical data are depicted in figure 3.132. 



Figure 3.131. — Compari- 
son of solutions from 
two approximate meth- 
ods with an “exact” 
solution for a clamped- 
clamped shell; torsional 
prestress. (After ref. 
3.132) 



Figure 3.132. — Theoreti- 
cal and experimental fre- 
quencies (cps) for a 
clamped-clamped shell 
(dimensions given in 
text) subjected to tor- 
sional prestress. (After 
refs. 3.131 and 3.132) 
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Theoretical values plotted are those of the pre- 
viously described “exact” solution and are iden- 
tified by number of axial half-waves and values 
of n. The experimental tests verified the theo- 
retical implications that the axial nodal lines 
follow helices, the helix angle increasing as the 
torsional prestress is increased. This phenomenon 
is depicted in figure 3.133 wherein the mode 
having one axial half-wave and n = 10 is excited 
under a prestress of a x e' = 4200 psi. 

The assumed mode energy approach using 
Lagrange’s equations described earlier was also 
used in references 3.131 and 3.132 to analyze the 
clamped-freely supported shell. The beam func- 
tion <p(x ) used in equations (3.176) in this case 
is equation (3.188) where a = mirR/l ; m = 1.25, 
2.25,3.25, . . . ; and g= sin m7r/sinh m7r. Again, 
the conditions u = v = iv = 0 are satisfied at the 
“freely supported” end, and M x ^ 0. The charac- 
teristic equation yielding the frequency param- 
eters n 2 is again equation (3.178) with terms as 
defined in equation (3.189), except that now 


i = a 2 ^l 


*i = a 2 ( l+M 2 ~ Sm2m,r )+)8 2 (l-V) 
m-ir / 

\Gq=l-V 
^ 3 = (« 4 +/3 4 )(l— m 2 ) 


> (3.190) 


+ 6a 2 |3 2 ( 1 +m 2 - 


sin 2mir 


VlTT 


) 


The free vibration of circular cylindrical shells 
subjected to initial torsional stresses was also 
studied in reference 3.133. 

Additional information for circular cylindrical 
shells subjected to torsional initial stress is avail- 
able as a special case in section 3.4.6. 


3.4.6 Combined Uniform Axial, Circumferential, 
and Torsional Prestress 

In section 2.4 the procedure for using the Ritz 
method with beam functions to accommodate 
shells having arbitrary boundary conditions was 
laid out. The resulting cubic characteristic equa- 
tion for the frequency parameter SI 2 w 7 as given 
by equation (2.67), with the coefficients K 2 , K\, 
K o as defined by equations (2.68) and (2.69). 
Gontkevich (ref. 3.41) also gave the generaliza- 
tions of these coefficients to account for the 
presence of uniform axial, circumferential, and 



Figure 3.133. — Experimental nodal lines for a clamped- 
clamped shell subjected to torsional prestress showing 
helical pattern. (After refs. 3.131 and 3.132) 


torsional initial stresses. The resulting coeffi- 
cients to use in equation (2.67) (after correcting 
apparent typesetting errors) are given in equa- 
tions (3.191), where K 2) K h K 0 , S,„, //„, and y,„ are 
as used in equations (2.68). Equations (3.191) 
provide a powerful formula for the solutions of 
numerous problems. However, the reader is cau- 
tioned to use them with care, paying particular 
attention to the signs on the initial stress terms, 
verifying that changes in initial stresses cause 
appropriate changes in frequency parameters. 

In reference 3.41 the formulas for the coeffi- 
cients of the frequency equation in the case of 
initial stresses were also given for orthotropic 
shells. In this case the coefficients are as given in 
equations (3.192), where K 2 , K\, and K a in this 
case are the coefficients for unloaded orthotropic 
shells given by equations (3.42) and, in this case, 


(1 — v x ve ) 

The same caution must be applied for equations 
(3.192) as was mentioned in the previous 
paragraph. 
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K 2 = K 2 +-( f xJN x i +n i Ne i 


2ny m y m N xo*) 


Ri = Ki + 
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Pm 2 +~(1 — v)8 m n 2 


— dmUm 2 

+ 2(1 — v) 5 mMm 2 ] 


8 m +k[n 2 
• (m m 2 N x i 


+ n 2 N a*' — 2np. m y m N x e'~) 


K 0 = Ko+- 


Mm 2 +-(1 — v) S m H 2 
£ 


IV 


+ “(1 — v)5mfJhn 


H-t 

v(ym + j t Hm 2 n 2 + fcj^p„ 


+-(1 — v)8 m n 2 |[?i 2 




+ 2(1 — v) 8 m Hn 


(Hm 2 N x l 


+nW- 2np m y m N x g i ) 


(3.191) 


Nikulin (refs. 3.83 and 3.84) analyzed SD-SD 
shells subjected to combined uniform axial, cir- 
cumferential, and torsional prestresses (see dis- 
cussion of method in sec. 3.4.3) and arrived at 
the following formula: 

fi 2 = | (1 — r 2 )X 4 +fc(X 2 +n 2 ) 4 

+ (X 2 +n 2 ) 2 ^[N x i \ 2 -\-N 9 *'(n 2 — 1) 

-2^9+71]! -h {(X 2 + ?l 2 ) 2 + ?I 2 

+ (3+2r)X 2 } (3.193) 

This formula was also given by Prokopev (ref. 
3.134). 

Results for a clamped-clamped shell having 
h=0.5 mm., R = 117 mm., 1 = 357 mm., andm = l 
and having f? = 2X10 6 dyne/cm 2 , r=0.3, and 
p = 8 X 10“ 6 dyne'sec 2 /cm 4 are given in figure 
3.134 (from ref. 3.84) for various combinations 
of initial stresses. Both experimental and the- 
oretical data are shown. 

3.4.7 Nonuniform Initial Stresses 


Ki — N2+— (n m 2 N x -\-n 2 N e l 


~2ny. m y m N x o ) 


N 1 = K 1 +^{[ M „ 1 2 +^5 m n 2 ] 


C 22 , 

P I p~ n 

On Jl+11 
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Mm ^ o m ?l 
C / 11 


2ny m y m N x ft) 
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, C 66 2 . 
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[ C u 7m 

+^] P m 2 n 2 + k(^lm 2 

<^66 2 \(Cn 2 

- s m n 2 11 — n 2 

11 /\tii 

^-V m 2 ^}(p m W I < +nW9 i 


2nfi m y m N x.f) 


(3.192) 


Consider first the case of a circular cylindrical 
shell subjected to a gross bending moment M b 
acting at its ends as shown in figure 3.135. Then 
the axial initial stress is given by 

cr x ' = at, cos d (3.194) 

which is a case of the axial initial stress varying 
circumferentially. The gross bending moment is 
then determined by 

/* 2ir 

M b = / Ikt x 'R cos 0(R dd) =irR 2 ha b (3.195) 
Jo 


Weingarten (ref. 3.135) analyzed the generali- 
zation of equation (3.194) which accounts for 
superimposed uniform axial and circumferential 
stresses as well; i.e., 


<r x =<j a -\-<j b cos 6 
af- = pR/h 


(3.196) 


where cr„ = P/2tRIi, P is axial end load (positive 
in tension), and p is internal pressure. The 
Donnell-Mushtari shell equations neglecting tan- 
gential inertia were used with the Galerkin 
method, with 18 terms of the deflection series 
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EXPERIMENTAL DATA: THEORETICAL DATA: 






Figure 3.134 — Frequencies (cps) of a clamped-clamped shell (dimensions given in text) subjected to combined uniform 
axial, circumferential, and torsional prestresses. (After ref. 3.84) (a) o- I , ' = 1632 dyne/cm 2 , a x g' =488 dyne/cm 2 , 
(b) erg* =700 dyne/cm 2 , a x e‘ = 488 dyne/cm 2 , (c) try' = 700 dyne/cm 2 , (d) oV = 1632 dyne/cm 2 , (e) ov =1632 dyne/cm 2 , 
o = 700 dyne/cm 2 , (f) a-*# 1 ' =488 dyne/cm 2 , (g) All prestresses on abscissa. 





Figure 3.135. — Circular cylindrical shell subjected 
to gross bending moment. 


N 


, „ . mrx 

w(x,0,t) = sin —j~ cos oit 


cos ?i0 (3.197) 

n = 0 


to represent an SD-SD shell. Numerical results 
were obtained for an aluminum shell (E = 10 6 psi., 
p (7 = 0.098 lb/in. 3 , >/ = 0.33) having R/h = 250, 
R=4: in., and 2 /jB = 1.91. Computed frequencies 
for an external pressure of 2 psi and various 
values of gross bending moment are shown in 
table 3.15 and by the solid curves in figure 3.136. 
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Table 3.15. — Theoretical Frequencies ( cps ) of an SD-SD Shell Subjected 
to Gross Bending Moment (. Dimensions in Text) 


m 

n 

<Jb/ 

0 

0.2 

0.4 

0.6 

0.8 

1.0 


0 

8008 

8008 

8008 

8008 

8008 

8008 


1 

5849 

5849 

5849 

5849 

5849 

5849 


2 

3233 

3233 

3233 

3233 

3233 

3233 


3 

1849 

1849 

1849 

1850 

1851 

1853 


4 

1152 

1152 

1154 

1158 

1163 

1169 


5 

778 

780 

789 

802 

821 

841 


6 

583 

601 

624 

630 

466 

(a) 

i 

7 

520 

481 

410 

317 

174 

(a) 


8 

565 

564 

542 

509 

(a) 

413 


9 

683 

686 

698 

716 

623 

608 


10 

846 

847 

851 

858 

868 

883 


11 

1040 

1040 

1042 

1045 

1050 

1056 


12 

1258 

1258 

1259 

1261 

1264 

1267 


13 

1498 

1498 

1499 

1500 

1501 

1503 


14 

1759 

1759 

1759 

1760 

1761 

1762 


0 

8009 

8009 


8012 

8014 

8017 


1 

7332 

7332 


7330 

7328 

7326 


2 

5850 

5850 


5851 

5851 

5851 


3 

4376 

4376 


4378 

4379 

4380 


4 

3237 

3237 


3241 

3244 

3248 


5 

2430 

2431 


2441 

2449 

2459 


6 

1877 

1880 


1903 

1924 

1950 

2 

7 

1511 

1519 


1585 

1632 

1343 


8 

1291 

1330 


797 

581 

190 


9 

1194 

1097 


1239 

1372 

1665 


10 

1203 

1204 


1048 

938 

805 


11 

1296 

1297 


(a) 

1183 

1114 


12 

1451 

1458 


(a) 

1524 

1755 


13 

1652 

1656 


1685 

1714 

1524 


14 

1889 

1891 


1907 

1921 

1939 


0 

8012 

8015 


8042 

8062 

8087 


1 

7697 

7694 


7672 

7657 

7638 


2 

6884 

6884 


6884 

6883 

6882 


3 

5856 

5856 


5858 

5859 

5861 


4 

4846 

4847 


4851 

4855 

4860 


5 

3973 

3974 


3984 

3992 

4003 


6 

3269 

3271 


3291 

3308 

3330 

3 

7 

2726 

2731 


2770 

2850 

2851 


8 

2326 

2337 


2423 

2466 

1135 


9 

2054 

2084 


1250 

935 

(a) 


10 

1897 

1936 


2160 

2140 

(a) 


11 

1845 

1699 


1792 

2314 

2312 


12 

1884 

1830 


1551 

1363 

(a) 


13 

1998 

2028 


2463 

1677 

1540 


14 

2173 

2186 


1993 

(a) 

1849 


Values did not converge. 
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Figure 3.136. — Variation of frequency with gross 
initial bending moment; SD-SD (After ref. 3.135) 


In the presentation of these results the bending 
moment is expressed nondimensionally as <r b /a a , 
where <x 0 is the value of compressive axial stress 
which causes buckling in a long shell; i.e., 


Eh 

RV 3(1 -r 2 ) 


(3.198) 


Identification of mode shapes for the shell 
loaded by end moments is difficult. As ob/a a 
increases the circumferential mode shapes become 
irregular and the value of n loses meaning. This 
behavior is shown in figure 3.137 for m=l and 
n = 5 and in figure 3.138 for m= 1 and ra = 6. 
Because of symmetry about the vertical axis, 
only one-half of the mode shape is shown in fig- 
ures 3.137 and 3.138. In plotting figure 3.136 it 
was found that by taking closely spaced values 
of <Ti/s a one could obtain smooth frequency curves 
for 0<trb/a a <l. The value of n for a given curve 
in figure 3.136 is that value when <Tb/^ a = 0. The 
results shown in figure 3.136 and table 3.15 indi- 
cate that as M b increases some of the frequencies 
increase, whereas others decrease. 

Experimental data were also presented in ref- 
erence 3.135 for the same shell. These are listed 
in table 3.16 and are also shown by data points 
in figure 3.136. The experimental results in all 
cases fell above the analytical curves. The differ- 


Table 3.16. — Experimental Frequencies ( cps ) of an SD-SD Shell Subjected 
to Gross Bending Moment ( Dimensions Given in Text) 


m 

n 

O'ft/ O’a 

0 

0.106 

0.168 

0.232 

0.293 

0.355 


4 

1471 



1509 

1441 

1435 


5 

1134 

1131 

1127 

1126 


1112 


6 

895 


893 

897 

883 

878 


7 

782 

761 

752 

748 

734 

730 

1 

8 

747 

711 

703 

692 

662 

634 


9 

805 


803 

807 

800 



10 

1081 

1079 


1076 


1071 


12 

1292 

1290 

1286 

1281 

1277 

1294 


6 

1988 

2009 

1992 

1977 

1953 

1926 







1974 

2013 


7 

1655 

1663 

1675 

1646 

1631 

1637 

2 

8 

1459 

1447 

1541 

1525 

1511 

1374 


9 

1801 


1441 

1415 




13 

1833 


1868 
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Figure 3.137. — Variation of circumfer- 
ential mode shape with increasing 
bending moment; m = 1, n = 5. (After 
ref. 3.135) 



Figure 3.138. — Variation of circumfer- 
ential mode shape with increasing 
bending moment; m = l, n =6. (After 
ref. 3.135) 
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ence was attributed to the difficulty in simulat- 
ing SD-SD end conditions. No experimental 
results were obtained beyond <Jb/a a = 0.355 since 
buckling occurred at <rb/o a = 0.43. 

The problem of the circular cylindrical shell 
subjected to gross bending moments at its ends 
was also studied both theoretically and experi- 
mentally by Seggelke (ref. 3.136). The theoretical 
analysis was based upon the Donnell-Mushtari 
equations neglecting tangential inertia. The 
normal displacement for an SD-SD shell was 
taken as 

N 

. mirx V' . , , . 

tu = sm — — cos c of > (a„ cos nd-\-b n sin nd) 

n — 0 

(3.199) 

along with a compatible Airy stress function. The 
a n and b n coefficients were used separately for 
symmetric and antisymmetric modes, respec- 
tively. The Galerkin method was used to solve 
the problem. Numerical results for the frequency 
parameters toi2V p/E are plotted versus o h /a a and 
u\,/E in figures 3.139 and 3.140 for 

7,2 

— (l-r) 2 fl 2 = 9.16X10- 6 and 3.67 X10~ 7 

respectively (i.e., R/h = 100 and 500, respectively, 
for r = 0.3). The stresses cr& and s n are defined by 
equations (3.194) and (3.198), respectively. The 
circumferential wave number n identifies the 
number of circumferential sine waves in the 
unloaded (cr& = 0) condition. As seen earlier in 
this section in Weingarten’s work, additional 
Fourier components of equation (3.199) are re- 
quired as in increases. The contribution of the 
other Fourier components to the ?i = 9 mode can 
be seen in figure 3.141 where the relative magni- 
tudes of the Fourier coefficients are indicated, 
subject to the normalizing condition 

a„ 2 = 1 (3.200) 

n = 0 

The necessity of using terms other than n = 9 
clearly increases as <r& increases as shown in fig- 
ure 3.141. The appearances of the symmetric and 
antisymmetric modes for the lowest frequency 
(n = 9) for 



Figure 3.139. — Frequency parameters for an SD-SD 
shell subjected to gross initial bending moment; 
R/h = 100. (After ref. 3.136) 



0 0.5 1.0 <r b 


I 1 1 1 

O 0.5XI0' 3 IxlO" 3 I.5XI0 -3 

E 

Figure 3.140. — Frequency parameters for an SD-SD 
shell subjected to gross initial bending moment, 
R/h= 500. (After ref. 3.136) 
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•yllXKT 3 

-^•= 0.912 


Figure 3.142. — Circumferential mode shapes of an SD- 
SD shell subjected to bending moment; n = 9. (After 
ref. 3.136) 


Figure 3.141. — Normalized Fourier coefficients a„ of the 
mode shapes of an SD-SD shell subjected to bending 
moment; n =9. (After ref. 3.136) 


R/h = 500 <Tb/E = 4X10 -4 

X = m-icR/l = 2 


are depicted in figure 3.142. 

Experimental results were also given by Seg- 
gelke (ref. 3.136). Figure 3.143 shows frequency 
(cps) versus bending moment Mb(m-kp) for two 
SD-SD shells having lengths of 48.5 mm. and 
48 mm. Both shells had R = 25 mm., h = 0.05 mm., 
and were made of steel (p = 8X10~ 6 /cp-sec 2 /cm 4 , 
7? = 2. 1 X 10 6 /cp/ cm 2 ) . The bending moment was 
varied from 0 to 1.58 mkp (cr b /ff a = 0.63). Figure 
3.144 shows a similar plot for a third shell of the 
same material and having the same dimensions, 
except 1 = 75 mm. In this figure the lowest fre- 
quencies for the first three axial wave numbers 
(m = 1,2,3) are given. Examples of experimen- 
tally measured circumferential mode shapes for 
the second shell (1 = 48 mm.) are shown in figures 
3.145, 3.146, and 3.147 [for n = 9, 8, and 11, 
respectively. Theoretical and experimental fre- 


3000 
n=7 
■ n =1 1 

n=8 
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n=9 
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Figure 3.143. — Experimentally measured frequencies of 
shells subjected to gross initial bending moment 
(dimensions given in text). (After ref. 3.136) 
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BENDING MOMENT M b 

Figure 3.144. — Experimentally measured frequencies of 
a shell subjected to bending moment (dimensions given 
in text). (After ref. 3.136) 



Figure 3.145. — Experimentally measured circumferen- 
tial mode shapes for shell no. 2 subjected to bending 
moment; n = 9. (After ref. 3.136) 


m “ I 


W (0) 
0 




Figure 3.146. — Experimentally measured circumferen- 
tial mode shapes for shell no. 2 subjected to bending 
moment; n = 8. (After ref. 3.136) 



= 0.032 



Figure 3.147. — Experimentally measured circumferen- 
tial mode shapes for shell no. 2 subjected to bending 
moment; n = ll. (After ref. 3.136) 


quencies for the first shell (1 = 48.5 mm.) are 
compared in figure 3.148. 

Sampath (ref. 3.74) also studied the problem 
of the SD-SD shell loaded by overall end mo- 
ments. The Galerkin method was used with the 
Donnell-Mushtari equations, and the deflection 
function (eq. (3.199)) was assumed. Retaining 
50 terms in the solution series, numerical results 
were obtained for a shell having m— 1, Z/f2 = 4, 
R/h= 1000, and r = 0.3. Frequency parameters 
which have converged to five significant figures 
are listed in table 3.17 for various ratios of the 
loading parameter at/vcr, where <r& is the magni- 
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tude of the stress causing the gross bending 
moment, as in equation (3.196), <r a = 0, and <r cr is 
the lowest buckling stress in the case of uniform 
axial loading; i.e., 

E 

a cr = 0.5606 X10- 3 - (3.201) 

(1 r 2 ) 

The ratio i2 2 /fi 0 2 versus ai/<j cr is plotted in figure 
3.149, where O 0 2 is the square of the frequency 
parameter in the unloaded case for the same 
circumferential wave number, n. 

In reference 3.74 an axial stress varying cir- 
cumferentially according to 

cf = <ri cos 2nd (3.202) 

was also investigated. Again, using equation 
(3.197) and the Galerkin procedure yields table 
3.18 and figure 3.150 as complements to table 
3.17 and figure 3.149, respectively, for the same 
shell. Comparing tables 3.17 and 3.18 it is seen 
that the significant differences in frequencies 
occur for large loading parameters for n> 3. 



BENDING MOMENT M b 


Figure 3.148. — Comparison of experimental and theo- 
retical frequencies for shell no. 1 subjected to bending 
moment. (After ref. 3.136) 


Two other problems having spatially-varying 
initial stresses were investigated in reference 
3.74. The first of these is the shell subjected to 
axial stress which varies linearly in the axial 
direction; i.e., 

<Tx i = ko-{-ki— (3.203) 

This is the situation which would arise if the 
shell were loaded axially by its own weight and 
supported at one or both of its ends. In the 
other problem the circumferential stress varies 
linearly in the axial direction. 

A few other references deal with nonuniform 
initial stresses. Kessel and Schlack (ref. 3.137) 



02 0.4 0.6 08 1.0 1 2 


Figure 3.149. — Variation of the frequency ratio (S2/f2 0 ) 2 
with loading ratio a b /a„ for an SD-SD shell subjected 
to gross bending (dimensions given in text). (After ref. 
3.74) 



Figure 3.150. — Variation of the frequency ratio (Sl/fio) 2 
with loading ratio <r 2 /cr cr for an SD-SD shell subjected 
to an axial initial stress <y x ' =<r 2 cos 2 6 (dimensions given 
in text). (After ref. 3.74) 


Table 3.17. — Frequency Parameters Q, 2 = u 2 R 2 p(l — v 2 )/E of an SD-SD Shell Subjected to Gross Bending Moment 

( Dimensions in Text) 


&b /°" CT 


n 

0 

0.2 

0.4 

0.6 

0.8 

0.9 

1 

1.1 

1.2 

0 

9 . 1000 X10 -1 

9 . 1000X10-' 

9. 1000X10-! 

9. 1000X10-! 

9. 1000X10-! 

9. 1000X10-! 

9.1000X10-1 

9.1000X10-1 

9. 1000X10-' 

1 

1.3245X10 -1 

1. 3245X10- 1 

1. 3245X10-! 

1.3245 X10-! 

1. 3245X10-' 

1. 3245X10-' 

1.3245X10-1 

1.3245X10-1 

1.3245X10-1 

2 

1.6246X10 -2 

1 . 6246 X 10 -2 

1.6247X10- 2 

1.6247X10-2 

1.6248X10-2 

1.6248X10-2 

1.6248X10-2 

1.6249X10-2 

1.6250X10-2 

3 

3.7517X10 -3 

3.7526X10 -3 

3.7541 X 10" 3 

3.7552X10 -3 

3.7579X10- 3 

3.7595X10-2 

3.7614X10-2 

3.7656X10-2 

3.7706X10-2 

4 

1.2770X10- 3 

1.2798X10 -3 

1.2848X10 -3 

1.2882X10 -3 

1.2968X10-2 

1.3021X10-2 

1.3079X10-2 

1.3100X10-2 

1.2951X10-2 

5 

5 . 8234 X 10 _ “ 

5.9122X10 -1 

6.0607X10 -4 

6.1367X10-“ 

6.2471X10-“ 

6.2871X10-“ 

6.3193X10-“ 

6.3601X10-“ 

6.3686X10"“ 

6 

3.6998X10 -4 

3.8136X10- 4 

3.6485X10- 4 

3.5243X10-“ 

3.2263X10-“ 

3.0592X10-“ 

2.8827X10-“ 

2.5072X10-“ 

2.1077X10"“ 

7 

3.4580X10 -4 

2.8847X10- 4 

2.3606X10 -4 

2.0865X10-“ 

1.5231X10-“ 

1.2357X10-“ 

9.4533X10-2 

3.5726X10-2 

6. 0170X10-2 

8 

4.3087X10 -4 

4.4868X10 -4 

4.6698X10-“ 

4.7222X10““ 

4.7372X10-“ 

4.7076X10-“ 

4.6600X10-“ 

4.5175X10-“ 

4.3318X10-“ 

9 

6.0709X10- 4 

6.1253X10- 4 

6.2370X10-“ 

6.3374X10-“ 

6.6404X10-“ 

6.8207X10-“ 

7.0081X10-“ 

7.3821X10-“ 

7.5605X10-“ 


Table 3.18.- — Frequency Parameters 0 2 = co 2 i? 2 p(l — v 2 )/E of an SD-SD Shell Subjected to an Axial Initial Stress 

<rj=trt cos 26 ( Dimensions in Text) 


n 

0 

0.2 

0.4 

0.6 

0.8 

1.0 

1.2 

1.4 

1.6 

0 

9.1000X10-1 

9. 1000X10-! 

9.1000X10-1 

9.1000X10-1 

9.1000X10-1 

9.1000X10-1 

9.1000X10-1 

9.1000X10-1 

9.1000X10-1 

1 

1.3245X10-1 

1.3249X10-1 

1.3252X10-1 

1.3256X10-1 

1.3259X10-1 

1.3263X10-1 

1.3266X10-1 

1.3270X10-' 

1.3273X10-1 

2 

1.6246X10-2 

1.6246X10-2 

1.6247X10-2 

1.6247X10-2 

1.6248X10-2 

1.6248X10-2 

1.6249X10-2 

1.6250X10-2 

1.6251X10-2 

3 

3.7517X10-2 

3.7525X10-2 

3.7532X10-2 

3.7550X10-2 

3.7576X10-2 

3.7609X10-2 

3.7649X10-2 

3.7697X10-2 

3.7752X10-2 

4 

1.2770X10-2 

1.2783X10-2 

1.2820X10-2 

1.2882X10-2 

1.2969X10-2 

1.3082X10-2 

1.3220X10-2 

1.3385X10-2 

1.3575X10-2 

5 

5.8234X10-“ 

5.8592X10-“ 

5.8818X10-“ 

5.8453X10-“ 

5.7737X10-“ 

5.6768X10-“ 

5.5578X10-“ 

5.4189X10-“ 

5.2614X10-“ 

6 

3.6998X10-“ 

3.5289X10““ 

3.1877X10-“ 

2.7881X10-“ 

2.3557X10-“ 

1.9002X10-“ 

1.4266X10-“ 

9.3846X10-2 

4.3816X10-2 

7 

3.4580X10-“ 

3.3649X10-“ 

3.1158X10-“ 

2.7656X10-“ 

2.3551X10-“ 

1.9073X10-“ 

1.4349X10-“ 

9.4510X10-2 

4.4222X10-2 

8 

4.3087X10-“ 

4.4397X10-“ 

4.6606X10-“ 

4.8590X10-“ 

5.0091X10-“ 

5.1037X10-“ 

5.1420X10-“ 

5.1275X10-“ 

5.0656X10-“ 

9 

6.0709X10-“ 

6.1059X10-“ 

6.2659X10““ 

6.5412X10-“ 

6.8672X10-“ 

7.2105X10"“ 

7.5545X10-“ 

7.8893X10-“ 

8.2083X10-“ 
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considered gyroscropic forces induced by spin 
around the shell axis with simultaneous steady 
precession about a nutation axis. Bushnell (ref. 
3.138) analyzed a shell subjected to constant 
axial stresses and an internal pressure which is 
proportional to the normal displacement iv; this 
situation arises, of course, when the shell con- 
tains an elastic core. Thermal initial stresses 
were considered by Buckens (ref. 3.139) and by 
Ong and Herrmann (refs. 3.81, 3.140, and 3.141). 

3.4.8 Open Shells 

The previous sections dealing with the effects 
of initial stresses upon vibration frequencies and 
mode shapes considered in great detail the closed 
circular cylindrical shell. As was found in chapter 
2 in the case of unloaded shells, considerably less 
information is available for open shells, even 
though the number of possible types of boundary 
conditions is far greater. 

Consider the open circular cylindrical panel 
depicted in figure 2.141. As in section 2.8 certain 
information is available for prestressed panels 
having their lateral edges 0 = 0 and d = 6 0 sup- 
ported by shear diaphragms with various bound- 
ary conditions along the ends x = 0 and x = l. 
This information comes from the modes of closed 
shells having one or more circumferential waves, 
the SD boundary conditions being duplicated at 
node lines of the closed shell. Section 2.8 may be 
reviewed for the technique of utilizing such 
results. 

The case of an open shell supported on all four 
edges by sheer diaphragms and subjected to uni- 
form initial stresses is examined in references 
3.44, 3.103, and 3.142. However, as indicated in 
the preceding paragraph, for these boundary con- 
ditions the same results can be obtained from 
closed shells. Procedures for analyzing open shal- 
low shells subjected to initial stress and having 
arbitrary boundary conditions are laid out in 
references 3.46 and 3.143, but no numerical 
results are given. 

Reissner (ref. 3.46) also included uniform ini- 
tial stress terms in his nonlinear (large deflection) 
analysis of open circular cylindrical shells (see 
section 3.3.5 for further description of approach) 
supported on all edges by shear diaphragms. The 
ratio between nonlinear and linear frequencies is 
given by equation (3.93), where co 0 2 is now given by 


p/lco o' 




+ 



Eh Qr/Q 4 

« 2 [(n/Ry+^/l)^ 


(3.204) 


3.5 OTHER COMPLICATING EFFECTS IN 
CIRCULAR CYLINDRICAL SHELLS 

In this section three other types of compli- 
cating effects which affect the free vibrations of 
circular cylindrical shells will be reviewed briefly: 

(1) Effects of surrounding media 

(2) Shear deformation and rotary inertia 

(3) Nonhomogeneity. 

A significant amount of literature deals with each 
of these, and a great deal of space could be de- 
voted to each. However, each topic introduces 
considerable complexity into the picture, the in- 
tricate details of which are beyond the scope of 
this monograph. 

The presence of a surrounding medium such 
as air or water introduces coupling of the shell 
equations with the governing field equations of 
the medium. As stated from the beginning of this 
work, coupling of shells with their environment 
(as in the case of structures) has generally been 
omitted. Nevertheless, some of the aspects of 
this topic which carry particular practical value 
will be examined briefly. 

Introducing shear deformation into a shell 
theory results in a completely different theory. 
The order of the system of governing differential 
equations is raised from eight to ten, and the 
number of boundary conditions per edge which 
must be defined increases from four to five. Thus, 
the added complexity in this case is in the theory. 

Nonhomogeneity introduces another set of in- 
dependent physical parameters into the problem. 
For example, in chapter 2 the nondimensional 
frequency parameter 0 depends upon the l/R 
and R/h ratios, the wave numbers m and n, and 
Poisson’s ratio. A nonhomogeneous (or hetero- 
geneous) shell permits variation of the elastic 
constants E and v (in the case of isotropy) in all 
three directions, x, 6, and z, which gives rise to 
a limitless number of material descriptions. In 
practical application, a great deal of current 
interest exists in layered (or laminated) shells — 
each layer is represented by an orthotropic ma- 
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terial. The numbers, thicknesses, and material 
properties of layers here again give rise to limit- 
less configurations. 

For the above reasons only a brief summary of 
some of the most important aspects of each of 
these topics appears herein. However, a sub- 
stantial reference list will be provided for each 
topic to expedite further in-depth study. 

3.5.1 Effects of Surrounding Media 

The numerous theoretical results for the fre- 
quencies and mode shapes of free vibration of 
circular cylindrical shells which are given else- 
where in this chapter, as well as in chapter 2, 
apply when the shell is in a vacuum. Neverthe- 
less, in virtually all practical applications, the 
shell is immersed in a surrounding medium, 
notably air or water, and/or contains a fluid. It 
is clear that vibration of the shell wall requires 
movement of the surrounding fluid, and this 
mass added to the system causes a reduction in 
the frequencies. 

Thus, the shell is coupled with its surrounding 
medium by means of continuity conditions of 
displacement and velocity at the interface of the 
shell with the fluid. The shell must satisfy its 
equations of motion (see sec. 2.1) and boundary 
conditions. The fluid must satisfy (for example, 
in the commonly assumed case of a compressible, 
inviscid fluid) the wave equation for its velocity 
potential function and certain regularity condi- 
tions at the central axis of the shell (r = 0) and/or 
at a large distance away from the shell (r = » ) . 
Consideration of the effect of the shell upon the 
fluid leads one into the field of acoustics. This 
work is only concerned with the effect of the 
fluid upon the shell. 

However, before looking into the effects of sur- 
rounding fluids, consider first another significant 
type of surrounding medium — the elastic founda- 
tion. The elastic foundation receives a great deal 
of attention in the study of beams and plates; 
however, it is virtually ignored in the literature 
of shell vibrations, perhaps because it is less likely 
to be encountered in practical application. 

The elastic foundation supplies components of 
restoring force which are proportional to the dis- 
placement components in magnitude and oppo- 
sitely directed. Thus, in the matrix equation of 
motion (2.3) the force vector 


{ K u u 
K,v • 
K w w 


(3.205) 


must be added to the right hand side, where K u , 
K„, and K w are nondimensional spring constants 
associated with the u, v, and w displacements, 
respectively. In the case of sliding contact, 
K u = K v = 0. In general, the terms of equation 
(3.205) would be carried through the solution 
procedure in a straightforward manner. For 
example, the convenient solution form for infinite 
and SD-SD shells given by equations (2.20) 
could still be used; however, the resulting char- 
acteristic determinants (cf., eq. (2.21)) would 
have an added constant term in each of its 
diagonal elements. Furthermore, in three cases 
the added terms would cause no added algebraic 
complexity. These are 


(a.) K u = K„=0 

(b.) K U = K, = K W 


In these cases the numerical results of chap- 
ter 2 (except those where tangential inertia 
is neglected) are directly applicable to the 
problem, except that the frequency parameter 
tt 2 = u 2 R 2 p(l — v 2 )/E is replaced by 


_ <j) 2 R 2 p(l — v 2 ) 

= J --K w (3.206) 

jOj 


Two of the earliest studies of the elastic shell 
of infinite length filled with, or surrounded by, 
a fluid were by Rayleigh (ref. 3.144) and Nikolai 
(ref. 3.145). In the first reference the shell 
enclosed a compressible fluid. In the second 
reference the fluid was assumed to be incom- 
pressible, but the shell could be either filled with 
or immersed in the liquid. 

Gontkevich (ref. 3.146) shows how beam func- 
tions can be used to approximate the mode shapes 
of a shell having arbitrary end conditions. The 
surrounding compressible fluid medium, either 
inside or outside the shell, is represented by a 
potential function of a infinite field. Other works 
which study the effects of an infinite fluid field 
upon a circular cylindrical shell include references 
3.24, 3.94, 3.99, 3.121, and 3.147 through 3.162. 

Livanov (ref. 3.110) showed that if the total 
mass of the shell is much greater than that of an 
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enclosed compressible fluid (particularly in the 
case of a gas), then the coupled frequency equa- 
tion of the shell and gas reduces approximately 
to the uncoupled frequency equations for the 
vibrations of a fluid in a rigid cylinder and the vi- 
brations of a pressurized circular cylindrical shell. 

Mnev (refs. 3.163 and 3.164) analyzed the 
problem of a thin, elastic circular cylindrical shell 
immersed in a compressible, inviscid fluid. How- 
ever, the extent of the fluid is limited by a con- 
centric rigid boundary either inside or outside of 
the shell as shown in figure 3.151. The fluid 
surrounding a shell of infinite length is considered 
by means of a suitable potential function. 

The dynamic behavior of liquids in moving 
containers was the subject of a previous NASA 
monograph edited by Abramson (ref. 3.165). 
Chapter 9 of the monograph, by Kana, is devoted 
to the interaction of elastic shells with internal 
liquids and is a summary of relevant literature 
(see also ref. 3.166). References 3.46, 3.107, 3.113, 
3.115, and 3.167 to 3.186 are summarized therein. 
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Figure 3.151. — Shell separated from a rigid 
boundary by a fluid. 
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Figure 3.152. — Circular cylindrical shell partially 
filled with a liquid. 


A comprehensive monograph dealing with the 
vibrations of an elastic shell partially filled with 
a liquid was written by Rapoport (ref. 3.187). 
The work is devoted to the formulation of the 
governing sets of equations and no numerical 
results are presented. 

Abramson, Chu, Kana, and Lindholm (refs. 
3.188 and 3.189) analyzed the bending (n = 1) 
and breathing (n > 2) vibrations of full or partially 
full shells, where the surface of the liquid is 
perpendicular to the axis of the shell, as shown in 
figure 3.152. Reference 3.190 is an experimental 
study. An electromechanical analogue to the 
coupling which occurs between transverse shell 
wall vibrations and free surface oscillations of a 
liquid in a partially filled elastic shell is described 
in reference 3.191. Other works which pertain to 
flexible circular cylindrical shells containing 
liquids include references 3.64, 3.114, 3.184, and 
3.192 through 3.210. 

Note that although a number of the references 
listed in the preceding two paragraphs deal with 
circular cylindrical tanks which are partially 
filled with a liquid, none consider the case of the 
closed tank having a fluid surface which is parallel 
to the shell axis. 

The nonhomogeneous shell filled with a liquid 
and subjected to internal pressure and axial 
initial compression was studied by Mugnier and 
Schroeter (ref. 3.80). 

If a shell is surrounded by a moving fluid field, 
the problem becomes even more complicated 
leading to, for example, flutter analysis. Such 
problems will not be considered here. 

Another type of surrounding medium which 
is considered completely beyond the scope of this 
work is the magnetic field. In general, the shell 
equations of motion are affected by nonlinear 
body force and body moment terms and the 
field is affected, in turn, by the motion of the 
shell. 

Other investigations dealing with the free vi- 
brations of circular cylindrical shells surrounded 
by a fluid medium include references 3.211 
through 3.218. 

3.5.2 Shear Deformation and Rotary Inertia 

Consider the motion of the shell element de- 
picted in figure 1.2. The drawing is misleading, 
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for the element has infinitesimal dimensions ds a 
and ds (3 parallel to the middle surface, whereas 
its dimension in the 2 -direction is finite, h. In a 
careful treatment of the six equations of motion, 
components of rotary inertia would be added to 
the three moment equations of motion, in addi- 
tion to the translatory inertia terms which ap- 
pear in the force equations of motion. Lord 
Rayleigh (ref. 3.219) showed, in the case of 
beams, that rotary inertia effects become signifi- 
cant as the length/depth ratio decreases. Sub- 
sequently, Timoshenko (ref. 3.220) established 
that, for beams having these depths, the effects 
of shear deformation are equally important. The 
incorporation of shear deformation and rotary 
inertia effects into plate vibration problems is 
summarized in reference 3.1. 

To generalize the problem further to the shell, 
one can say that the effects of shear deformation 
and rotary inertia become increasingly signifi- 
cant as the thickness ratios R/h and l/h decrease. 
However, the effects can be significant for rela- 
tively thin (say R/h> 20) or long shells as well, 
as the numbers of circumferential and longi- 
tudinal waves increase. Thus, the effects become 
significant for short wave lengths, certainly for 
those of the same order as the thickness, or less. 

Only a brief description of how shear deforma- 
tion and rotary inertia enters into the deriva- 
tion of shell theories will be given below. Shear 
deformation enters through the generalization 
of the strain-displacement equations. Rotary 
inertia enters in the fundamental forms of the 
equations of motion, as described above. 

Not only are the resulting equations of motion 
greater in number (five, rather than three) and 
more complicated, but, as seen below, the nu- 
merical results are more difficult to interpret, 
for there exist five (rather than three) frequencies 
for each circumferential wave number n for 
closed, circularly symmetric cylindrical shells. 

Equations (1.37) for the displacements U, V, 
and W become, for a circular cylindrical shell, 

U(x,y,z)=u(x,6) -\-z\f x (x,d) ) 

V{x,y,z) =v(x,d)+zte(x,e) > (3.207) 

W(x,y,z)=w(x,6) j 

where \j/ x and fe are now used to denote the 


changes in the slope of the normal to the middle 
surface, in place of 0 a and dp. If shear deforma- 
tion is to be permitted, then the first two of 
equations (1.34) stating the Kirch hoff hypothesis 
(normals remain normal) must be dropped as 
constraining equations. Then \f/ x and \po are no 
longer related to u, v, and w as in equations 
(1.39), but become additional variables in the 
problem. 

The equations of motion can ultimately be 
written in the form 


[£*]{«<} = {0} (3.208) 


where now {w<} is the generalized displacement 
vector containing five components, 


{“<} =• 


u 

v 

w 


Rfx 

R'Pv. 


(3.209) 


instead of the three used in equation (2.4), and 
[£*] is now a matrix differential operator of the 
fifth order. 

As before, [£*] can be written as the sum of 
two operators; i.e., 

[£*] = [£ D-M\-\~k[£ m qd\ (3.210) 


where [££_«] is the differential operator accord- 
ing to the Donnell-Mushtari theory, generalized 
to take into account shear deformation; [£*/ 0 n] 
is a modifying operator which alters the Donnell- 
Mushtari theory to yield another shear deforma- 
tion shell theory; and k is the thickness parameter 
defined in equation (2.6). The differential oper- 
ator for the Donnell-Mushtari type of shear de- 
formation shell theory (from refs. 3.131 and 
3.221) is 


an 

ai 2 

®13 

0 

0 

021 

022 

O23 

0 

0 

®31 

032 

033 

034 

035 

0 

0 

O43 

044 

045 

.0 

0 

O53 

054 

055 


(3.211) 


where 


COMPLICATING EFFECTS IN CIRCULAR CYLINDRICAL SHELLS 


293 


a 2 (l-v) a 2 P (i- V 2 )R 2 a 2 

as 2+ 2 aa 2 E dt 2 

(i- y ) a 2 a 2 P (i- y 2 )fi 2 a 2 
2 as 2+ aa 2 # a« 2 


b n = 


(1-v) 

2 


_a* 

aa 2 


622 — 


«1 

* 


a 33 = 1— KlV 2 M> 


p(i-p 2 )R 2 a 2 
f E dt 2 


a 2 (l-v) a 2 p(i — v 2 ') R 2 a 2 
as 2 2 aa 2 e dt 2 


a 4 1 k 
a 5b = k 
Gl2 = G21 = 
Gl3 = 031 = V 


a 2 

(1 — i 

0 d 2 l 

k P (\-v 2 )R 2 a 2 

^23 — 632 — T" 

k 

a 



ds 2 

2 

ae 2 J 

' ll E dt 2 

dd 



(1-v) d 2 

+ a2 l 

\ /cp(i— „ 2 )it : 2 a 2 

&25 5 52 . 

k 

(l— v) a 2 

a 2 

p(i—v 2 )R 2 a 2 

2 

as 2 

aa 2 J 

Kl E dt 2 

2 as 2 

dd 2 

E dt 2 

(1 + v) 

a 2 



a 




2 as aa 


as 


35—053 = 


aa 


&33 — &44 — &55 = &12 = b 21 = 613 = 631 = 645 = 651 

= &24 = &42 = &34 = &43 = &45 = &54 = 0 (3.215) 


G34 — G43— ~ Ki- 
ds 


&35 — &53 — — Kl 


CI45 — (Z54 = 


aa 

fc(i+v) a 2 


2 as aa 

where s = x/R, as before, 


1 v 


K 1 = 


(3.212) 


(3.213) 


and k 2 is a shear correction coefficient taken vari- 
ously as 5/6 (ref. 3.221), 0.86 (ref. 3.222), 8/9 
(ref. 3.223), and it 2 / 12 (ref. 3.224). The coeffi- 
cients an, a 2 2, an, a 2 i, an, and a 3 i are the same 
as those of the eighth-order shell theory given in 
equation (2.7). The rotary inertia terms are 
clearly seen in the coefficients and a 6 5- 
An example of the modifying operator 



'611 

612 

613 

bu 

bu 


b 21 

622 

b 33 

b 24 

b 25 

[£*I 0 Z>] — < 

bn 

b 3 2 

b 33 

b 3 4 

b 33 


bn 

b 42 

&43 

b 44 

bu 


b 51 

b 62 

b 33 

&64 

b 56 , 


(3.214) 


These equations reduce to equations (2.9e) if 
shear deformation and rotary inertia are neglected 
(ref. 3.221). 

Similarly, the coefficients of the Herrmann- 
Armenakas (ref. 3.72) for use in equation (3.214) 
are (see also ref. 3.225) 

(1 — v) d 2 


Oll = 

2 

aa 2 


&22 = 

-./{ 

:+i; 



u 

1 dd 2 

&33 = 

G +i 

) 


b 55 = 

— Kl 




bu — bu — 


d 2 (1 - v ) d 2 p(l- v 2 )R 2 d 2 


ds 2 2 dd 2 

b 23 = &32 = (1-fifCl) 


5 -65 2 -k 1 ^+ 1 ) 


h h K1 d 

034 — 043 — — — — 

k ds 


E dt 2 

(1-v) d 2 d 2 


2 ds 2 d 6 2 

p(\-v 2 )R 2 d 2 
E dt 2 


is, for the theory of Naghdi and Cooper (ref. 
3.221) 


b 33 -b 63 ( 1 +ki)— 

oU 


(3.216) 
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The resulting equations of motion of this theory 
reduce to those of Fliigge, Byrne, and Lur’ye 
(see eq. (2.9d)) if shear deformation and rotary 
inertia are neglected. 

Other tenth order theories incorporating the 
effects of shear deformation and rotary inertia 
include those of Hildebrandt, Reissner, and 
Thomas (ref. 3.226); Vlasov (ref. 3.227); Herr- 
mann and Mirsky (refs. 3.222, 3.224, and 3.228); 
Yu (ref. 3.229); Lin and Morgan (ref. 3.223); 
Chou (ref. 3.230); Mizoguchi (ref. 3.231); and 
Herrmann and Armenakas (ref. 3.72) also in- 
cluded the effects of initial stress in their shear 
deformation theory. In addition, an orthotropic 
theory was developed by Mirsky (ref. 3.232) and 
a nonlinear (large deflection) theory by Yu (ref. 
3.233). 

Consider now the two closely related free vibra- 
tion problems: 


(1) A shell of infinite length 

(2) A shell of finite length, l, supported at both 
ends by shear diaphragms. 


As in the case of the eighth order theories (see 
secs. 2.2 and 2.3), both problems have the same 
exact solution functions for the generalized dis- 
placements in the form 


u = A mn cos Xs cos nO cos cot 
v = B mn sin Xs sin nd cos cot 
w = C mn sin Xs cos nd cos cot > 
'Px = B mn cos Xs cos nd cos <ot 
i/'s =E mn sin Xs sin nd cos cot 


(3.217) 


In the case of the shell supported at both ends by 
shear diaphragms (SD-SD) the boundary condi- 
tions are given by 

w = M x = N x =v = \pe = 0 (3.218) 

Equations (3.218) are exactly satisfied by equa- 
tions (3.217) provided X is taken as 

m-irR 

X = — - — (m= 1, 2, . . .) (3.219) 


In the case of the infinite shell, circumferential 
“node lines” (v = w = 0, u^O) will occur at 
intervals of l. 

Substituting equations (3.217) into the tenth 
order set of equations of motion (3.208) yields, 


for a nontrivial solution, a characteristic deter- 
minant of the fifth order. Expanding the deter- 
minant gives a fifth degree polynomial equation 
in the nondimensional frequency parameter 
fl 2 = co 2 R 2 p(l — v 2 )/E of the type 


Q 10 -K i W+K 3 W-K& i +K 1 W-K 0 = 0 (3.220) 


This equation will have five real roots, and conse- 
quently five independent mode shapes, for each 
value of circumferential wave number n. 

In the special case of axisymmetric modes 
(n = 0), the five equations of motion become 
uncoupled into two sets (ref. 3.224). One set 
consisting of three equations, describes the 
flexural or radial modes in terms of u, w, and \p x . 
The other set corresponds to motions which are 
purely circumferential and involve v and \]/e- This 
yields a cubic characteristic equation for the first 
set and a quadratic equation for the second set. 

Tang (ref. 3.234) used the shell theory of 
Herrmann and Mirsky (ref. 3.222) to analyze the 
axisymmetric motions (radial and flexural) of an 
SD — SD shell. Letting n = 0, and substituting the 
solution functions for u, to, and \p x from equations 
(3.217) into the three uncoupled equations of 
motion yields the following characteristic equation 
for the frequency parameter 12 (ref. 3.234): 


fi 6 -^X 2 (2+ Kl )+^l+^J 

+0 2 [ X 4 (l +2 Kl ) +X 2 ^2+^— 

.(i')]_[ x . n+x<( i _,. ) 


+ 


+X 2 (1- 


■o: 


=0 


(3.221) 


with /(i as defined previously in equation (3.213). 
Numerical results were obtained in reference 
3.234 for one shell having E//i = 36 and Z/72=4 
and another shell having It/h = 10 and l/R = 8. 
In both cases v and « 2 were taken as 0.25 and 0.86, 
respectively. The results are displayed in tables 
3.19 and 3.20. In the tables the frequency 
parameters are also compared with those of 
eighth order theory (neglecting shear deformation 
and rotary inertia in the Herrmann-Mirsky 
theory). Significant differences exist between the 
theories for the lowest frequency (corresponding 
to a predominantly radial mode) as m increases, 
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Table 3.19. — Comparison of Frequency Parameters ft for the Axisymmetric 
Modes of an SD-SD Shell; R/h = 36, l/R = 4 ( from ref. 3.234) 


m 

Tenth order theory 

Eighth order theory 

Gi* 


n 3 * 

fli* 

0 2 * 

i 

0.7105 

1 

055 

69 

78 

0.7105 

1.055 

2 

.9285 

1 

614 

69 

80 

.9285 

1.614 

3 

.9458 

2 

379 

69 

83 

.9460 

2.379 

4 

.9523 

3 

158 

69 

88 

.9525 

3.158 

5 

.9585 

3 

940 

69 

93 

.9590 

3.940 

6 

.9675 

4 

723 

69 

98 

.9685 

4.723 

7 

.9818 

5 

505 

70 

00 

.9828 

5.505 

8 

1.002 

6 

290 

70 

15 

1.004 

6.290 

9 

1.031 

7 

075 

70 

25 

1.034 

7.075 

10 

1.070 

7 

860 

70 

35 

1.074 

7.860 

11 

1.121 

8 

645 

70 

48 

1.126 

8.645 

12 

1.183 

9 

430 

70 

60 

1.190 

9.430 

13 

1.258 

10 

22 

70 

58 

1.268 

10.22 

14 

1.346 

11 

00 

70 

90 

1.360 

11.00 

15 

1.448 

11 

79 

71 

05 

1.465 

11.79 

16 

1.562 

12 

57 

71 

23 

1.585 

12.57 

17 

1.688 

13 

36 

71 

43 

1.718 

13.36 

18 

1.827 

14 

14 

71 

60 

1.865 

14.14 

19 

1.977 

14 

93 

71 

83 

2.024 

14.93 

20 

2.138 

15 

71 

72 

03 

2.196 

15.71 


Table 3.20. — Comparion of Frequency Parameters ft for the Axisymmetric 
Modes of an SD-SD Shell: R/h = 10, l/R = 8 ( from ref. 3.234 ) 


m 

Tenth order theory 

Eighth order theory 

Gi* 

n 2 * 

n 3 * 

Gi* 

fi 2 * 


i 

0.3716 

1.008 

18.76 

0.3716 

1.008 

2 

.7105 

1.055 

19.40 

.7105 

1.055 

3 

.8895 

1.264 

19.43 

.8900 

1.264 

4 

.9299 

1.614 

19.46 

.9308 

1.614 

5 

.9446 

1.993 

19.51 

.9461 

1.994 

6 

.9558 

2.379 

19.56 

.9580 

2.379 

7 

.9686 

2.768 

19.64 

.9720 

2.768 

8 

.9858 

3.158 

19.71 

.9906 

3.158 

9 

1.009 

3.548 

19.80 

1.016 

3.549 

10 

1.040 

3.939 

19.89 

1.049 

3.939 

11 

1.079 

4.331 

20.00 

1.093 

4.331 

12 

1.128 

4.723 

20.13 

1.147 

4.723 

13 

1.186 

5.114 

20.24 

1.213 

5.115 

14 

1.255 

5.506 

20.36 

1.291 

5.506 

15 

1.334 

5.899 

20.50 

1.381 

5.899 

16 

1.424 

6.290 

20.65 

1.485 

6.291 

17 

1.521 

6.683 

20.80 

1.600 

6.683 

18 

1.629 

7.075 

20.96 

1.728 

7.075 

19 

1.745 

7.468 

21.14 

1.868 

7.468 

20 

1.870 

7.860 

21.31 

2.019 

7.860 
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particularly for the smaller R/h value. The second 
frequency corresponds to an axial mode and 
varies negligibly between the theories. The third 
frequency does not exist in the eighth order 
theory. 

Herrmann (ref. 3.235) also obtained results for 
the axisymmetric modes of infinitely long shells. 
Comparisons were made between solutions ob- 
tained from eighth and tenth order shell theories 
and the three-dimensional elasticity theory. For 
the three-dimensional results, the approximate 
solutions of McFadden (ref. 3.236) were used. 
These are, for the radial (breathing or exten- 
sional) mode, 


2Vl-2v 

( h\ 

r i ii 


l + 5+-(»?-l)5 2 --(r;-l)l> 3 


(3.222) 


where 


X+2G 

P R 2 


S = 


2(1— 3y) 
3(1 — *') , 


(3.223) 


X and G are the Lame elastic constants, 
vE 


X = 


G = 


(1 + * 0(1 — 2 r ) 

E 

2(1+)') 




(3.224) 


and for the thickness (or pinching) mode 


0) 

u> c 


tyR 

T 


4(1—2)/) 

l-v 




(3.225) 


The shell theories used were taken from reference 
3.228. Values of u/w c are given in table 3.21 for 
R/h = 30, 4, and 1.5. Note that the thin shell 
(i.e., eighth order) theory predicts the breathing 
mode frequencies quite well for R/h as large as 
four, whereas fairly large discrepancies exist be- 
tween values for the thick shell (tenth order) and 


elasticity theories for both the breathing and 
pinching modes. The thin shell theory does not 
recognize the pinching mode. 

Reismann and Medige (ref. 3.237) obtained 
numerical results comparing frequency param- 
eters with and without the inclusion of shear 
deformation and rotary inertia effects. The Herr- 
mann- Armenakas theory (eqs. (3.216)) was used. 
Data were obtained using i> = 0.3, /c 2 = 0.86, 
l/R = 6, and R/h = 5. These results are exhibited 
in figures 3.153, 3.154, and 3.155 for ?i = 0, 1, and 
5, respectively, where the parameter fi/X is 
plotted versus the number of axial half-waves, 
m. The number of roots of the characteristic 
equations are seen by the separate curves in 
these plots for n = 0 — three roots with shear de- 
formation, two without; for n>0 — five roots 
with shear deformation, three without. 

No numerical results are available in the 
literature which apply tenth order shell theories 
to boundary conditions other than SD-SD. How- 
ever, an exact procedure similar to the one out- 
lined in section 2.4 for eighth order theories 



Figure 3.153. — Comparison of results for an SD-SD 
shell; R/h = 5, l/R= 6; n= 0. (After ref. 3.237) 
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Table 3.21 . — Comparison of Frequency Parameters co/co c for an 
Infinite Shell According to Various Theories 


R 

Breathing mode 

Pinching mode 

h 

Elasticity 

theory 

Tenth order 
shell theory 

Eighth order 
shell theory 

Elasticity 

theory 

Tenth order 
shell theory 

30 

0.906 

0.990 

0.904 

94.3 

104 

4 

.911 

.985 

.904 

12.93 

13.97 

1.5 

.939 

.970 

.904 

6.07 

5.42 




Figure 3.154. — Comparison of results for an SD-SD 
shell; R/h =5, l/R = 6;n = l. (After ref. 3.237) 


Figure 3.155. — Comparison of results for an SD-SD 
shell; R/h=5, ///t = 6 ; ?i=5. (After ref. 3.237) 


could be followed. The solution equations (3.217) 
would then be generalized to 

u = u n {s ) cos nd cos c ot 

v = v n (s ) sin nd cos c ot 

iv = w n (s) cos nd cos a it (3.226) 

'/'x = fizn(s) cos nd cos 

'Pe = 4'on(s) sin nd cos oit^ 

(s = x/ R) where the form of the functional varia- 
tion in the longitudinal direction is yet to be 


determined. Substituting equations (3.226) into 
equations (3.208) yields, for each n, a set of five 
(except three for n = 0) simultaneous, linear, 
ordinary differential equations having constant 
coefficients. However, these equations may be 
solved and the boundary conditions may then 
be prescribed to determine the appropriate mode 
shapes in a manner analogous to that described 
in section 2.4. 

The influence of rotary inertia alone (i.e., 
neglecting shear deformation) was studied by 
Warburton and Al-Najafi (ref. 3.238). An SD-SD 
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Table 3.22. — Effect of Rotary Inertia Upon the 
Frequencies (cps) of SD-SD Shells (R =2.078 
in., 1 = 17.36 in.) 





Rotary inertia 

n 

m 

h, in. 



Neglected 

Included 






0.125 

903 

903 

2 

i 

.1875 

1254 

1253 



.25 

1623 

1620 



.125 

2174 

2171 


i 

.1875 

3251 

3242 

3 


.25 

4330 

4308 



.1875 

3492 

3482 


2 

.25 

4595 

4571 



.125 

4123 

4113 


1 

.25 

8239 

8165 



.125 

4254 

4244 

4 


.25 

8459 

8381 


.125 

4529 

4518 



3 

.25 

8859 

8774 



.125 

4990 

4977 



.25 

9468 

9372 



.125 

6645 

6621 

5 


.25 

13284 

13094 


.125 

6760 

6735 




.25 

13500 

13305 


shell having R = 2.073 in. and 1= 17.56 in. was 
analyzed using the Fliigge eighth order theory. 
Numerical results are presented in table 3.22. 

The effects of shear deformation and rotary 
inertia upon the free vibration frequencies and 
mode shapes of circular cylindrical shells are 
also referred to in references 3.239 through 3.254. 

3.5.3 Nonhomogeneity 

Nonhomogeneity (or heterogeneity) in mate- 
rials can arise in many ways. One of the most 
frequent ways occurs in circular cylindrical shells 
when the shell is made of layers, each layer being 
homogeneous. The possible configurations of such 
combinations of layers is endless, although a 
great deal of attention has been paid to 


(1) Two layered shells 

(2) Sandwich (i.e., three-layered shells), where 
the middle layer (core) is considerably thicker 
and less rigid than its surrounding (face) layers 

(3) Multilayered shells, as occur in laminated 
shells using composite materials. 

The layers can be individually orthotxopic, as 
well as isotropic. If the angles of material ortho- 
tropy are not parallel to the shell coordinates, the 
resulting shell equations appear, in general, to be 
anisotropic (more particularly, aelotropic) in 
form. 

In addition to the stepwise heterogeneity dis- 
cussed above, material properties can vary con- 
tinuously through the thickness. Such a case 
arises, for example, when certain materials, such 
as styrofoam, are used or when severe thermal 
gradients exist, causing a degradation of material 
properties. Also, material properties can vary in 
the r and d directions for the same reasons, 
although no known work in the literature takes 
this into consideration in vibration also. 

One of the effects of heterogeneity is to cause 
additional coupling between bending and stretch- 
ing modes of shells. For example, no coupling 
exists for plates laminated symmetrically with 
respect to their midplanes (if shear deformation 
is neglected) ; however, the coupling does exist in 
a symmetrically laminated shell. 

In deriving equations of motion for layered 
(particularly sandwich) shells a large number of 
possible alternative assumptions can be made. 
For example, assume that either the Kirchhoff 
hypothesis or the linear displacements account- 
ing for shear deformation remain valid over the 
entire thickness of the shell. Or it can be assumed 
that the linear variation exists for each layer, but 
changes from layer to layer. It may be assumed 
that the face layers carry no transverse shear 
strain, or that the core withstands no normal 
stresses, or that the flexural rigidity of the face 
layers about their own middle surfaces are negli- 
gible. Because of this complexity, no attempt will 
be made to sort out the numerous theories which 
exist for layered shells. 

Consider now the development of a Donnell- 
type theory for a layered circular cylindrical 
shell. Assume that the shell consists of N layers, 
the k th layer being typical and having a thickness 
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h k bounded by the surfaces z = z k and z = z k ~ 1 , 
where z is measured from a reference surface 
within the shell (see fig. 3.156). Assume further 
that each layer is homogeneous and orthotropic. 
Then, the stress-strain relations (3.2) can be 
written for the cylindrical shell coordinates as 


-<T* r 


A ^ 

A (k) 
■n - 12 


= 

A (k) 
/i 12 

A m 
ft -22 

(k) 

_JxQ _ 


1 

O 

0 


for the fc th layer, where 

, E x . 

An — - 


A 12 — 


1 — v x ve 
v x Eo 


0 

0 

A 


&X 

ee 

_ |_7**_ 


Eg 


1 - 


vxve 


1 - 


vxve 


vgE x 
1 - 


Afifi —G 


v x ve 


(3.227) 


► (3.228) 


In evaluating the force and moment resultant 
integrals (eqs. (1.75)), the integrations must be 
carried out piecewise through the thickness. The 
resulting equations of motion can again be writ- 
ten as in equation (2.3), where the elements of 
the third order matrix differential operator are 
now given by (refs. 3.7, 3.255, and 3.256) : 


a 2 a 2 

£n = C^i— + Cao— - 

as 2 a a 2 


phR 2 


a* 

dt 2 


^- c M ~+ c ^-P hR2 ~ 


£33 — ~| -Dir^-|-2(Z)i2-|-2.D66) 


as 4 


+ ~( -Dig*—-)- ) + C 7 22 + p/ljR 


as 2 


3*\ 

aay 


a 4 ^ a 4 

+ 7 ) 22 — 

as 2 aa 2 aa 4 


2 i! 
at 2 


£12 — £21— (C^ia— |— Cet) 


ds aa 


£13 — £31 — C^i 


d , Du* 


ds 


R ds 3 




<£23 — £32 — C 2 


d D 22* d 3 

! aa + r aa 3 




(3.229) 




Figure 3.156. — Element of a layered shell. 


N 

[Cih D v * t D (j ] = ^A{f {(**—**_!), ~(z k *~zl_ 1 ), 

k = 1 

(3.230) 

N 

P = — 2 fc-l) 

* = 1 

and where h is the total thickness. The operators 
given by equations (3.229) are generalizations of 
those used in the homogeneous, orthotropic equa- 
tions of motion (eq. (3.8)) and that additional 
cross-coupling terms containing D,* coefficients 
are also present. 

Other works which develop theories for shells 
having heterogeneous material properties with 
respect to the thickness direction include refer- 
ences 3.24, 3.91, 3.233 (nonlinear), 3.248, 3.257 
through 3.274, and 3.275 (nonlinear). 

Dong (ref. 3.7) analyzed the case of a two- 
layered, SD-SD shell having an isotropic inner 
layer and an orthotropic outer one, thereby 
simulating a layer overwrapped with filaments. 
The data for the layers are given in table 3.23, 
with the interface taken as the reference surface. 
The exact solution functions (eq. (2.20)) were 
used in equations (2.3) and (3.229), yielding a 
cubic characteristic equation in co 2 . A plot of the 
frequency parameter adfV ph/ C 22 versus the 
circumferential wave number is shown in figure 
3.157 for a shell having R/h = 25, l/R = 20. In 


where 
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Table 3.23 . — Data for Two-layered Shell 


Layer 

An, 

psi 

44-12, 

psi 

44.22, 

psi 

A 66, 
psi 

h, 

in. 

Density 

1 

2 

6.70X10 6 

33.0X10 6 

2.11X10 6 

11.0X10 6 

12.0X10 6 

33.0X10 6 

2. 51 X10 6 
13.2X10 6 

0.20 

.20 

0 . 5p 0 

1 . Opo 

5.0 

p 




Figure 3.157.- — Frequency spectrum for a two-layered, 
SD-SD shell. (After ref. 3.7) 


Figure 3.158. — Frequency envelopes for two-layered, 
SD-SD shells. (After ref. 3.7) 


figure 3.158 frequency envelopes (lowest fre- 
quencies) are shown for m = 1 and for various 
R/h ratios, plotted versus the l/R ratio. Figure 
3.158 can be compared with the frequency 
envelopes for homogeneous orthotropic shells 
given previously in figures 3.16 and 3.17. 

In reference 3.7 it was found that neglecting 
tangential inertia terms in the equations of mo- 
tion increased the frequencies in approximately 
the same ways as for homogeneous shells (see sec. 
2.3.4), although tangential inertia was included 
in the subsequent calculations. 

Other types of boundary conditions were also 
examined in reference 3.7 for two layered shells. 


The exact solution procedure outlined in section 
2.4 using equations (2.53) was followed. Numer- 
ical results were obtained for the shell described 
previously in table 3.23 for R/h= 100 and 
l/R - 20 for three sets of edge conditions : 

(1) Both ends supported by shear diaphragms 
(SD-SD) 

(2) Both ends clamped ( u = v = w = dw/dx = 0) 

(3) One end clamped and the other supported 
with axial restraint (u = v = w = M x = 0) . 

The frequency envelopes for these cases . are 
exhibited in figure 3.159. 

Jones and Whittier (refs. 3.270) made a study 
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of the axisymmetric motions of two-layered shells 
whose layers are connected by a thin, massless 
bond of arbitrary stiffness. Results were compared 
with those obtained from a theory derived by 
Payton (ref. 3.272), which assumes that the bond 
between the two layers is extremely flexible in 
shear. The behavior of the shell was shown to be 
highly dependent upon a bond stiffness parameter 
B defined as 


B = 


Gh 2 

b(C 1 +C t ) 


(3.231) 


where G and b are the shear moduli and thickness, 
respectively, of the bond material; h = hi+ht, the 
sum of the thicknesses of the two layers; and Ci 
and C 2 are the stretching stiffnesses of the two 
layers (i.e., C i = E i h i /(l-v i 2 )). 

In reference 3.277 the two layered shell was 
analyzed by three approaches, one based upon 
the exact three-dimensional elasticity equations, 
and the others being modal and finite difference 



Figure 3.159. — -Frequency envelopes for two-layered 
shells having various end conditions. (After ref. 3.7) 


solutions of a Fliigge-type set of shell equations 
developed in reference 3.274. 

Baker and Herrmann (ref. 3.257) analyzed 
three layered (sandwich) shells. It was assumed 
that the facing sheets of thickness h and U are 
very thin relative to the thickness h of the sand- 
wich, that the elastic moduli of the facing sheets 
are much larger than the corresponding moduli 
of the core and, consequently, that the core 
material resists only transverse shear forces and 
the facing sheets do not resist transverse shear 
forces. Thus, the theory developed is of the tenth 
order, including the effects of shear deformation 
and rotary inertia. Initial stress terms were also 
included. 

Numerical results and an excellent discussion 
were presented in reference 3.257 for SD-SD 
shells all having the following parameters: 


A 12 

— = 0.33, 

-A.il 


’ = 0.376, 


- = 1 


—=— = 50, 

P 3 P3 


h-\rti 

r,= — - — = 0.1 


► (3.232) 


where An, An, and A 6 e are the elastic constants 
of the identical facing sheets, as defined by equa- 
tions (3.228); and pi and p 3 are the mass densities 
of the facing sheets and the core, respectively. 

A typical example of the frequency as a func- 
tion of A = rnwR/l is given in figure 3.160 for n = 2. 
The curves shown are for R/h = 100, r E = 1, and 
r B ,=rg e = 1, where 



Figure 3.160. — Frequency parameters for a three-lay- 
ered, SD-SD shell; dimensions given in text. (After 
ref. 3.257) 
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1'E - 


1'a, ' 


Ta* — 


Ee, 

E x Gx, 

E^ 




(3.233) 


E Xl and Eo l are Young’s moduli in the x-direction 
and 0-direction, respectively, for a facing sheet; 
G x , and Go, are the transverse shear moduli of the 
core material, i.e., 


T xz, G x fixz . ) 

(3.234) 

Tx6 t = Gefxz, j 

and k x and are shear coefficients matching the 
cutoff frequency of the thickness-shear vibration 
from the shell theory to the frequency of the first 
antisymmetric thickness shear mode of the exact 
theory. For the sandwich shells considered here, 
the values of k x and ko are close to unity. Because 
a tenth order shell theory was used, five values of 
the frequency parameter U =mV" pih(ti-\-t 2 ) /E Xl 
are shown in figure 3.160 for each value of X. 
Although the modes are numbered in the proper 
order for small values of X, this order is not neces- 
sarily preserved for larger X; for example, for 
X > 28 the third mode has a higher frequency than 
the fourth mode. The value of 0 for X = 0 is 
0.0035. 

Figure 3.161 shows the effect of an initial cir- 
cumferential tension, N e = No i /E Xl {t\+t 2 ) =0.001 
on the loivest natural frequency, H, of a sandwich 
cylinder with a thickness-to-radius ratio of 0.01, 
a shear modulus ratio (r 0x , r llg ) of 0.001, and r E = 1. 
The number of circumferential waves n consid- 
ered was 0, 1, 2, 3, and 4. The circumferential 
tension does not affect fi for n = 0; it decreases 0 
slightly for n = 1 ; and increases 0 considerably 
for n = 2, 3, and 4. As the value of X increases, the 
effect of Ne i decreases; at X = 100, the initial cir- 
cumferential tension has a negligible effect on 0. 
For X<0.2 and n> 1, the percentage increase in $2 
due to the initial tension of No' decreases as the 
value of n increases. 

If shear deformations are neglected, as in the 
case of monocoque cylinders under initial stress 
(see sec. 3.4), the effect of initial circumferential 
stress becomes negligible for very large values of 


n. However, for sandwich cylinders this is not the 
case. 

Also investigated in reference 3.257 was the 
effect of transverse shear modulus, 

»* = % = 0 . 001 , 0.0001 
and initial circumferential tension, 
N e i /ExXti+t2)=0, 0.001 

on 0 for X<0.4, ?i = 3, 4. The remaining param- 
eters were the same as those shown in figure 
3.161. The increase in 0 due to N e ' was approxi- 
mately 8 percent greater if r„ = 0.0001 rather than 
0.001. The effect of initial circumferential stress 
on the four higher modes was negligible for every 
value of the parameters which was investigated. 

The effect of axial initial stress, NJ, on the low- 
est natural frequency is shown in figure 3.162 for 
three values of transverse shear modulus, 
?’o I = ?'o 9 = 0 01) 0.001, 0.0001. Curves are shown 
for N x = Nx i /E Xl (ti+t 2 ) =0, 0.005, and_ -0.005. 
For low values of X, X<2, the effect of N x is very 
small. For larger values of X, axial tension in- 
creases the frequency and axial compression 



Figure 3.161. — The effect of circumferential prestress 
on the lowest natural frequency of an SD-SD, 3-layer 
shell; dimensions given in text. (After ref. 3.257) 
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Figure 3.162. — The effect of longitudinal initial stress 
and the transverse shear modulus on the lowest natural 
frequency of an SD-SD, 3-layer shell. (After ref. 3.257) 


decreases the frequency, as expected. When 
N x = —0.005 and r tx = r g =0.0001, 

0 f 

0 = 0 at \= 14.5 

indicating that the cylinder is statically unstable 
under a N x = —0.005. The critical buckling pa- 
rameter N x for this case, therefore, is less than 
0.005. As in the case of circumferential initial 
stress, as the transverse shear modulus decreases, 
0 decreases and the effect of initial axial stress 
increases. For this particular case, axial com- 
pression has a larger effect than axial tension of 
the same magnitude. 

At large values of X, the curves with initial 
stress become parallel to the corresponding 
curves without initial stress. If shear deflections 
had been neglected, the effect of initial axial 
stress would be negligible for very large values 
of X. The value of n has very little effect on 0 if 
X is large; figure 3.162, therefore, would be very 
similar, except near the origin, for other values of 
n. The effect of initial axial stress on the four 
higher modes was found to be negligible in 
reference 3.257. 

The effect of a positive initial moment on the 
natural frequency of an infinitely long cylinder 
(X = 0) was investigated in reference 3.257 for 
?v = 0.001 and R/h = 30, 100, 1000. Two values 

d 

of n were included for each value of li/R (n = 2 
and n=irR/h), and the stress due to initial 
moment was <re i /Ee 1 = 0y.l0~ 3 . The maximum 


effect of the initial moment was a decrease of the 
lowest natural frequency, 0, by 0.5 percent. 

If combined initial moment and hoop com- 
pression are considered, it was found that initial 
moments can have a large effect on 0 at elastic 
stress levels if the compressive force is very near 
the critical buckling force. The compressive force, 
however, must be so near the critical buckling 
force (within 1 percent) that this case is of little 
practical interest. 

A cylinder with h/R = 1 /30 and r Q) = r tx = 0.0001 
was considered next by Baker and Herrmann 
(ref. 3.257). For very large positive initial mo- 
ments in each direction (,o- s i /E Xl =trt i /E Xl = 10 -2 ) 
and for very short wavelengths (?i = 100, X = 50), 
the initial moment decreased 0 by 6.5 percent. 
This example was given to show the very large 
values of <r/E, n, and X which are necessary to 
cause a noticeable change of il due to initial 
moment. Even though the effect of initial mo- 
ment on the natural frequencies of sandwich 
cylinders appears negligibly small, the effect is 
much larger than for homogeneous isotropic 
cylinders. As in the previous cases of initial 
stresses, the effect of initial moments on the 
higher modes was negligible. 

The effect of orthotropic facing sheets on the 
first three natural frequencies is shown in figure 
3.163. Figure 3.164 shows only the first natural 
frequency for a wider range of X. The ratios of 
moduli studied were re = 0.5, 1, and 2; whereas 
/i/R = l/30, n=2, and r Bx = r ffe = 0.001. For sim- 
plicity, A J2 / An and A 6e ,/A n were kept constant. 
As expected, values of r E less than 1 decrease the 
natural frequencies, and values of r E greater than 
one increase the natural frequencies. The largest 
effect of varying r E on the third mode occurs at 
X = 0 and might be expected because the mode 
shape associated with the third natural frequency 
at X = 0 is mainly a circumferential displacement. 
The second mode is not affected at X = 0 because 
the predominant motion is an axial displacement. 
Note that the second natural frequency decreases 
as X increases for the case of r E = 0.5. At X = 20, 
the effect of varying r E has very little effect on 
the second and third natural frequency. The first 
natural frequency is changed considerably by 
orthotropic facings at very low values of X and 
at high values of X. At X = 1, Q is about the same 
for all three values of r E . The orthotropic facings 
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Figure 3.163. — Three lowest natural frequencies for 
8D-SD, three-layer shells with orthotropic facing 
sheets. (After ref. 3.257) 



Figure 3.164. — Lowest natural frequency for SD-SD, 
three-layer shells with orthotropic facing sheets. (After 
ref. 3.257) 


had very little effect on the fourth and fifth 
modes. 

The lowest natural frequency for a sandwich 
cylinder with facing sheets of unequal thickness 
was investigated in reference 3.257 for 


n = 2, 

N x = Ne = 0, 

i'e — 1, 



^ = ^ = 0 . 001 , ” 
n = 0.1 


(3.235) 


The facing sheet ratios r h = t\/U=\, 2, 3, 1/2, 1/3 
were investigated while the ratios h/R and t/h 
were kept constant. The total depth of the two 
facing sheets ( t = ti+h), therefore, was a constant. 
If X<0.2, the value of 0 for r h = 1/2 or 2 was 
approximately 5 percent lower than that of 0 for 
r h = 1 ; whereas the value of 0 for r h = 1/3 or 3 was 
approximately 12 percent lower than that of 0 
for r h = 1. This would be expected because the 
flexural rigidity of the sandwich is smaller if the 
total facing sheet thickness t is not divided equally 
between the two facing sheets. 

As the value of X increases, the effect of r h 
decreased until at X = 20 the values of 0 for the 
five ?v, ratios considered were within 2 percent of 
each other. The second and third modes are 
unaffected by r h . The natural frequencies asso- 
ciated with the fourth and fifth modes ( 0 . 1 , 0 5 ) are 
increased if the facing sheets are unequal. This 
increase is due to the decrease in the rotary 
inertia of the sandwich. The percentage change in 
magnitude of 0 4 and 0 5 , due to changing the 
value of r h , is about the same as the percentage 
change in magnitude of 0. At X = 20, the effect of 
r h on 0 4 and 0 5 is small. It can be shown that the 
thickness shear frequencies also increase if the 
facing sheets are unequal. 

Kagawa (ref. 3.247) presented a set of equa- 
tions for sandwich (three-layered) shells which 
are generalizations of Mirsky and Herrmann’s 
ref. 3.224) formulation for homogeneous shells 
(i.e., including the shear deformation of the core) . 
Exact solutions for SD-SD (or infinite) shells were 
obtained by using equations (3.217). Numerical 
results were given for sandwich shells where the 
isotropic core and face layers were assumed to be 
cellular cellulose acetate and aluminum, respec- 
tively, for which 
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- = 34.4, 

P 2 


E i(l-V) 

^2(1 — Pi 2 ) 
Pi 


= 1683, 


= 2177, 
= 3.27, 


> (3.236) 


P2 


7?2(1 Pi) 

^ = 0.091 

where the subscripts 1 and 2 identify the (identi- 


cal) face layers and core, respectively. Calcula- 
tions were made for 0, 1, 2, and 6 circumferential 
waves n and R/h = 30, 10, and 5, where h is the 
total shell thickness. The numerical results are 
depicted in figures 3.165 through 3.170 for 
hi/ hi =5 (core thickness/thickness of each face). 

Extensive numerical results for three-layered 
shells are also available in references 3.278, 3.279, 



Figure 3.165. — Frequency parameters for SD-SD, three- 
layer shells; n = 0, R/h = 30. (After ref. 3.247) 



Figure 3.166. — Frequency parameters for SD-SD, three- 
layer shells; n = 1, R/h =30. (After ref. 3.247) 



Figure 3.167. — Frequency parameters for SD-SD, three- 
layer shells; n =2, R/h =30. (After ref. 3.247) 



h a /2/ 


Figure 3.168. — Frequency parameters for SD-SD, three- 
layer shells; n= 6, R/h =30. (After ref. 3.247) 
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Figure 3.169. — Frequency parameters for SD-SD, three- 
layer shells; » = 1, 2, 6; R/h= 30. (After ref. 3.247) 



Figure 3.170. — Frequency parameters for SD-SD, three- 
layer shells; n = 2; R/h =5, 10, 30. (After ref. 3.247) 


and 3.280, including some results for clamped- 
clamped shells in reference 3.280. 

Modi (refs. 3.129 and 3.281) considered iso- 
tropic circular cylindrical shells having con- 
tinuous variation of the material properties 
through the thickness. Equations of motion were 
presented which accounted for arbitrary varia- 
tions of E and v with z. Particular attention was 
given to the case of thermal gradients through 
the thickness. Under this condition assume that 
the gradient is linear, causing a linear variation 
of E with z, and that v is constant. It was found 
that the frequency parameters in this case do not 
depend explicitly upon the R/h ratio but, instead, 
upon the ratio P 5 /P h where 


f n/z E 

Pi= 7 2 dz 

J -h/2l—V 

i r h/2 Ez 2 
p s=— / 2 dz 

R J-h/ 2 I -" 2 


(3.237) 


For the linear variation in E, the ratio P5/P1 
becomes 



(3.238) 


where 2?,- and E 0 are the elastic moduli at the 
inner and outer radii of the shell, respectively, 
and k = h 2 /12R 2 , as usual. When E is constant, 
P&/ Pi becomes 1 /k 2 , the usual parameter for 
homogeneous circular cylindrical shells. 

Numerical results were obtained in reference 
3.129 for SD-SD shells using the exact displace- 
ment functions (eq. (2.20)). In figures 3.171 and 
3.172 the variation in the frequency parameter 
S2* 2 with \ =mirR/l is shown for a shell made of 
Inconel-X (which determines v), where 


fi* 2 = 


(ji 2 R 2 pli 

~pT 


(3.239) 


(SI* is the same as SI for constant E), for P5/P1 
= 0.0258 X10~ 6 . As seen from equation (3.238), 
there is no unique combination of fc 2 or E 0 /Ei for 
a particular value of P 6 /Pi; however, P5/P1 can 
be obtained with an Inconel-X shell, for example, 
if R/h = 1750 with the outside maintained at room 
temperature and the inside heated to 1800° F. 
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X=m7rR/_£. 


Figure 3.171. — Frequency spectrum for large values of X for an SD-SD shell subjected to a 
radial thermal gradient. (After ref. 3.129) 



Figure 3.172. — Frequency spectrum for small values of X for an SD-SD shell subjected to a 
radial thermal gradient. (After ref. 3.129) 


One of the effects of increased temperature is a 
reduction in the stiffness of the shell and, hence, 
in its frequencies. Percentage reduction in fre- 
quency for the case described above is given in 
table 3.24. Variation of the frequency parameter 
f2* 2 / (1 — r 2 ) with X at two extreme values of 
P 5 /P 1 is plotted in figure 3.173 for n = 3. 


The effects of initial stress (prestress) upon the 
free vibrations of nonhomogeneous shells are 
considered at least in part in references 3.7, 3.80, 
3.129, 3.257, 3.278, 3.282, and 3.283. 

Free vibrations of nonhomogeneous circular 
cylindrical shells are also discussed in references 
3.3, 3.276, and 3.284 through 3.302. 
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Table 3 . 24 . — Percentage Reduction in Frequency Due to Thermal Gradient in an SD-SD Shell 


A 

2 

3 

4 

5 

6 

7 

8 

9 

10 

0.0 

10.96 

20.53 

2.61 

5.56 

8.2 

7.99 

9.41 

8.97 

8.90 

.2 

35.27 

47.35 

47.44 

22.72 

11.16 

8.04 

7.40 

7.51 

8.83 

4 


8.48 

14.35 


10.11 

8.73 

9.33 

8.23 


5 




4.90 






6 





.40 




9.00 

8 




.14 


1.36 

7 47 

.55 

1 0 

11.20 

11.19 




4.05 

6 57 

7.16 

7 51 

2.0 

6.52 

8.92 

5.27 

14.26 

5.08 

1.87 

5.03 


.12 

3.0 

7.20 

6.52 

14.27 

6.99 

5.21 

8.96 

2.22 

.78 

.03 

4.0 

6.83 

5.26 

4.99 

4.39 

5.92 

7.87 

5.07 

1.88 

1.05 

5.0 

5.77 

5.02 

5.82 

4.98 

6.05 

7.63 

9.16 

6.66 

4.76 

6.0 

5.97 

6.83 

5.41 

6.82 

4.97 

5.92 

8.57 

8.74 

11.80 

7.0 

6.81 

7.66 

6.03 

5.90 

4.73 

6.47 

8.23 

9.38 

18.08 

8.0 

7.13 

7.03 

6.82 

5.37 

5.24 

8.50 

7.89 

10.23 

13.15 

9.0 

7.25 

7.32 

7.29 

4.73 

5.38 

7.72 

8.41 

8.78 

11.48 

10.0 

7.69 

6.87 

7.18 

6.49 

5.98 

6.45 

5.73 

6.57 

6.31 



Figure 3.173. — Variation of frequency parameter SI* 2 / 
(1 — r 2 ) with X for extreme values of Pb/Pi. (After ref. 
3.129) 
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Noncircular Cylindrical Shells 


Chapter 4 


A cylindrical surface is defined by a straight 
line (called the “generator”) always moving par- 
allel to itself. In the special case where the gener- 
ator moves in a circular arc, it generates a 
circular cylindrical surface, for which both radii 
of curvature are both constant. In the general 
case, one of the radii of curvature is variable, 
thereby yielding equations of motion with vari- 
able coefficients. For this reason alone, relatively 
very few results are available in the literature 
for the free vibrations of noncircular cylindrical 
shells. 


4.1 EQUATIONS OF MOTION 

A noncircular cylindrical shell having thick- 
ness h and length l is shown in figure 4.1. The 
longitudinal coordinate is x (as in chapters 2 
and 3), whereas the circumferential coordinate is 
defined either by 6 or S, where S is the arc length 
such that 

clS = r d6 (4. 1) 

and r = r{6) is the radius of curvature. 

To obtain the equations of motion (see sec. 1.7) 
the coordinates a. and S are used in place of a and 
0 in the general equations; correspondingly, 
R a = ° o, 11$ = r, and A =5 = 1. The Donnell- 
Mushtari equations (2.3) and (2.7), for example, 
are generalized to (cf., refs. 4.1 and 4.2) 



Figure 4.1. — Coordinates for a 
noncircular cylindrical shell. 
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2 
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(1-r 2 ) d*V 
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v du 1 dv W h 2 A (1 — r 2 ) d 2 W 

r 7x+~r 7s + 7 2 + W = ~ P ^~ 77 


(4.2) 


where V 4 = V 2 V 2 , and the V 2 operator is now given 
by 


d 2 d 2 
~dx 2+ ~dS 2 


(4.3) 


The generalization of equations (4.2) correspond- 
ing to the Reissner-Nagh di-Berry theory of chap- 
ter 2 are obtained by adding the terms (cfs., refs. 
4.3 and 4.4) 


A* 

,.2 


(1-r) 


dx 2 dS\r ) 


dho dhu 
'dx 2 dS ~ 1 dS 2 


(4.4a) 


k 2 


d 3 / v\ d 3 / v\ 

dx 2 dS\r)~dS 3 \> ) 


(4.4b) 


to the left sides of the last two of equations (4.2), 
where the definition of k 2 is now generalized from 
that of equation (2.6) to 



(4.5) 


and ?'o is the average radius of the shell. 

The generalization of equations (4.2) corre- 
sponding to the Donnell equations and the 
Flugge equations are given in reference 4.5 for 
an orthotropic material including nonlinear, large 
deflection terms. The orthotropic linear Donnell 
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equations are also given in references 4.6 and 
4.7 for the case of added initial stress terms to 
account for external pressure. 

The membrane theory results when h 2 is set 
equal to zero in equations (4.2). 


It was shown in reference 4.8 that in the case 
of torsional motion, u = w = 0, and, if v is consid- 
ered independent of S, the first and third of equa- 
tions (4.2) are satisfied identically and the second 
reduced to 


4.2 ELLIPTICAL CYLINDRICAL 


Consider first the elliptical cylindrical shell 
having a middle surface defined by 


^=1 

a 2 b 2 


(4.6) 


as shown in figure 4.2, where a and b are the 
semi-major and semi-minor axes, respectively. 



d 2 v p d 2 v 
dx 2 ~G df 2 


Then the frequency of torsional motion is not 
influenced by the ellipticity of the cylinder. 

Flexural motions of the elliptical cylindrical 
shell were studied in reference 4.8 for the case 
when the displacement components are inde- 
pendent of S. An energy method was used with 
displacements in the form 


u(x,t) = A sin \x cos w t 
v(x,t)=B cos \x cos cot > 
w(x,t ) =C cos \x cos Cilt 


(4.10) 


Figure 4.2. — Coordinates for an elliptic cross section. 

Herrmann and Mirsky (ref. 4.8) analyzed the 
free vibration problem according to the mem- 
brane theory. Consider first the purely longi- 
tudinal motion (v = iv = 0). The motion is then 
governed by the first of equations (4.2) alone. The 
analysis for this case in reference 4.8 was limited 
to shells which are only slightly elliptical; i.e., 

b 

-=l-6 (4.7) 

a 

where «<5Cl. Under this assumption the equation 
of motion can be transformed into a Mathieu 
equation which has an exact solution in terms of 
tabulated functions and that the resulting lowest 
frequency is given by 


where G = E/ 2(1 -t-y). The corresponding fre- 
quency for a circular cylindrical shell is 

co 2 a 2 p/C?= 1 ( R = a ) 

Thus the square of the lowest longitudinal fre- 
quency of a slightly elliptic shell is the arithmetic 
mean of the frequencies of circular shells having 
radii a and b, respectively. 



vllb 


Figure 4.3. — Frequency parameters w 2 abp/E for the 
flexural modes of an elliptic, cylindrical, membrane 
shell. (After ref. 4.8) 
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where \=ir/l. Numerical results were obtained 
for a/b = 1.2, V2, 3, and 6. The frequency param- 
eter rfabp/E is shown in figure 4.3 plotted versus 
the length ratio V ab/l. The frequency parameter 
thus implies a shell of a given cross-sectional area 
irab having a circumference which varies with 
a/b. The ratio y/ ab/l is a generalization of the 
R/l ratio of the circular cylindrical case. Because 
membrane theory is used, the results do not 
depend upon the thickness ratio, h/y/ ab. 

For shells having the same cross-sectional area, 
the mass of the shell obviously increases with the 
ellipticity of the section. However, it is of inter- 
est to find the influence of ellipticity upon a shell 
which was originally circular, but was deformed 
into an ellipse without straining the middle 
surface; i.e., keeping the circumference constant. 
The circumference can be written as 

C e = irb\ 

where k is a number greater than unity depending 
upon a/b. For example, for a/b = 3, k — 1.0635. 
For a/b = 19, k = 1.216. The ratios of the squares 


of the frequencies of the two flexural modes to 
those of a circular cylindrical shell having the 
same circumference is shown in figure 4.4 for 
a/b = 3. 

An experimental study of a clamped-free ellip- 
tical cylindrical shell was made by Park et al 
(ref. 4.9). The specifications of the model tested 
are shown in figure 4.5, as well as the transducer 
locations to measure amplitudes. Typical mode 
shapes are depicted in figure 4.6. The frequency 
spectrum is shown in figure 4.7. Resonant fre- 
quencies were found at 49.2, 65.5, 123.6, 126.7, 
78.1, 98.5, 133.2, 149.0, 163.3, and 184.4 cps, 
although no well-defined mode shape could be 
determined for the 126.7 cps frequency. A com- 
parison of the frequencies with those of a 
clamped-free circular cylindrical shell having the 
same specifications, except a radius of R = 10 in., 
is shown in figure 4.8. In making the comparison, 
note that the cross section of the elliptical shell 
is smaller than that of the circular shell. 

Slepov (refs. 4.6 and 4.7) analyzed the problem 
of the elliptical cylindrical shell supported at 
both ends by shear diaphragms. The shell was 
considered to be orthotropic and loaded by an 
initial external pressure. The Donnell-Mushtari 




(4.11) 
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MAJOR AXIS: 
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Figure 4.4. — Comparison of flexural mode frequencies for Figure 4.5. — Specifications of a clamped-free 

elliptic and circular cylindrical shells. (After ref. 4.8) elliptical cylindrical shell. (After ref. 4.9) 
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Fiquhe 4.6. — Typical mode shapes of a clamped-free elliptical cylindrical shell. (After ref. 4.9) 
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Figure 4.7. — Frequency plots for a clamped-free 
elliptical cylindrical shell. (After ref. 4.9) 
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form of the shell equations were used. The prob- 
lem was solved by the Galerkin method using 
normal displacement functions in the form 


io = sin X^C. sin nkrj sin ait 


(4.12) 


where, in this case, X = 7r r/l, £ = x/f, rj = S/f, 
fc = 4x/?/o, »/o — <So/r, and f is the maximum radius 
of curvature of the shell cross section. Assuming 
that the dimensionless radius of curvature 
p c = r/f and its reciprocal are expanded in series as 


Pc = 2 Po_ *~ cos ikr 1 

i = 1 


HCH® 

1=1 


(4.13) 


cos ik v 


It is shown in references 4.6 and 4.7 that the 
square of the frequency for the orthotropic shell 
is given by the formula 


Figure 4.8. — Comparison of frequencies of clamped-free 
elliptical and circular shells. (After ref. 4.9) 
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(4.14) 


where D x = E x h 3 /12(l — v x v,)] p is the mass den- 
sity, h* = hf*E x ; E x and E s are Young’s moduli in 
the x and S directions, respectively; 


, _ 2E x (l — v x v„) 
3= (1 + v.) 


E x v s -\~E s v x 


(4.15) 


v x and v, are the orthotropic Poisson contraction 
coefficients (see sec. 3.1); 


326 


VIBRATION OF SHELLS 


&1 4 = 3(1 — VxV s )E x E s (^\ 
q=12p(l — v xVs )(^j 


(4.16) 


So is the circumference of the shell; p is the uni- 
formly distributed external pressure; and a, b 
are the semiaxes of the shell cross section. In 
the case of an isotropic shell, E X = E S = E and 
Vx = Va = v in equation (4.14). For the unloaded 
shell, q is zero in equation (4.14). The sandwich 
elliptical shell was also analyzed in reference 4.7. 


4.3 OVAL CYLINDRICAL 


Consider next the oval cylindrical shell defined 
by the equation 


?• = 


?’o 


1+e cos 



(4.17) 


for its cross section, where r 0 the average radius 
of curvature (the radius of a circle having the 
same circumference) and, as before, S is the arc 
length. The parameter e is then a measure of the 
noncircularity of the cross section. 

The free vibrations of oval shells defined by 
equation (4.17) were studied in a series of reports 
by Klosner and Pohle (refs. 4.4, 4.10, and 4.11). 
The generalization of the Reissner-Nagh di-Berry 
theory including bending terms was used (see 
sec. 4.1). The plane strain problem ( u and all 
derivatives with respect to x are zero) was con- 
sidered in reference 4.4. The non-zero displace- 
ments v and w were assumed as doubly infinite 
series in S as follows: 


v= ) B n sin PS cos wt 

k 


w= / C n cos PS cos ut 

k 


(4.18) 


where P = ?i/r 0 and co is a perturbed frequency 
which can be expressed as a power series in the 
parameter e by 

ia 2 = ooo i ~\-Ci(-\-C ' ' ' (4.19) 

where wo is the frequency of a circular cylindrical 


shell of radius r 0 . In reference 4.4 equations (4.18) 
were substituted into the equations of motion 
and terms multiplied by coefficients up to the 
order e 2 were retained. Numerical results for the 
frequencies of the first five (primarily) exten- 
sional and flexural modes of an infinite shell hav- 
ing an axis ratio of b/a = 1.1 (e = 0.1427) and a 
thickness ratio of r 0 /h = 91.7 are given in table 
4.1. This table lists the percentages by which the 
frequencies of the circular cylindrical shell (hav- 
ing the same average radius r 0 ) are increased. 
Table 4.1 shows that the small noncircularity of 
the oval cross section causes only a small change 
in the frequencies. The effect of noncircularity 
on the primarily extensional modes is to stiffen 
the shell due to the increase in strain energy 
which results from coupling of the modes. For 
example, for n = 0 the circular cylindrical shell 
has a purely radial (v = 0) extensional motion, 
whereas the oval shell has both radial and tan- 
gential components of displacement. For n= 1, 
the flexural mode of the infinitely long circular 
shell corresponds to rigid body translational 
motion having zero frequency, but not in the case 
of the oval shell. For n>2 the frequencies of the 
flexural modes of the oval shell are less than those 
of the circular shell. Calculations for the plane 
strain case were subsequently carried out in 
reference 4.10 retaining terms up to the order e 4 . 
The results obtained changed very little from 
those of table 4.1, thereby validating the rapidity 
of convergence of the perturbation approach. 

In references 4.10 and 4.11 the analysis was 


Table 4.1. — Percent Increase in 
Plane Strain Frequencies of an 
Oval Shell in Comparison with 
a Circular Shell ( b/a = l.l , 
ro/h=91.7) 



Type of plane strain mode 

n 

Predominantly 

Predominantly 


extensional, % 

flexural, % 

0 

0.255 


1 

.128 


2 

.136 

0.924 

3 

.055 

-.117 

4 

.032 

-.096 

5 

.021 

-.064 
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also extended to include the torsional and flexural 
modes having displacements of the form 


u — A sin \x cos pS cos ut 
v = B cos \x sin pS cos cof > 
iv = C cos \x cos pS cos c d 


(4.20) 


Numerical results for these modes for the shell 
described previously in table 4.1 are given in 
table 4.2 for various nondimensional half-lengths 
( l ) of the longitudinal sine wave. Results are 
given for b/a = 1.4 (e = 0.5), as well as for b/a = 1.1 
(e = 0.1427) and for r 0 /h = 91.7. The frequencies 
of all modes in table 4.2 increase with noncircu- 
larity and with the wave length. The amplitudes 
of the lower flexural modes were found to vary 


from C/A = — 9.510 for 1= 1 

to C/A = — 0. 1035 for l = 10 

For the higher mode, C/ A varied from 0.1052 for 
1 = 1 to 9.661 for 1=10. For all flexural modes, 
B/A =0. Thus for the lower modes the effect of 
noncircularity should be more significant for the 


Table 4.2. — Percent Increase in Torsional and 


Flexural Frequencies of an Oval Shell in Com- 
parison With a Circular Shell ( r 0 /h = 91.7 ) 


l 

b 

a 

Type of mode 

Torsional, 

% 

Lower 

flexural, 

% 

Higher 

flexural, 

% 

1.0 


0 

1.25 

0.01 

1.25 


0 

.81 

.01 

1.5 


0 

.58 

.02 

1.75 

i.i 

0 

.45 

.04 

2 


0 

.36 

.67 

2.5 


0 

.27 

-.03 

3.5 


0 

.14 

.04 

5 


0 

.06 

.14 

10 


0 

.03 

.20 

1.0 


0 

14.47 

.05 

1.25 


0 

9.60 

.10 

1.5 


0 

6.93 

.21 

1.75 

1.4 

0 

5.36 

.58 

2 


0 

4.38 

7.86 

2.5 


0 

3.26 

-.51 

3.5 


0 

1.68 

.71 

5 


0 

.72 

1.74 

10 


0 

.38 

2.59 


smaller wave lengths because the deformation is 
primarily dilatational rather than longitudinal 
extensional. The reverse is true for the higher 
modes since the displacements become primarily 
dilatational for the longer wave lengths. 

Sathyamoorthy and Pandalai (ref. 4.5) inves- 
tigated the nonlinear (large deflection) vibrations 
of orthotropic oval shells. The middle surface of 
the shell was defined as in equation (4.17). It was 
shown that the solutions for the plane strain 
modes of an infinitely long shell were the same as 
for oval rings, in both the isotropic and the ortho- 
tropic cases. Results for the plane strain modes 
were obtained according to the inextensional 
theory (i.e., the middle surface deforms without 
stretching; this theory is discussed for circular 
cylindrical shells in section 2.4.5). A mode shape 
for w was taken as 


w(S,t) = A 0 -{-A n cos pS-\-B n sin pS (4.21) 


where, P = n/r 0 , as before, n> 2, and the coeffi- 
cients A 0 , A n , and B„ are undetermined functions 
of time. The nonlinear differential equation is 
approximated by the Galerkin procedure. 

Numerical results for the solution described 
above were presented in reference 4.5 for the 
infinitely long isotropic shell having r 0 /h= 100 
for three values of the noncircularity parameter: 
e = 0, 1/2, and 1. The circumferential wave num- 
ber n was taken as 2 and 4 in equation (4.21). 
The nondimensionalized average amplitude A 
(averaged over one cycle of vibration) is plotted 
versus the frequency parameter cor 0 2 V 12 p/ Eh 3 
for n = 2 in figure 4.9, and for n = 4 in figure 4.10. 
The nonlinearity is of the “softening type”; i.e., 
the frequency decreases with increasing ampli- 
tude. It was found that the effect of orthotropy is 
to increase the softening tendency of amplitude- 
frequency curves. For zero amplitude the motion 
corresponds to the linear, small displacement 
solution. Values of these linear frequencies are 
summarized in table 4.3. Note from figure 4.9 
that, for n = 2 and a given amplitude, an increase 
in the noncircularity parameter t decreases the 
frequency for small amplitudes, whereas it in- 
creases the frequency for large amplitudes. 

A study of oval shells of finite length having 
the boundary conditions 
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Figure 4.9. — Amplitude versus frequency for the large 
deflection plane strain vibrations of infinite oval shells; 
roA = 100, n = 2. (After ref. 4.5) 


Table 4.3. — Frequency Parameters 
onVVl2p/Eh° for the Linear 
( Small Deflection) Plane Strain 
Vibrations of Infinite Oval Shells; 
r 0 /h = 100 


n 

6 

0 

1/2 

1 


2 

3 

2.936 

2.746 

3 

8 

7.911 

7.673 

4 

15 

14.89 

14.58 

5 

24 

23.88 

23.55 

6 

35 

34.88 

34.53 


w = — = u = N xs = 0 (4.22) 

dx 2 

was also made in reference 4.5. For this case it was 
found that 

(1) The frequency increases with increasing 
noncircularity. 

(2) The amplitude-frequency curves are of the 
softening type. 



Figure 4.10. — Amplitude versus frequency for the large 
deflection plane strain vibrations of infinite oval shells; 
ro/h = 100, n = 4. (After ref. 4.5) 


The free vibration of oval cylindrical shells 
are also analyzed by a perturbation procedure in 
references 4.12, 4.13, and 4.14. 


4.4 OPEN SHELLS 


An open cylindrical shell was depicted by fig- 
ure 2.141 in chapter 2. In that figure the radius 
of curvature is constant ( r=R ), the special case 
of the circular cylindrical shell. 

A study of open noncircular cylindrical shells 
was made by Kurt and Boyd (ref. 4.2). The 
shells were assumed to be supported by shear 
diaphragms along their curved edges and to have 
arbitrary boundary conditions along the straight 
edges. The Donnell equations of motion (4.2) were 
used. Displacement functions were assumed to be 
mixed algebraic and trigonometric functions; i.e., 


u= cos Xa'^T A„£ n_1 cos cot 

n = l 


v= sin cos cot } 

n = 1 


\x 


w= sin \x > C'„£ n_I cos cot 

n = 1 


(4.23) 
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where \=mir /l, £ = S/l„ and l s is the arc length 
of the cylinder in the S direction. It is clear that 
equations (4.23) satisfy the shear diaphragm 
boundary conditions exactly at x = 0 and x = l. 
Substituting equations (4.23) into equations (4.2) 
yields a set of three simultaneous recursion rela- 
tionships among the coefficients A n , B n , and C„. 
If eight of the constants are found from the 
boundary conditions, the remainder are found 
from the recursion equations. 

The procedure described above was applied to 
a class of noncircular cylindrical shell segments 
described by the equation 

-=7+c£ (4.24) 

r 4 



Figure 4.11. — Frequency parameters for a class of 
open, noncircular cylindrical shells. (After ref. 4.2) 


Table 4.4. — Frequency Parame- 
ters wH, 2 ph 3 /D for a Class of 
Open, Noncircular Cylindrical 
Shells 


c 

Tangential inertia 

Included 

Neglected 

0 

0.0245 

0.0262 

.05 

.0257 

.0276 

.10 

.0271 

.0291 

.15 

.0284 

.0306 

.20 

.0297 

.0322 

.25 

.0311 

.0338 

.30 

.0323 

.0354 


where c is an arbitrary constant. Boundary con- 
ditions along the straight edges were taken to be 

u = v = w = M i = 0 at £ = 0,1 (4.25) 

Numerical results for frequency parameters 
u 2 l s 2 ph 3 /D (where D = Eh 3 / 12(1 — v 2 )) were ob- 
tained for 0<c<0.3, Z/Z s = 4, l s /h = 200, m= 1, 
and v = 0.3 are shown in figure 4.11 and table 4.4. 
These results were obtained using 25 as the upper 
limit for n in the summations of equations (4.23). 
Note in figure 4.11 that the square of the fre- 
quency varies essentially linearly with c, with 
or without tangential inertia terms. 

General methods were presented by Oniash- 
vili (ref. 4.15) and Gontkevich (ref. 4.16) for the 
analysis of open noncircular cylindrical shells of 
arbitrary curvature and having arbitrary edge 
conditions. Both methods use the Galerkin pro- 
cedure and beam functions as given previously 
in equations (2.168). However, Oniashvili sug- 
gests using straight beam functions to represent 
the variation in the d (or S ) direction, while 
Gontkevich recommends using the eigenfunc- 
tions of noncircular curved beams. Gontkevich 
(ref. 4.17) used his procedure to investigate the 
problem of the vibration of a parabolic cylin- 
drical segment immersed in a fluid. 

Mazurkiewicz (ref. 4. 18) also developed a pro- 
cedure for shell segments of varying curvature 
and having arbitrary edge conditions. A double 
Fourier series approach is used, leading to an 
infinite characteristic determinate, which must 
be solved by successive truncation to obtain 
convergent frequencies. 
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Chapter 5 


A conical shell has a middle surface which is 
generated by a straight line (called the “genera- 
tor”) which moves so that one point on the line 
(the vertex) is always fixed. For the practical pur- 
poses of this work, the shell will be limited to finite 
length; that is, the middle surface is generated 
by a line segment of length S 2 , having one end 
fixed, while the other end generates a curve in 
space (see fig. 5.1). If the generator rotates about 
a fixed axis, so that a constant angle a (vertex 
half-angle) is kept with respect to the fixed axis, 
then the resulting surface of revolution is a circu- 
lar cone. If the generator of a circular cone 
retains constant length as it rotates about the 
axis, its end forms a circle arc, called the base or 
large end of the cone. The base can also be 
regarded as being the intersection of the conical 
surface with a plane. If the plane is perpendicular 
to the axis of the cone, the surface describes a 
right circular cone. Finally, if the cone is bounded 
by two planes (s = si and s = S 2 in fig. 5.1), then 


AVERAGE RADIUS R = 



Figure 5.1. — Right circular conical shell, showing 
conventional force resultants. 


the surface is a frustrum of a cone ; otherwise, for 
a shell containing the vertex (i.e., having an 
ape. c) the term “complete conical shell” will be 
used here. This chapter is organizationally lim- 
ited to shells having circular conical curvature. 
Furthermore, no results have been found in the 
literature for conical shells having noncircular 
boundaries; thus, the scope of the chapter is 
further limited. 

The class of conical shells described above is a 
simple generalization of circular cylindrical shells. 
Put in another way, the cylindrical shells dis- 
cussed in chapters 2 and 3 are the special case 
arising when the vertex half-angle a is zero. Thus, 
conical shells have all the classifying parameters 
of cylindrical shells described at the beginning 
of chapter 2 and in the separate sections of chap- 
ter 3, with a being an additional parameter. 
Thus, the primary organization of chapters 2 and 
3 (i.e., boundary conditions and complicating 
effects) is repeated here, with a being treated as 
one more geometrical parameter to be considered 
in each problem discussed. 

However, if the reader correlates the following 
sections of this chapter with those of chapters 2 
and 3 the following will be readily noted : 

(1) No specific results exist in the literature 
for open conical shells (see sec. 5.4) . 

(2) No information is available for conical 
shells of variable thickness. 

One unfortunate (and unnecessary) complica- 
tion which exists for conical shells is that there is 
no significant agreement among authors as to the 
proper nondimensional form for expression of the 
frequency parameter. This is due partly to dis- 
agreement on what constitutes the fundamental 
length parameters for a shell. That is, should one 
use s 2 — si or l (see figs. 5.1 and 5.2)? Should one 
describe the radius by Ri, R 2 , R (the average 
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Figure 5.2.— Conical shell, side view. 


radius, {Ri+Ri)/2), r h r 2 , or f (f = (ri+r 2 )/2)? 
Additional choices for frequency parameters arise 
because of the choice of elastic constants. Thus, 
at least a dozen distinct forms of nondimensional 
frequency parameters have been found in the 
literature and are used in this chapter. 

Finally, it should be mentioned that rudi- 
mentary surveys of the literature of free vibra- 
tions of conical shells are given in references 
5.1, 5.2, and 5.3. 

5.1 EQUATIONS OF MOTION 

The shell coordinates to be used are s and 9 
as shown in figure 5.1. Following the procedure 
outlined in section 1.7 the equations of motion 
are synthesized for a conical shell by using the 
following parameters in tables 1.1 through 1.5 
(see fig. 5.2) : 


a = s, 0=9 

A = 1, B = R = s sinai (5.1) 
R a =(Xl , Rp = r = s tan a J 


In the case of the Donnell-Mushtari theory the 
equations of motion are found to be (cf., refs. 5.4 
and 5.5) 
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ds 2 s ds 
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(5.2b) 


(5.2c) 


where u, v, and iv are the components of displace- 
ment in the s, 9, and z directions, respectively 
(see fig. 5.2 for true-length views of u and w 
components — v is perpendicular to the plane of 
fig. 5.2), and V 4 = V 2 V 2 , where 


d 2 Id 1 d 2 
ds 2 ^~s ds”^s 2 sin 2 a 66 2 


(5.3) 


Equations (5.2) can be put into a form more like 
equations (2.3) and (2.7) for circular cylindrical 
shells by expressing them in terms of the radius 
R = R(s) used in figure 5.2 and equations (5.1). 
That is, equations (5.2) become 
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(1 + r) 3 2 M (3 — j/) 
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where now 


_ 3 2 d 3 2 1 

V 2 = — :+sm a — 1 - = — V 2 (5.5) 

3s 2 ds dd 2 R 2 v 


and where the nondimensional length, s = s/R 
has been introduced, and where k = h 2 /12R 2 . 
Letting a — >0 in equations (5.4) and (5.5), it is 
clearly seen that they take the forms for circular 
cylindrical shells, equations (2.7) and (2.8), re- 
spectively. Remember, however, that s in equa- 
tions (5.4) and (5.5) corresponds to s in equations 
(2.7) and (2.8). 

The equations of motion of other shell theories 
(see chapter 1) are obtained by adding certain 
terms to the left-hand sides of equations (5.2) 
or (5.4). For example, the equations of the 
Novozhilov theory result when 

0 (5.6a) 
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7 +(1 — 2p) 7 
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(5.6b) 


Looking at the Donnell-Mushtari equations 
(5.2) and (5.4), note that they are not symmetric. 
That is, if they were written in matrix differential 
operator form as equation (2.7) for cylindrical 
shells, the matrix operator would be u asym- 
metric. The terms (5.6b) and (5.6c) added to 
yield the Novozhilov theory also add to the 
asymmetry of the equations. The Flugge-type 
equations given in references 5.8 and 5.10 also 
contain unsymmetric terms which are multiplied 
by h 2 / 12. Note that the equations of reference 
5.10 were derived by a variational principle. 

For the Donnell-Mushtari theory another for- 
mulation in terms of an Airy stress function 
(see sec. 1.9) is often used. Neglecting tangen- 
tial inertias, the equations of motion and 


compatibility which must 

be satisfied 

are, 

respectively 
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where D = Eh 3 /l2(l- v 2 ), as before, V 4 = V 2 V 2 for 
a conical shell is given by equation (5.3), V K 2 is 


V* 2 = 


1 3 2 

s tan a ds 2 


(5.8) 


the membrane forces are related to the Airy 
stress function by (cf., refs. 5.11 and 5.12) 
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are added to equations (5.2a), (5.2b), and (5.2c), 
respectively (ref. 5.6, and after correcting some 
obvious errors, ref. 5.7). 

The Fliigge equations for a conical shell are 
given in reference 5.8, p. 399. A different set of 
equations was derived by Pflueger (ref. 5.9) and 
Federhofer (ref. 5.10) which also reduce to the 
circular cylindrical shell equations of Fliigge (see 
eqs. (2.9d)) as a— >0. 
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the bending moments are related to iv by 

_T dho 
M,= -D I 


M, 


-i 


L ds 2 
dw 


ds 


1 d 2 w\ 1 

s 2 sin 2 a dd 2 ) J 
1 


d 2 W 1 die 
"TV H I 1 


dho 


n (5-10) 


ds 2 s ds s 2 sin 2 a dd 2 


M s g — Mg, = — 


D(l — j/)[" dho 


s sm a 


[" dho 1 dw 
(_ ds dd s dd _ 


334 


VIBRATION OF SHELLS 


and the transverse shearing forces are determined 
from 


<2.= 
Qe = 


— D—(v 2 w ) 

ds 
D 


s sin a dd 


(vhv) 


(5.11) 


5.2 COMPLETE CONE 


The vast majority of numerical results for the 
free vibrations of conical shells deal with the 
frustrum of a cone; that is, the conical surface 
is cut by two planes located at distances and s 2 
from the vertex as shown in figure 5.1. In the 
case of the complete cone, the shell includes the 
vertex and is bounded by a single plane located 
at s = s 2 . 

The complete cone can also be regarded as the 
limiting case of a cone frustrum as Si— >0. How- 
ever, two difficulties are encountered in taking 
this limit: 


(1) The solutions of the equations of motion 
contain singularities at s = 0. 

(2) Care must be exercised in using the proper 
boundary conditions at s = Si to obtain the correct 
convergence. 

The first point will be elaborated upon later in 
this section where methods of solving the equa- 
tions of motion are discussed. As an example of 
the second difficulty, consider the problem of 
obtaining a free vertex as a limiting case of a cone 
frustrum. If clamped conditions are applied at 
s = si, the vertex becomes fixed in the limit. If 
free boundary conditions are used, the vertex 
always has a small hole in it as si— >0. The correct 
boundary conditions for a free vertex are (see 
fig. 5.1 for force resultants) 


dw „ 
v = — =0 
ds 


u sin a — w cos a =0 
N s cos a — Q, sin a = 0 
whereas, for a completely fixed vertex 


(5.12) 


dw 

u = v = w = — =0 
ds 


(5.13) 


Other possible types of external partial constraint 


can exist at a vertex, but these wall not be elabo- 
rated upon here. 

The equations of motion are solved by assum- 
ing displacement functions of the form 


oo 

U=)u n 

00 

V = ) v n 

& 


(s) cos nd cos co t 


(s) sin nd cos oot 


id = > w„(s) cos nd cos o ot 


(5.14) 


where u n , v n , and w n are yet undetermined func- 
tions of the meridional coordinate s. If the shell 
itself is axisymmetric (e.g., no cutouts) and has 
axisymmetric boundary conditions, then the 
vibration modes uncouple with respect to d and 
the summations can be dropped in equations 
(5.14). 

Substituting equations (5.14) into, for example, 
equations (5.2) yields an eighth order set of 
ordinary differential equations having variable 
coefficients which must be integrated in order to 
determine u n , v„, and io„. However, equations 
(5.2) show that the variable coefficients which 
arise are all powers of s. This suggests a solution 
in terms of power series which, if convergent, 
will be exact. 

Using the classical method of Frobenius, solu- 
tions for u n , v n , and w n are assumed in the form 


oo 



1 = 0 


(5.15) 



Dreher and Leissa (refs. 5.11 and 5.12) also added 
terms of the type w = c/ns in order to improve 
convergence. Substituting equations (5.15) into 
the eighth order set of ordinary differential equa- 
tions arising from equations (5.2) leads to a set 
of recursion equations among the coefficients a,-, 
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hi, and Cj and a characteristic equation yielding 
eight independent roots j. The ultimate result is 
eight independent constants a,-, h, and c,- (corre- 
sponding to the eight roots). In the case of a 
complete shell, four of the constants must be set 
equal to zero to satisfy regularity conditions at 
the apex. For a conical frustrum, four boundary 
conditions are written at each edge, yielding an 
eighth order characteristic determinant for the 
eigenvalues (frequency parameters). 

5.2.1 Clamped Base 

The boundary conditions at the clamped base 
are (see figs. 5.1 and 5.2) 

u=v = w=— = 0 at s = Si (5.16) 
ds 

Dreher and Leissa (refs. 5.11 and 5.12) used 
the exact solution procedure described in section 
5.2 involving expansion of the displacements in 



terms of power series to study the axisymmetric 
n = 0 free vibrations. The Donnell- Mushtari shell 
theory was used. Frequency parameters 


E 


were obtained for the first eight axisymmetric 
modes for v = 0.3 and over a wide range of the 
stiffness parameter K= 12(1 — v s )(»VA)ytan 4 a . 
Numerical results are given in table 5.1 and 
figure 5.3 in the case where the vertex is free. 
A representative fundamental (i.e., lowest fre- 
quency) mode shape for iv 0 (s) is shown in figure 
5.4 for K = 1000. 

Note that if the parameters K and 0 2 are used, 
there is no explicit dependence upon a. That is, 
the values in table 5.1 and figure 5.4 apply to all 
values of a. 

The first solution of the free vibration of the 
clamped conical shell was presented by Feder- 
hofer (ref. 5.10) in 1934. In that paper the equa- 
tions of motion of Pflueger (see sec. 5.1) were 
given and the difficulties of their solution in series 
were acknowledged. Thus, an approximate Ritz 
solution procedure was followed using the simple 
trial functions 


« = is 2 (s-s 2 ) 2 cos nd cos cot 

v = Bs 2 (s — s 2 ) 2 sin nd cos cot > (5.17) 

iv = Cs 2 (s — s 2 ) 2 cos nd cos cot 

Although not mentioned in reference 5. 10, equa- 
tions (5.17) clearly satisfy equations (5.13) for a 



Figure 5.3. — Frequency parameter fi 2 versus stiffness 
parameter K for the axisymmetric (n=0) modes of a 
clamped, complete conical shell. (After ref. 5.12) 


Figure 5.4. — Fundamental mode shape for a clamped, 
complete conical shell; 2£ = 1000, 5 2 = 3.574, ^ = 0.3. 
(After ref. 5.12) 


Table 5.1. — Frequency Parameters Sl 2 = o) 2 r 2 2 p/E for the Axisymmetric ( n = 0 ) 
Modes of a Clamped, Complete Conical Shell Having a Free Vertex; v = 0.8 


12(1 — v 2 ) /r 2 \ 2 

Mode number 

tan 4 a \h ) 

1 

2 

3 

4 

5 

6 

7 

8 

0.1 

1049.661 

15826.797 

79409.734 

250241.404 

610145.734 




.2 

527.844 

7918.076 

39711.992 

125130.175 

305084.828 

632176.406 



.4 

266.933 

3963.715 

19863.121 

62574.560 

152554.375 

316102.574 

585364.445 

998330.648 

.6 

179.961 

2645.594 

13246.830 

41722.688 

101710.891 

210744.633 

390254.223 

665565.555 

.8 

136.474 

1586.533 

9938.685 

31296.752 

76289.147 

158065.660 

292699.094 

499184.832 

1 

110.380 

1591.096 

7953.797 

25041.191 

61036.103 

126458.276 

234166.008 

399354.262 

2 

58.184 

800.221 

3984.021 

12530.067 

30530.011 

63243 . 509 

117099.869 

199696.465 

4 

32.065 

404.779 

1999.131 

6274 . 503 

15276.964 

31636.125 

58566 . 789 

99867.565 

6 

23.341 

272.961 

1337.498 

4189.313 

10192.614 

21100.329 

39055 . 760 

66591.354 

8 

18.966 

207.048 

1006.680 

3146.717 

7650.438 

15832.430 

29300.247 

49953.068 

10 

16.330 

167.498 

808.187 

2521.158 

6125.132 

12671.691 

23446 . 939 

39970.209 

20 

10.986 

88.373 

411.190 

1270.032 

3074.514 

6350 . 207 

11740.318 

20004 . 372 

40 

8.154 

48.740 

212.654 

644.445 

1549.189 

3189.454 

5887.000 

10021.464 

60 

7.095 

35.457 

146.435 

435.891 

1040.732 

2135.858 

3935.885 

6693.822 

80 

6.498 

28.757 

113.291 

331.592 

786.489 

1609.050 

2960.321 

5029.993 

100 

6.096 

24.688 

93.373 

268.994 

633.932 

1292.957 

2374.976 

4031.699 

200 

5.082 

16.215 

53.268 

143.621 

328.704 

660.693 

1204.233 

2035.051 

400 

4.317 

11.373 

32.522 

80.395 

175.715 

344 . 299 

618.675 

1036.591 

600 

3.957 

9.453 

25.098 

58.810 

124.310 

238.530 

423 . 266 

703.603 

800 

3.733 

8.366 

21.116 

47.674 

98.282 

185.378 

325.356 

536.952 

1000 

3.574 

7.648 

18.575 

40.764 

82.415 

153.263 

266.425 

436.814 

2000 

3.148 

5.950 

12.872 

25.869 

49.249 

87.487 

147.106 

235.268 

4000 

2.800 

4.805 

9.353 

17.208 

30.785 

52.127 

84.598 

131.544 

6000 

2.625 

4.302 

7.922 

13.863 

23.897 

39.272 

62.330 

95.218 

8000 

2.511 

4.000 

7.102 

12.008 

20.167 

32.428 

50.619 

76.297 

10000 

2.429 

3.792 

6.554 

10.801 

17.780 

28.107 

43 . 299 

64.554 

20000 

2.200 

3.256 

5.229 

7.997 

12.400 

18.596 

27.471 

39.514 

40000 

2.008 

2.845 

3.302 

6.162 

9.040 

12.883 

18.259 

25.297 

60000 

1.911 

2.646 

3.883 

5.379 





80000 

1.848 

2.521 

3.627 

4.917 





100000 

1.802 

2.431 

3.449 

4.604 






Table 5.2. — Frequency Parameters Q* 2 = u 2 R2 2 p(1 — v 2 )/E for Clamped Conical 
Shells Having a Fixed Vertex; h 2 / 12R 2 2 = 10~ 5 , v = 0.3 


a, 

n 

deg. 

0 

1 

2 

3 

4 

5 

15 

0.22318 

0.15413 

0.080113 

0.071504 

0.12968 

0.27698 

30 

.80040 

.49382 

.21578 

.13198 

. 15980 

.29174 

45 

1.50149 

.72558 

.27640 

. 15463 

. 16841 

.29213 

60 

1.76599 

.54498 

. 19263 

.11399 

. 14290 

.27154 

75 

.73942 

. 15492 

.059238 

.051842 

. 10576 

. 24464 
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fixed vertex. Minimizing the functional with 
respect to A, B, and C the resulting characteristic 
determinant for the frequencies was in the form : 


2 a n 

ai2 
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0\ 2 

2a 22 
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where 


7r. = 0 

Yn=l 


for 

for 


?i = 0 

n^O 


and fi 2 = co 2 r 2 2 p(l — v 2 )/E andfc = /i 2 /12r 2 2 . Numer- 
ical results obtained in reference 5.10 for the low- 
est roots of equation (5.18) are presented in 
table 5.2 and figure 5.5 for shells having a thick- 
ness ratio of /i 2 /12E 2 2 =fc/cos 2 a = 10~ 6 and j/ = 0.3 
and for 0 = 15°, 30°, 45°, 60°, 75° (0 = 90 °-a, as 
in figure 5.2). The frequency parameter used in 



n 


Figure 5.5. — -Frequency parameters S2* 2 for clamped 
conical shells having a fixed vertex; fi 2 /12ff2 z = 10 -6 , 
ii=0.3. (After ref. 5.10) 


table 5.2 and figure 5.5 is Sl* 2 = co 2 2 i? 2 2 p(l — v*)/E 
(see fig. 5.1 for R 2 ). As for circular cylindrical 
shells, the fundamental frequency does not occur 
for n = 0 but, for this value of k, at n = 3 for all 0. 
In figure 5.6 the frequency parameter is plotted 
versus 0 and tan 0. Amplitude ratios A/C and 
B/C corresponding to the roots ft* 2 for n = 0 and 
n = 3 are given in table 5.3. For n = 0 the funda- 
mental mode changes from predominantly trans- 
verse motion to predominantly meridional as 
0 increases. Many of the previously given results 
are also discussed in reference 5.13. 


Table 5.3. — Amplitude Ratios for Clamped Coni- 
cal Shells Having a Fixed Vertex; h 2 /12R/ = 
10~\ i > = 0.3 


deg. 

n 

0 

3 


A/C 

A/C 

B/C 

15 

0.07416 

-0.009611 

0.07996 

30 

.1684 

-.02094 

.1584 

45 

.3334 

-.03241 

.2305 

60 

.8261 

- . 03703 

.2876 

75 

3.075 

- . 02602 

.3223 
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Figure 5.6. — Frequency parameter ft* 2 versus /3 for 
clamped conical shells having a fixed vertex; h 2 /12R 2 2 = 
10 -6 , r = 0.3. (After ref. 5.10) 

For purposes of comparison, frequency param- 
eters for clamped conical shells were also pre- 
sented in references 5.11 and 5.12 which were 
obtained using Kalnins’ (ref. 5.14) numerical 
integration scheme for shells of revolution. 
The results are listed in table 5.4. It was necessary 
to use slightly different conditions at the apex 
(N s = Q s = dw/ds = 0, rather than eqs. (5.12)). 
Twenty equal segments were used, except for 
01 = 35°, where fifty equal segments were used. 
Values obtained from numerical integration 


Table 5.4. — Comparison of Frequency Parameters 
for the Complete Conical Shell Having a Clamped 
Base and a Free Vertex 


deg. 

12(1 -r 3 ) MV 
tan 4 a \h ) 

n 2 =u 2 r 2 2 p/E 

Exact 

method 

Numerical 

integration 

75 

10 3 

3.574 

3.538 

65 

10 3 

3.574 

3.471 

45 

10' 

2.429 

2.384 

35 

10 4 

2.429 

2.431 

15 

10“ 

1.802 

1.898 

10 

10 6 

1.802 

1.736 


should be less than the exact values because the 
conditions used at the apex are less rigid. For 
small vertex angle the exact solution results may 
be inaccurate because of limitations of the 
Donnell-Mushtari theory. The numerical inte- 



(a) 



(b) 


Figure 5.7.— Frequency parameter ft* for clamped coni- 
cal shells (vertex conditions not known). (After ref. 5.3) 
(a) n = 2. (b) n=3. (c) ra=4. (d) n= 5. (e)n=6. 
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gration method obviously yields frequency 
parameters which depend upon K and a explicitly. 

The Ritz method was used by Gontkevich 
(ref. 5.3) to obtain extensive numerical results 
for clamped conical shells as shown in figures 5.7. 
The trial functions used were not given, nor was 
it stated whether the vertex was clamped or free, 
and Poisson’s ratio is not known. 



Kolman (ref. 5.7) used the Novozhilov theory 
and showed that the frequency parameters for 
the axisymmetric (n = 0) torsional modes of a 
clamped shell having a fixed vertex are the roots 
of the equation 

J i(D) = 0 (5.20) 

where Cl = wSi\ // 2p(l-\-v)/E, and J i is the Bessel 
function of the first kind. That is, Cl is independent 
of a. 

In reference 5.5 the “method of parallel 
springs” (which is equivalent to the Southwell 
method) is demonstrated for a conical shell hav- 
ing a clamped base and vertex and having two 
particular sets of dimensions: a = 30°, s 2 = 30 cm., 
/i=0.33 mm. and 0.71 mm., E = 2.05 X10 6 kg/cm 2 , 
p = 7.95X10~ 6 kg sec 2 /cm 4 , and ^ = 0.30. Circular 
frequencies o> are shown for the two thicknesses 
in figure 5.8. Experimental data are also shown. 



Figure 5.7. — -Concluded. 
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10 - 
9 - 
8 - 



2 - 


23456 789 

n 

Figure 5.8. — Circular frequencies for a conical shell 
having a clamped base and vertex (dimensions given 
in text). (After ref. 5.5) 

5.2.2 Base Supported by a Shear Diaphragm 

The boundary conditions at the base of a 
conical shell supported by a shear diaphragm are 
(see figs. 5.1 and 5.2) 

N a =v = w = M, = 0 at s = s 2 (5.21) 

where M, is the meridional moment resultant. 
Strangely, this problem has no known solution in 
the literature of free vibrations. 

Kolman (ref. 5.7) addressed the problem of the 
complete conical shell having a fixed vertex and 
a base supported by hinges. Only axisymmetric 
motion was considered. In this case the boundary 
conditions are 

u = iv = M s = 0 at s = s 2 (5.22) 

The finite difference method was used to solve 
the problem. Various solutions were obtained 
using the conventional finite difference repre- 
sentations for derivatives; e.g., 

(5.23) 

Results for lowest frequency parameters and 
mode shapes of a shell having s 2 /h = 400 and 
a = 30° are shown in figure 5.9. The three parts of 
the figure correspond to solutions using four, six, 
and eight meridional divisions in the finite dif- 
ference grid. Figure 5.9 also shows that the mode 
shapes change considerably as the number of grid 
subdivisions is increased. The mode shape for the 
third frequency arising from the eight subdivi- 
sion solution is depicted in figure 5.10. The fre- 
quency parameter in this case was found to be 
wS 2 'V / 2 p(l + r)/F/ = 2.37, whereas for four sub- 
divisions the value found was 3.52. 

In reference 5.7 improved accuracy results were 




Figure 5.9. — Lowest axisymmetric frequency parameters 
and mode shapes for a complete conical shell having a 
fixed vertex and u=w = M, = 0 at the base. (After ref. 
5.7) 



Figure 5.10. — Third axisymmetric frequency parameter 
and mode shape for a complete conical shell having a 
fixed vertex and u=w = M,=0 at the base. (After ref. 
5.7) 

also obtained using second approximation finite 
difference formulas; e.g., 

w ' = ~(- w < + ,+8 w i+1 

— 8 W^+Wt-d (5.24) 
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A six subdivision solution for the problem 
described above was obtained using this ap- 
proach. The resulting frequency parameter and 
mode shape is shown in figure 5.11, and can be 


ojS 2 ^/2/>(l + i')/E = 2 .03 



Figure 5.11. — Lowest frequency parameter and mode 
shape from a second approximation difference method. 
(After ref. 5.7) 



Figure 5.12. — Lowest axisymmetric frequency parame- 
ters and mode shapes for complete conical shells having 
fixed vertices and u=w=M, = 0 at the base. (After 
ref. 5.7) 


compared with figure 5.9. Some results obtained 
by this improved method for shells having other 
s 2 /h ratios and semivertex angles a are displayed 
in figure 5.12. As pointed out in reference 5.7 
the free vibration mode shapes differ sharply from 
the deflection curves of the same shells loaded by 
uniform static pressure, and that the frequency 
parameters approach the true values from either 
above or below as more subdivisions are used, 
depending upon s 2 /h and a. 

Miller and Hart (ref. 5.15) obtained results for 
a particular conical shell having a = 15°40', 
A = 0.0983 in., and s 2 = 36.4 in. as a limiting case 
of their studies of eigenvalue densities for SD-SD 
truncated conical shells. Constant values of the 
frequency parameter n 4 = ojs 2 V / p/E are plotted 
in figure 5.13, where mirs 2 /(s 2 — si) and ra/sin a 
are the nondimensional meridional and circum- 
ferential wave numbers used as coordinates. For 
further discussion of the basis for this figure see 
section 5.3.3. In particular note that the displace- 



Figure 5.13. — Frequency parameter curves in fc-space 
for a complete conical shell supported at its base by a 
shear diaphragm. (After ref. 5.15) 
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ment functions used in reference 5.15 satisfy SD 
conditions at the vertex and only approximate 
the free vertex conditions (5.12). 

5.2.3 Free Base 

The boundary conditions for a complete conical 
shell having a free base are (see figs. 5.1 and 5.2) 

N. = S ae = V. = M.= 0 at s=s 2 (5.25) 

where V, is the Kelvin- Kirchhoff shear defined by 


V s = Q a 


dM 


80 


s sin a dd 
and Sso is the shear resultant given by 

M se 


S s e — N s e~\- 


s tan a 


(5.26) 


(5.27) 


(see sec. 1.8). 

Dreher and Leissa (refs. 5.11 and 5.12) used 
the exact solution procedure described in section 
5.2 involving expansion of the displacements in 


Table 5.5. — Frequency Parameters U 2 = u 2 rf i p/E for the Axisymmetric 
( n — 0 ) Modes of a Completely Free Conical Shell; v=0.3 


12(1 —v s ) / r 2 \ 2 




Mode number 




tan 4 a \h) 

1 

2 

3 

4 

5 

6 

7 

8 

0.1 

.2 

.4 

813.785 

408.501 

205.859 

14787.194 

7397.796 

3703.096 

77014.656 

38514.141 

19263.882 

245938.408 

122978.496 

61498.539 

603381 . 938 
301702.750 
150863 . 156 

627287.719 

313658.117 

582028.453 

993962.414 

.6 

138.310 

2471.529 

12847.129 

41005.220 

100583.293 

209114.918 

388030.082 

662656.211 

.8 

104.535 

1855.744 

9638.752 

30758.560 

75443.360 

156843.316 

291030.922 

497000.527 

1 

84.269 

1486 . 273 

7713.725 

24610.564 

60359.400 

125480.355 

232831.467 

397608.574 

2 

43.733 

747.328 

3863.671 

12314.571 

30191.481 

62754.434 

116432.463 

198823.529 

4 

23.453 

377.846 

1938.639 

6166.572 

15107.519 

31391.471 

58232.963 

99430.900 

6 

16.682 

254.677 

1298.957 

4117.236 

10079.530 

20937.150 

38833.127 

63300.108 

8 

13.290 

193.087 

976.113 

2093.566 

7565 534 

15709.988 

29133.212 

49734 . 642 

10 

11.248 

156.127 

783.604 

2477.763 

6056.136 

12573 . 690 

23313.259 

39795.429 

20 

7.125 

82.170 

398.565 

1248.144 

3040.331 

6301 . 089 

11673.353 

19916.909 

40 

4.977 

45.092 

205.989 

633.302 

1531.908 

3164.774 

5853.390 

9977.646 

60 

4.200 

32.642 

141.742 

428.323 

1029 . 080 

2119.322 

3913.392 

6664 . 550 

80 

3.777 

26.351 

109.574 

325.807 

777.649 

1596.585 

2943.385 

5007 . 999 

100 

3.501 

22.526 

90.235 

264.274 

626.776 

1282.932 

2361.374 

4014.063 

200 

2.845 

14.548 

51.256 

141.008 

324.899 

655.539 

1197.288 

2026.134 

400 

2.392 

10.012 

31.053 

78.799 

173.552 

341.557 

615.042 

1032.024 

600 

2.191 

8.232 

23.824 

57.542 

122.677 

236 . 576 

420.724 

700.479 

800 

2.071 

7.230 

19.953 

46.573 

96.908 

183.812 

323.351 

534.541 

1000 

1.989 

6.571 

13.487 

39.769 

81.197 

151.925 

264.738 

434 . 827 

2000 

1.779 

5.022 

11.965 

25.113 

48.362 

86.607 

146 . 044 

234.113 

4000 

1.623 

3.988 

8.570 

16.603 

30.100 

51.501 

83.863 

130.802 

6000 

1.550 

3.541 

7.193 

13.319 

23.292 

38.741 

61.718 

94.626 

8000 

1.505 

3.276 

6.407 

11.500 

19.607 

31.950 

50.073 

75.781 

10000 

1.472 

3.094 

5.883 

10.316 

17.250 

27.663 

42.795 

64.090 

20000 

1.387 

2.637 

4.623 

7.569 

11.941 

18.229 

27.062 

39.161 

40000 

1.320 

2.300 

3.752 

5.776 

8.631 

12.567 

17.907 


60000 

80000 

1.287 

1.266 

2.143 

2.046 

3.366 

3.134 

5.013 

4.565 





100000 

1.251 

1.977 

2.973 

4.260 
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terms of power series to study the axisymmetric 
(n = 0) free vibrations. The Donnell-Mushtari 
shell theory was used. Frequency parameters 
Q 2 = co 2 r 2 2 p/i? w ere obtained for the first eight 
axisymmetric modes for r = 0.3 and over a wide 
range of the stiffness parameter 

K = 12(1 — i' 2 )(r 2 //i) 2 /tan 4 a 

Numerical results are given in table 5.5 and 
figure 5.14 in the case where the vertex is free. 

Bordoni (ref. 5.16) made experimental meas- 
urement of vibration frequencies on conical shells 
made of paper, as in the case of loudspeaker 
diaphragms. The shells were made with various 
types of seams, as shown in figure 5.15, in order 
to consider the asymmetry of the vibration modes 
due to the lap joint seams. One set of experiments 
was conducted to determine the effect of apex 
angle a upon the frequencies, keeping the shell 
thickness h and base radius constant. The 
results are summarized by figure 5.16; i.e., it was 
found that the frequencies did not vary with the 



ton 4 a 


apex angle. The implication of this statement is 
that the complete conical shell having a fixed 
vertex and a free base undergoes purely inexten- 
sional motion and behaves essentially like a free 
circular plate. This is contrary to the experience 
of McLachlan (ref. 5.17) who found thefrequency 
of a certain cone to be 5.1 times greater than that 
of a corresponding disk. Bordoni also found that 
the shell frequencies were proportional to the 
thickness h and the ratio (E/p) 112 , and were 



Figure 5.15. — Different types of seams. (After ref. 5.16) 
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Figure 5.14. — Frequency parameter Si 2 versus stiffness 
parameter K for the axisymmetric ( n = 0) modes of a 
completely free conical shell. (After ref. 5.12) 


Figure 5.16. — Eigenfrequcncies of paper cones of same 
radius and thickness, for different apex angles; n = 
number of nodal diameters. (After ref. 5.16) 
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inversely proportional to the square of the base 
radius. 

The free vibration of a complete conical shell 
having a free base was also investigated in refer- 
ences 5.3 and 5.18. 

5.3 FRUSTUM OF A CONE 

Consider next the case where the conical shell 
has two boundaries located at s =Si and s = s 2 , the 
associated radii of the bounding circles being R i 
and R 2 , respectively (see fig. 5.1). In the case of 
circular cylindrical shells (see sec. 2.4), 136 com- 
binations of "simple” boundary conditions yield- 
ing distinct problems exist. However, because for 
conical shells there is symmetry with respect to 
the axial mid-plane (s = (si+s 2 )/2), there exist 
(16) 2 = 256 distinct types of problems. As in the 
case of circular cylindrical shells, most of the 
results have been obtained for the nine types 
arising when each edge is either clamped, sup- 
ported by a shear diaphragm, or free. 

5.3.1 Both Ends Clamped 

The boundary conditions for the both ends 
clamped problem are given by (see fig. 5.1) 

u = v = w = — = 0 at s — s i, s 2 (5.28) 

ds 

Garnet, Goldberg, and Salerno (ref. 5.19) con- 
sidered the axisymmetric motions of a clamped- 
clamped conical shell and showed that, as in the 
case of a circular cylindrical shell (see sec. 2.2) 
the torsional modes uncouple from the bending 
modes. The Novozhilov (see chapter 1) shell 
equations were used and the torsional oscillations 
were examined in detail. It was shown that the 
frequency parameters are the roots of the char- 
acteristic equation 

J i(JT2i) Fi(jjfii) =J i(i)Sli) Y i(Oi) (5.29) 

where Ui=oosip/G = 2o)Si(l-i-v)p/E 

7i — s 2 / Si =R%/Ri 

Ji = Bessel function of the first kind 

Yi = Bessel function of the second kind 

Note that fii does not depend upon the semivertex 
angle a. The first five roots of equation (5.29) are 


reproduced in table 5.6 for values of r] from 1 to 
50. The mode shapes associated with the first 
three frequencies for the case ?? = 10 are shown in 
figure 5.17, where w/siri a is plotted to show the 
variation of the displacement with s/s 2 . The 
torsional modes of a clamped-clamped conical 
shell were also studied in reference 5.20 where the 
effects of shear deformation and rotary inertia 
were included (see sec. 5.9.2). 

The meridional axisymmetric modes of 
clamped-clamped conical shells were investigated 
by Keefe (ref. 5.21). It was assumed that dur- 
ing meridional motion the cross sections of 
the cone remain plane and that motion occurs 
only in the meridional direction s; i.e., w = 0. 
This, of course, is an approximation. The actual 
motion would require coupling between u and 
io displacements. The following characteristic 
equation was derived : 

J 0(1702) F 0 (O 2 ) = J o(0 2 ) F 0 (uOi) (5.30) 

where t)=s 2 /si = R 2 /Ri 

as before, and 

0 2 = co(s 2 — Si )>v/~ 



Figure 5.17. — Torsional mode shapes of a clamped- 
clamped conical shell. (After ref. 5.19) 
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Table 5.6. — First Five Roots of Equation {5.29) for the Axisymmetric 
Torsional Vibrations of a Clamped-Clamped Conical Shell 



6)-l)£2i 

V 

First root 

Second root 

Third root 

Fourth root 

Fifth root 

1.0 

3.1416 

6 . 2832 

9.4248 

12.5664 

15.7080 

i.i 

3 . 1427 

6.2837 

9.4251 

12.5666 

15.7082 

1.2 

3.1455 

6.2852 

9.4261 

12.5674 

15.7088 

1.3 

3 . 1498 

6.2873 

9.4275 

12.5684 

15.7096 

1.4 

3.1550 

6 . 2900 

9.4293 

12.5698 

15.7107 

1.5 

3.1609 

6.2931 

9.4314 

12.5713 

15.7119 

1.6 

3.1675 

6.2965 

9.4337 

12.5731 

15.7133 

1.8 

3.182 

6.304 

9.439 

12.577 

15.716 

2.0 

3.197 

6.312 

9.444 

12.581 

15.720 

2.5 

3.235 

6.335 

9.460 

12.593 

15.729 

3.0 

3.271 

6.357 

9.476 

12.605 

15.739 

3.5 

3.305 

6.381 

9.493 

12.619 

15 . 750 

4.0 

3.336 

6.403 

9.509 

12.631 

15 . 760 

5 

3.389 

6.445 

9.541 

12.657 

15 . 782 

6 

3.432 

6.482 

9.572 

12.682 

15.802 

8 

3.498 

6.546 

9.626 

12.728 

15.842 

10 

3.547 

6.598 

9.673 

12.770 

15 . 879 

12 

3.583 

6.639 

9.714 

12.807 

15.913 

14 

3.611 

6.674 

9.749 

12.840 

15.943 

16 

3.634 

6.704 

9.780 

12.870 

15.971 

18 

3.652 

6.728 

9.806 

12.896 

15.997 

20 

3.667 

6.749 

9.830 

12.920 

16.020 

25 

3.696 

6.790 

9.88 

12.97 

16.07 

30 

3.717 

6.820 

9.91 

13.01 

16.11 

35 

3.732 

6.844 

9.94 

13.04 

16.14 

40 

3.743 

6.861 

9.96 

13.06 

16.17 

45 

3.752 

6.875 

9.98 

13.09 

16.19 

50 

3.760 

6.887 

9.99 

13.10 

16.21 


(see fig. 5.1). The first four roots of equation 
(5.30) are plotted versus the ratio Ri/R 2 in 
figure 5.18. 

Wheeler and Shulman (ref. 5.22) used the 
Donnell-Mushtari theory along with the Galer- 
kin procedure to obtain approximate solutions 
for the clamped-clamped conical shell. Vibrating 
beam functions (see sec. 2.4) were used as trial 
functions for the displacements. Numerical 
results were produced for a shell having the fol- 
lowing parameters: a = 10° and R/h = 30, where 
R is the average radius (i.e., R={R\-\-Rf)/2). 
These are shown in figure 5.19 for n = 6. In this 


figure the frequency parameter uR\/p(l — v 2 )/E 
is plotted versus the length ratio l/R. 

The free vibrations of a clamped-clamped con- 
ical shell were also discussed in references 5.18, 
5.23, 5.24, and 5.25. 

5.3.2 Clamped-Shear Diaphragm 

The boundary conditions for this problem are: 
at the clamped edge (s = si) , 

div 

u=v=w — — 
ds 


(5.31) 
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Figure 5.18. — Frequency parameters for the axisym- 
metric meridional motion of a clamped-clamped conical 
shell. (After ref. 5.21) 



Figure 5.19. — Frequency parameters for clamped- 
clamped conical shells; a = 10°, R/h= 30. (After ref. 
5.22) 


and at the edge supported by a shear diaphragm 
(s = s 2 ), 

N 8 = v = w = M 3 = 0 (5.32) 

This assumes that the smaller radius is clamped 
and the larger one is supported by shear dia- 
phragms. The opposite set of boundary conditions 
(i.e., SD-clamped) is a distinct class of problems. 

The only known work dealing with this prob- 
lem is that of Saunders, Wisniewski, and Paslay 
(ref. 5.26) which used Love’s equations and the 
Ritz method to study the case when the smaller 
radius R x is clamped and the larger one R 2 is 
supported by a shear diaphragm. A solution 
function for w was chosen as 

w = Ci[x 3 — (2.'c 1 +.r 2 ).r 2 

+Xi{xi-\-2x 2 )x — Xi 2 x 2 ] cos nO 
+C 2 [x i — (3 xi 2 +2xiX2+x 2 2 )x* 

+ 2x 1 (x 1 +x 2 ) 2 x 

—x 1 X2 2 (2xi+x 2 )] cos nd (5.33) 

where x is the axial coordinate, as shown in 
figure 5.2, and x x and x 2 are the boundary values 
of x at the radii R = R X and R 2 , respectively. 
This choice of w satisfies the geometric boundary 
conditions involving xo in equations (5.31) and 
(5.32). The remaining displacements u and v are 
chosen so that the meridional and circumferential 
strains are zero. The resulting frequency equa- 
tion is quite complicated (although reproduced 
in ref. 5.26). Numerical results were given 
for a shell having a = 14°33', x x = 16.57 in., 
x 2 = 25.63 in., h = 0.50 in., and the material 
properties of annealed copper. Frequencies (cps) 



Figure 5.20. — Cyclic frequencies for a clamped-SD 
shell; dimensions in text. (After ref. 5.26) 
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are shown in figure 5.20 for various numbers of 
circumferential waves n. 

Unlike the case of a clamped-SD circular 
cylindrical shell (see sec. 2.4.2), no information 
can be gleaned from the higher modes of a 
clamped-clamped shell. Nodal circles (i.e., cir- 
cles having the conditions of equation (5.32)) do 
not exist for the conical shell because of the lack 
of symmetry with respect to the plane 

xi+x 2 


5.3.3 Both Ends Supported by Shear Diaphragms 

The boundary conditions for this problem are 

N, = v = iv = M „ = 0 at s = si, s 2 (5.34) 

Assuming solutions for the displacements in the 
form of equations (5.14), the boundary condi- 
tions can be satisfied by various choices of u n , 
v n , and iv„, while the equations of motion can be 
approximated by, for example, the Ritz or Galer- 
kin procedures (both procedures are equivalent 
in this problem if the u„, v n , w n satisfy all the 
boundary conditions). Numerous authors follow 
procedures of this type to obtain approximate 
solutions. In such cases, the frequency param- 
eters obtained are upper bounds on the true 
frequency parameters. 

Lindholm and Hu (refs. 5.27 and 5.28) did an 
extensive study of the problem. A set of shell 
equations derived by Hu (ref. 5.29) was used 
along with the Galerkin procedure. The shell 
equations included the effects of shear deforma- 
tion and rotary inertia in the meridional direction, 
but neglected these effects in the circumferential 
direction. The resulting theory is supposed to be 
particularly applicable to short shells and small 
circumferential wave numbers (ref. 5.29) and has 
the interesting feature of requiring only an eighth 
order set of equations of motion, rather than a 
tenth order set as in conventional shear deforma- 
tion theory. Although shear deformation and 
rotary inertia are 'partially accounted for, the 
numerical results obtained in references 5.27 and 
5.28 will be discussed because: (1) the theory is of 
the eighth order, (2) the shells used as numerical 
examples are not particularly short, nor is the 
study limited to small n, and (3) this study serves 
as a basis for comparison with other authors later. 


In references 5.27 and 5.28 the displacement 
components are assumed to take the form 



Mi 

V 4 

. mirx 

(5.35a) 

U n = 

Z/ An 

sin — — 


m= 1 




M 2 




t B - 

. mirx 

(5.35b) 

Vn = 

sin — — 


m = 1 




Mi 




Ye. 

. mirx 

(5.35c) 

W„ = 

sin — — 

Ju 


m= 1 


for use in equations (5.14), where x and L are 
dimensionless lengths defined by 


x= log 



L= log (s 2 /si). 


(5.36) 


In addition the rotation of the normal to the 
middle surface in the direction of s can be pre- 
scribed independently as 



n = 1 

Mk 


+ X d " cos T)] 

m = 1 


cos nd cos c ot 


(5.37) 


in the shell theory used. 

Theoretical and experimental results were 
obtained in references 5.27 and 5.28 for four 
models made of steel shimstock and having 
the geometric parameters shown in table 5.7. 
Poisson’s ratio was taken as 0.3. The upper limits 
of the summations used in equations (5.35) and 


Table 5.7. — Geometric Parameters for Four 
Conical Shells 


Model 

number 

«> 

degrees 

Sj 

Sl 

h 

R 2 

R>2) 

in. 

1 

14.2 

2.23 

0.00166 

6.07 

2 

30.2 

2.27 

.00127 

7.95 

3 

45.1 

2.25 

.00112 

8.96 

4 

60.5 

2.25 

.00101 

10.00 
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(5.36) depend upon the accuracy required, but 
typically Mi = 4, M 2 = 4, M3 = 5, M4 = 6, which 
yields a characteristic determinant of order 21. 
For large values of n (24 to 28), a determinant of 
order 28 was required. 

Numerical results for the four shell models 
described in table 5.7 are depicted in figures 5.21 
through 5.24. The divergence between experiment 
and theory is ascribed in references 5.27 and 5.28 
to the difficulty in duplicating the theoretical 
boundary conditions and due to the finite trunca- 


tions of the displacement function series. In 
figure 5.23 (a = 45.1°) two theoretical curves are 
shown. The dashed curve is for a shell having 
added meridional constraint ( u = 0) at the bound- 
aries. These figures show that for each axial wave 
number m the minimum frequency occurs for 
some relatively large value of n (>5). This was 
also seen previously in chapter 2 for circular 
cylindrical shells. 

Mode shapes ( w displacements) for the four 
shell models are depicted in figures 5.25 through 



Figure 5.21. — Frequencies 
of an SD-SD conical 
shell; model 1. (After ref. 
5.27) 


Figure 5.22. — Frequencies 
of an SD-SD conical 
shell; model 2. (After ref. 
5.27) 
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Figure 5.23. — Frequencies 
of an SD— SD conical 
shell; model 3. (After ref. 
5.27) 


Figure 5.24. — Frequencies 
of an SD-SD conical 
shell; model 4. (After ref. 
5.27) 



5.28. The most striking feature of the axial mode 
shape is its strong dependence on the circum- 
ferential wave number n. This is seen in figures 
5.26, 5.27(a), 5.27(b), and 5.28 for m = 1, and 
figure 5.27(c) for m = 2. In each case the position 
of maximum displacement (antinode) shifts to- 
wards the large end of the shell (R = R 2 ) as n 
increases. The suppression of normal displace- 
ment near the small end of the conical shell at 
large values of n is due to the short distance 
between nodal meridians in this region. The 


curvatures and stresses in this region, however, 
are not necessarily small. 

Observe that for a given mode (n = 8, ra = 1) 
the maximum theoretical displacement moves in 
the direction of one end as a changes (as shown in 
figures 5.25, 5.26, 5.27(a), and 5.28). The negative 
deflections indicated for some of the theoretical 
curves of figures 5.25 through 5.28 are an indica- 
tion of numerical inaccuracy due to a lack of 
terms in the series for w (eq. (5.35c)). Finally, 
note that the experimental mode shapes found in 
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Figure 5.25. — Mode shapes for an 
SD-SD conical shell; model 1. 
(After ref. 5.27) 


Figure 5.26. — Mode shapes for an 
SD-SD conical shell; model 2. 
(After ref. 5.27) 
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Si- Si 



Figure 5.27. — Mode shapes for an 
SD-SD conical shell; model 3. (After 
ref. 5.27) (a) n=8, n = 18; m = l. (b) 
n = 12, n — 16; n = 1. (c) n = 12, n = 18; 
m = 2. 
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Figure 5.28. — Mode shapes for an 
SD-SD conical shell; model 4. 
(After ref. 5.27) 


the investigations of references 5.27 and 5.28 
always consisted of parallel circles and equispaced 
meridians as predicted by the theory. 

The influence of apex angle a upon the fre- 
quency parameter was also investigated theoreti- 
cally in references 5.27 and 5.28. The full range 
of a from 0° (circular cylindrical shell) to 90° 
(circular flat plate) was considered, as shown in 
figure 5.29. At the extreme angles of 0° and 90°, 
Q* increases monotonically with n, while at 
intermediate angles the relationship is more 
complicated. 

Herrman and Mirsky (ref. 5.30) also used the 


Ritz method to analyze the free vibrations of 
SD-SD conical shells. Displacement functions of 
the form 



(5.38) 


were assumed (see fig. 5.2), where s is the meridi- 
onal coordinate having its origin at s= (si+s 2 )/2 


Figure 5.29. — Theoretical frequency 
parameter SI* versus a for an SD-SD 
conical shell. (After ref. 5.27) 
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(i.e., beginning at the midpoint of the generator). 
The resulting characteristic determinant for the 
frequency parameters is given in detail in 
reference 5.30, but it is too lengthy to bear 
repetition here. 

Numerical results were obtained in reference 
5.30 for three semivertex angles —a = 5°, 10°, 
and 15°. Two thickness to mean radius ratios 
(2/i./(f2i + f2 2 )) were considered: 1/30 and 1/100. 
Other parameters were varied over the intervals 
0<n<6 and l<2l/(Ri-\-R 2 )<10. Frequency 
data were presented as the ratio of the frequency 
of a conical shell to to that of the circular cylin- 
drical shell coo having the same length l, thickness 
h, and mean radius R= {R\-\-R/)/2. Frequency 
ratios for the three axisymmetric {n = 0) modes 



A/r 


Figure 5.30. — Ratio of frequency of conical to cylindrical 
shell; clamped-elamped BC; n = 0, lowest non-torsional 
frequency. (After ref. 5.30) 



Figure 5.31. — Ratio of frequency of conical to cylindrical 
shell; clamped-clamped BC; n = 0, torsional frequency. 
(After ref. 5.30) 


are depicted in figures 5.30 through 5.32. The 
frequencies are independent of h/R. For short 
shells the frequency ratio is decreased to values 
less than unity as a increases, whereas unity is 
exceeded for long shells and is strongly dependent 
upon a. The same type of dependence is seen in 
the curves of figure 5.33, which is for the lowest 
frequency of the n = 1 (“beam-like”) modes. 

For the lowest frequencies of the n = 2 modes, 
to/too becomes dependent upon the h/R ratio, 
as seen in figure 5.34. A thinner shell is influ- 
enced more strongly by a than a thicker shell. 
Figure 3.35 illustrates the influence of n on co/wo 
as a function of a for the lowest mode. Here, 
l/R = 7 and h/R= 1/100. Finally, figure 5.36 
shows the influence of a upon the three modes 



Figure 5.32. — Ratio of frequency of conical to cylindrical 
shell; clamped-clamped BC; n = 0, higher non-torsional 
frequency. (After ref. 5.30) 



e /R 

Figure 5.33. — Ratio of frequency of conical to cylindrical 
shell; clamped-clamped BC; n= 1, lowest frequency. 
(After ref. 5.30) 


354 


VIBRATION OF SHELLS 



Figure 5.34. — Ratio of frequency of conical to cylindrical 
shell; clamped-clamped BC; n = 2, lowest frequency. 
(After ref. 5.30) 



Figure 5.35. — Effect of a and n on frequency ratio; 
l/R = 7, h/R = 1/100. (After ref. 5.30) 



Figure 5.36. — Comparison of effects on frequency ratio 
for three modes; n = 3, a = 10°. (After ref. 5.30) 


for representative values of n = 3 and a =10°. 
The influence is much stronger for the lowest 
mode and weakest for the highest mode. 

Weingarten (ref. 5.31) also used the Galerkin 
method with the Donnell-Mushtari shell equa- 
tions and assumed displacement functions in 
the form of power series. Numerical results were 
evaluated and compared with experiment for two 
shells made of 1020 steel and having thicknesses 
of 0.020 in. and 0.040 in. The remaining dimen- 
sions were: a = 20°, .Si = 2 in., s 2 — Si = 8-3/8 in. 
Theoretical and experimental frequencies for the 
two shell thicknesses and for 1, 2, and 3 axial 
half-waves m are exhibited in figures 5.37 and 
5.38, respectively. In these figures theoretical 
results are also given for an “equivalent” circular 



NUMBER OE CIRCUMFERENTIAL WAVES ( n ) 

Figure 5.37. — Theoretical and experimental frequencies 
for an SD-SD conical shell; h = 0.020 in. (After ref. 
5.31) 



Figure 5.38. — Theoretical and experimental frequencies 
for an SD-SD conical shell; h = 0.040 in. (After ref. 
5.31) 
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Figure 5.39. — Mode shapes of an SD-SD conical 
shell; h = 0.040 in. (After ref. 5.31) 


cylindrical shell; these frequencies are consider- 
ably in error as n becomes large. Typical mode 
shapes for the normalized deflection w are shown 
in figure 5.39 for the thicker shell (/i = 0.020 in.), 
where the shift of maximum amplitude towards 
the large end of the shell as n increases is clearly 
seen. 

Grigolyuk (ref. 5.32) also used the Ritz 
method with displacement functions of the form 


■u„= A„R 2 cos 
v n = B n R 2 sin 
w n = C n R 2 sin 


mi r(s — Si) 
s 2 — Sl 

mir(s — si) 

S2 — Sl 

mir(s— Si) 

S2 — Sl 


(5.39) 


(see figs. 5.1 and 5.2). The resulting frequency 
equation is given in detail in reference 5.32 but, 
because of its length it will not be repeated here. 
Frequency parameters 


O 3 — Co(S 2 — Sl) 



for the fundamental (lowest) modes of vibration 
are listed in table 5.8 for various values of a and 
h/ R 2 . Table 5.9 lists the circumferential wave 
numbers 11 at which the minimum frequencies of 
table 5.8 occur. All results are for m= 1 and 


v = 0.3. Grigolyuk (ref. 5.32) also suggested that 
SD-SD shells having small conicity (a< 15°) can 
be adequately represented for purposes of calcu- 
lation by circular cylindrical shells having radii 
equal to the average radius (i.e., R = (f?i + R 2 ) /2) 
of the conical shells. However, as was seen earlier 
(figs. 5.30 through 5.36), this is not necessarily 
the case. 

Godzevich (ref. 5.33) used the Donnell-Mush- 
tari shell equations with the Galerkin method 
and displacement functions of the type given by 
equations (5.39) with R 2 replaced by unity. An 
explicit equation for frequency parameters of 
SD-SD conical shells was derived: 


where 


C0 2 S2 2 p Cl 

~e~ = c' 2 


(5.40) 


Ci = 


h 2 


-a m \l-fiC) 


12s 2 2 (l — V 2 2 ) 1 10 

/ 2 « 2 \ri 

+am V 1+ si^A6 am(1_/Jl3) 

1 „ \( ni 4w 2 \ ) 2 

tan 4 a|_8 
3 ~l 2 


, 1/^ \/ n 4 4n 2 \] 

+ 2 (1_/3l) Vsl^~sl^)) 


(5.41a) 


(5.41b) 


and where fii = si/s 2 and a m = nnrs 2 /(s 2 — si). 

Miller and Hart (ref. 5.15) studied the density 
of eigenvalues of the SD-SD conical shell. Eigen- 
value density is essentially the density of the 
frequencies with respect to frequency and is 
therefore an indication of the spacing of the fre- 
quencies in the frequency spectrum. Equations 


Table 5.8. — Lowest Frequency Parameters co(s 2 — Si)V p(l — v^/E for SD-SD Conical Shells; m = l, v = O.S 


(3 =90 — a , 

h/Ri 

degrees 

0.03 

0.02 

0.015 

0.01 

0.009 

0.008 

0.007 

0.006 

0.005 

0.004 

0.003 

0.002 

0.001 

0.0008 

3 






0.102 

0.0931 

0.0897 

0.0769 

0.0677 

0.0580 

0.0474 

0.0340 

0.0311 

5 




0.141 

0.133 

.126 

.116 

.106 

.0967 

.0877 

.0748 

.0623 

.0448 

.0408 

10 


0.281 

0.242 

.193 

.184 

.175 

.162 

.149 

.138 

.124 

.108 

.0895 

.0656 

.0590 

15 

0.419 

.335 

.288 

.236 

.223 

.212 

.201 

.186 

.169 

.154 

.134 

.112 

.0814 

.0736 

20 

.479 

.381 

.355 

.287 

.267 

.249 

.231 

.214 

.199 

.178 

.157 

.130 

.0950 

.0862 

25 

.519 

.432 

.369 

.311 

.293 

.275 

.258 

.244 

.223 

.200 

.177 

.148 

.107 

.0968 

30 

.562 

.467 

.404 

.337 

.319 

.302 

.286 

.271 

.244 

.222 

.193 

.161 

.119 

.107 

35 

.607 

.499 

.438 

.362 

.344 

.328 

.312 

.288 

.264 

.242 

.209 

.174 

.128 

.116 

40 

.652 

.529 

.469 

.386 

.368 

.351 

.335 

.307 

.282 

.259 

.224 

.187 

.138 

.125 

45 

.693 

.559 

.498 

.408 

.390 

.372 

.355 

.326 

.299 

.274 

.238 

.198 

.147 

.133 

50 

.729 

.586 

.522 

.430 

.409 

.390 

.372 

.345 

.315 

.288 

.251 

.210 

.156 

.141 

55 

.757 

.614 

.541 

.452 

.429 

.406 

.386 

.366 

.331 

.299 

.264 

.223 

.165 

.149 

60 

.776 

.644 

.582 

.479 

.451 

.424 

.399 

.376 

.350 

.312 

.279 

.231 

.172 

.157 

65 

.789 

.688 

.582 

.493 

.478 

.450 

.418 

.388 

.361 

.331 

.288 

.243 

.182 

.166 

70 

.809 

.695 

.627 

.504 

.482 

.462 

.444 

.414 

.376 

.341 

.307 

.256 

.194 

.176 

75 

.877 

.701 

.628 

.548 

.515 

.483 

.453 

.425 

.400 

.367 

.319 

.276 

.207 

.190 

80 

.891 

.810 

.672 

.553 

.533 

.514 

.434 

.480 

.432 

.387 

.349 

.298 

.229 

.211 

85 

.963 

.779 

.703 

.643 

.634 

.625 

.589 

.537 

.488 

.445 

.408 

.358 

.283 

.256 

87 


.988 

.818 

.671 

.645 

.622 

.600 

.580 

.564 

.550 

.472 

.400 

.322 

.297 
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Table 5.9. — Circumferential Wave Numbers (n) at Which the Minimum Frequencies of Table 5.8 Occur 
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(5.40) and (5.41) developed by Godzevich and 
discussed above served as one equation deter- 
mining a “/e-space” for the eigenvalues. The two 
coordinates chosen for the fc-space were fci and fc 2 , 
defined as 


mirSi 

fci = Un = 

s 2 — Si 





sin a 


(5.42) 


That is, fci and fc 2 are dimensionless wave num- 
bers in the s and 6 directions. By using the 
nondimensional frequency parameter 


fi 4 2 = 


C0 2 pS2 2 

E 


(5.43) 


equation (5.40) can be written in terms of the 
parameters fci, fc 2 , and 0 4 . Curves for constant 
values of 0 4 in terms of the fci, fc 2 coordinate 



Figure 5.40. — Frequency parameter curves in /c-space 
for an SD-SD conical shell. (After ref. 5.15) 


system for a = 16°, h = 0.0983 in., s 2 = 36.4 in., 
and Si = 7.8 in. are shown in figure 5.40. 

In reference 5.15 comparisons were also made 
between the theoretical frequencies arising from 
equations (5.40) and (5.41) and experimental 
frequencies given earlier in this section. Com- 
parisons with Weingarten’s (ref. 5.31) data are 
seen in figures 5.41 and 5.42. Comparisons with 
the results of Lindholm and Hu (refs. 5.27 and 
5.28) are seen in figures 5.43 and 5.44. Note that 
s 2 — Si was taken as 8.00 in. -for figures 5.41 and 
5.42 in reference 5.15, whereas s 2 — Si was given 
as 8.375 in. in reference 5.31, as noted previously 
in this section. 

Experimental results for SD-SD conical shells 
were also given in references 5.34 and 5.35. 



Figure 5.41. — Comparison of theoretical and experi- 
mental frequencies for an SD-SD conical shell; a = 20°, 
52 = 14.14 in., si =6.14 in., fc = 0.040 in., 1020 steel. 
(After ref. 5.15) 



Figure 5.42. — Comparison of theoretical and experi- 
mental frequencies for an SD-SD conical shell; a = 20°, 
52 = 14.14 in., Si = 6.14 in., fc = 0.020 in., 1020 steel. 
(After ref. 5.15) 
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Figure 5.43. — Comparison of theoretical and experi- 
mental frequencies for an SD-SD conical shell; a = 
30.2°, s 2 = 15.7 in., si = 6.94 in., h = 0.01 in., steel shim 
stock. (After ref. 5.15) 



Figure 5.44. — Comparison of theoretical and experi- 
mental frequencies for an SD-SD conical shell; a = 
45.1°, s 2 = 12.7 in., si = 5.61 in., 7i = 0.01 in., steel shim 
stock. (After ref. 5.15) 

Axisymmetric inodes were investigated by 
Hartung and Loden (ref. 5.24) using a finite 
element representation. Extensive numerical 
values of frequency parameters were plotted for 
« = 5°, 45°, 60°, and 84° with R/h = 20 and 500 
{R = ( Ri-\-R?) /2 ). 

Axisymmetric modes were also examined in 
references 5.6 and 5.36. Finite differences were 
used in reference 5.25. Considerable information 
on the free vibrations of SD-SD conical shells is 
available in reference 5.37. Other works dealing 
with this problem include references 5.3, 5.23, 
and 5.38 through 5.52. 

5.3.4 Clamped-Free 

The case of a conical shell clamped at one end 


and free at the other has received much treat- 
ment in the literature because of its widespread 
use in such practical designs as loudspeaker cones 
(cf., ref. 5.17, 5.53, and 5.54). This practical 
application also accounts for the fact that the 
majority of the references deal with the instance 
where the small end is the clamped one and the 
large end is free. Assuming this case, the boundary 
conditions are 

dw 

u=v = w = — = 0 at s — Si (5.44a) 

ds 

N, = S,e = V, = M s = 0 at s = s 2 (5.44b) 

(see sec. 5.2.3 for elaboration on free edge bound- 
ary conditions). 

Dreher (ref. 5.11) used the exact solution 
procedure described in section 5.2 involving 
expansion of the displacements in terms of power 
series to study the axisymmetric (n = 0) free 
vibrations. The Donnell-Mushtari shell theory 
was used. Frequency parameters 0 2 = cu 2 r 2 2 p/i? 
were obtained for the first four axisymmetric 
modes for r = 0.3 and over a wide range of the 
stiffness parameter K = 12(1 — r 2 ) (r 2 /h) 2 /tan 2 a. 
Numerical results for si/s 2 = 0.1, 0.2, 0.3, 0.4, and 
0.5 are given in figure 5.45 (s = s x is clamped, and 
s = s 2 is free). The lowest axisymmetric frequency 
is given in figure 5.46 for 0.1<si/s 2 <0.8. Note 
that for the choice of stiffness parameter K, 0 
does not depend explicitly upon a. For compari- 
son, results were also obtained in reference 5.11 
using Kalnins’ (ref. 5.14) numerical integration 
scheme for shells of revolution. Differences 
between the values of 0 computed by the two 
methods were all found to be less than 1 percent. 

The power series method was also used by 
Goldberg (ref. 5.55) for axisymmetric problems. 
Numerical results were found for a particular 
clamped-free shell having a = 60°, /i = 0.025 in., 
E = 150,000 psi, v = 0.25, p = 3 X 10- 5 in. sec 2 /in. 4 , 
Ei = 2 in. (clamped), and R 2 = 5 in. (free). The 
first three frequencies and mode shapes obtained 
are exhibited in figure 5.47 where the amplitudes 
are normalized with respect to the free end merid- 
ional displacement of the shell. These data were 
also subsequently checked by a numerical integra- 
tion method in references 5.56 and 5.57, yielding 
frequencies of 1072, 1315, and 1611 cps, com- 
pared with the frequencies of 1071, 1315, and 


=u^r 2 2 p/E 
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Figure 5.45. — -Frequency parameter S2 2 versus stiffness parameter K for the axisymmetric (n = 0) modes of a clamped- 
free conical shell (After ref. 5.11). (a) si/s 2 = 0.1. (b) Si/s2 = 0.2. (e) si/s2 = 0.3. (d) si/s2 = 0.4. (e) si/s 2 = 0.5. 
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Figure 5.45. — Concluded. 



Figure 5.46. — Axisymmetric frequency parameters of 
clamped-free conical shells for various S 1 /S 2 ratios. 
(After ref. 5.11) 
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INNER EDGE OUTER EDGE 




Figure 5.47. — Lowest three frequencies and mode shapes 
for the axisymmetric (n = 0) modes of a clamped-free 
conical shell; a = 60°. (After ref. 5.55) (a) / = 1071 cps. 
(b)/=1315 cps. (c)/ = 1610 cps. 
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1610 cps given in figure 5.47. Kalnins (ref. 5.14) 
subsequently used his numerical integration 
method to duplicate these frequencies within 
0.1 percent accuracy. He also duplicated the 
mode shapes for all practical purposes. 

The meridional axisymmetric modes of 
clamped-free shells having either the small or 
large end clamped were investigated by Keefe 
(ref. 5.21), resulting in the following character- 
istic equation when the small end is fixed 

J 0 O 7 O 2 ) Y 1 (^ 2 ) = J 1 (^ 2 ) Y 0 ( 5702 ) (5.45a) 

and when the small end is free 

J To(02) = </ 0 ( 112 ) Y 1 ( 71 ^ 2 ) (5.45b) 

(see discussion in sec. 5.3.1). The first four roots 
of equations (5.45a) and (5.45b) are plotted 
versus the ratio R 1 /R 2 in figures 5.48 and 5.49, 
respectively. 

The axisymmetric free vibrations of clamped- 
free conical shells were also analyzed in references 
5.24, 5.54, 5.58, 5.59, and 5.60. 

The general modes of clamped-free shells were 
investigated by Platus (refs. 5.61, 5.62, and 5.63). 
The procedure followed was similar to that of 
Saunders, Wisniewski, and Paslay (ref. 5.26), 
whereby the extensional (membrane) and inex- 



Figure 5.48. — Frequency parameters for the axisymmet- 
ric meridional motion of a clamped-free ( small end 
clamped) conical shell. (After ref. 5.21) 


tensional frequency parameters are determined 
separately and are simply added to obtain an 
approximation for the true frequency parameters ; 
i.e., 

05 2 =(0 6 2 )s + (0 5 2 )r (5.46) 

where 0 5 is defined by 

<6 ' 47) 

and (fl 5 )e and ( 0 5 )j- are the corresponding exten- 
sional and inextensional frequency parameters, 
respectively. This approximation is based upon 
the postulate that the kinetic energy is approxi- 
mately the same for the extensional and inex- 
tensional cases (i.e., the mode shapes are 
approximately the same). Hence, because the 
total strain energy is the sum of the exten- 
sional and inextensional components, Rayleigh’s 
Quotient yields equation (5.46). 

The inextensional vibrations are characterized 
by the condition that the middle surface strains 
are zero; i.e., 

e„ = = e „9 = e 0 S = 0 (5.48) 

By choosing displacement functions u n , v n , and 
w n for equations (5.14) in the form 



Figure 5.49. — Frequency parameters for the axisymmet- 
ric meridional motion of a clamped-free ( large end 
clamped) conical shell. (After ref. 5.21) 
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R\ COS a 



Ri sin a. cos a 



(5.49) 


where xi is measured from the smaller end of the 
shell as shown in figure 5.2, equations (5.48) are 
satisfied, in addition to the clamped edge condi- 
tion, w = 0 at ,x'i = 0 (ref. 5.61). However, the 
other three boundary conditions of the clamped 
edge given in equations (5.44a) are not satisfied. 
Using equations (5.49), and equating the maxi- 
mum potential and kinetic energies gives for the 
inextensional frequency (ref. 5.61) 


n(n 2 -l)hr E K i] 1 ' 2 

2 RS cos a|_ 3p(l — v 2 ) K 2 \ 


(5.50) 


where 




lnA 3 -— (A 3 -l) 
rv 3 


( sin 2 (A 
n 2 / 


(K 3 *-l) (l-y)K t *-l) sin 2 a 


K, 


U<«.--i)(i 


r 


n 2 A 3 2 
. tan 2 a 


cos' a 


;(^3 3 -l) 


(5.51a) 

— 2 tan 2 

— tan 2 a ) 


cos' a 


1. 


+-(^3 4 -l) 


O-^X 


K 3 = I+77 tan a 
R\ 


(5.51b) 

(5.51c) 


As shown in equation (5.50) the inextensional 
frequencies are directly proportional to the shell 
thickness and approximately inversely propor- 
tional to the square of the radius. 

Equation (5.50) was evaluated in reference 
5.61 for a =0° (cylinder), 15°, and 30° and for 
l/Ri = 2, 4, and 6. The results are presented in 
figure 5.50 in terms of the nondimensional fre- 
quency parameter 0 6 2 , where 


fi 6 =c (5 ’ 52) 

The extensional (membrane) vibrations were 
analyzed in reference 5.61 by assuming poly- 
nomial forms for the displacements in terms of 
the coordinate xi, 


N + 1 



t = 2 


to use in equations (5.14), where the A,-, B { , and 
Ci are undetermined coefficients to be selected by 
the Ritz procedure. As shown in figure 5.51 all 
inertia terms were retained and results were 
obtained to complement the previously given 
inextensional results. The dependence of fre- 
quency upon the number of terms N retained in 
each of the polynomials (5.53) is exhibited in 
table 5.10. The value of N was taken at six for 
the results shown in figures 5.51. The coefficients 
of the characteristic determinant resulting from 
taking N = 6 are given in detail in reference 5.63. 

In reference 5.61 vibration frequencies were 
also obtained experimentally for three clamped- 
free conical shells and compared with results 
derived from the superposition of extensional and 
inextensional theoretical frequencies, as in equa- 
tion (5.46). These comparisons are made in figure 
5.52. Figure 5.52(a) and (b) illustrate the effect 
of shell thickness on the location of the minimum 
frequency. Because only the shell thickness is 
different between the two figures, the extensional 
frequencies are the same, whereas the inexten- 
sional frequencies are 60 percent lower for 
h = 0.006 in. This shifts the minimum frequency 
to a higher circumferential wave number n for 
the thinner shell. 

An earlier paper using a procedure similar to 
that of references 5.61, 5.62, and 5.63 was written 
by Saunders, Wisniewski, and Paslay (ref. 5.26). 
However, in the latter reference the assumed 
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Figure 5.50. — Inextensional frequency parameters for 
clamped-free conical shells. (After ref. 5.61) (a) l/Ri = 
2. (b) Z/fJi = 4. (c) l/Rt = 6. 
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Figure 5.51. — Extensional (membrane) frequency pa- 
rameters for clamped-free conical shells. (After ref. 
5.61) (a) l/Ri*=2. (b) l/Ri = i. (c) l/R 2 = 6. 


CONICAL SHELLS 


367 



Figure 5.52. — Comparison of experimental and theo- 
retical cyclic frequencies for a clamped-free conical 
shell. (After ref. 5.61) (a) h = 0.006 in. (b) h = 0.010 in. 
(c) h = 0.026 in. 
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Table 5.10 . — Dependence of Frequency Parameter w^Fp^l — v^/RFE Upon 
Number of Terms (N) Retained in Displacement Polynomials (5.53) 


l 

n 

N 

a, degrees 

Ri 

0 

20 

40 





3 

0.31007 

0.16353 

0.054484 


i 

4 

.30740 

. 16202 

.053756 



5 

.30632 

.16138 

.053439 

1 


6 

.30576 

.16105 

.053361 


3 

5. 2357X10-“ 

3.4466X10-“ 

1.0327X10"“ 


12 

4 

5 

6 

5.1130X10-“ 

5.0854X10““ 

5.0587X10-“ 

3.2524X10-“ 

3.2150X10-“ 

3.1909X10““ 




3 

3.2163 

1.2158 

.31436 


1 

4 

3.1004 

1.1118 

.27314 



5 

3.0518 

1 . 0721 

.25627 

4 


6 

3 . 0245 

1 . 0533 

.24824 


3 

5.4981X10-“ 

4.2593X10-“ 

1.9230X10"“ 



12 

4 

5.4271X10-“ 

3.2717X10-“ 

1.0826X10““ 



5 

6 

5.4093X10““ 

5.4001X10-“ 

3.1385X10-“ 

3.1129X10-“ 

• 



3 

5.2343 

2.9482 

.92050 


1 

4 

5.1006 

2.1900 

.61074 



5 

5.0611 

1.9279 

.48824 

10 


6 

5.0275 

1.8105 

.43014 


3 

5.5106X10-“ 

7.4946X10-“ 

5.6632X10-“ 



12 

4 

5.4483X10-“ 

3.9215X10““ 

2.1094X10““ 



5 

5.4261X10-“ 

3.1483X10-“ 

1.2701X10-“ 



6 

5.4162X10"“ 

2.9396X10““ 



mode shapes were chosen with less sophistication 
and few numerical results were presented for 
clamped-free shells. 

The theoretical methods of references 5.61, 
5.62, and 5.63 were also compared with experi- 
ment by Watkins and Clary (refs. 5.64 and 5.65) 
for clamped-free shells (small end clamped) hav- 
ing a =3.2°, 7.4°, 14.0°, and 24.0°; Z/#i = 3.0 (see 
fig. 5.2); h = 0.007 in.; and i?i = 14 in. This com- 
parison is seen in figure 5.53. Comparison with 
theoretical results for an “equivalent” cir- 
cular cylindrical shell (i.e., having a radius 
R = (Ri+Ri)/2) is available in figure 5.54. 
Observe here that the equivalent cylindrical shell 
model is highly inaccurate except for very small 
apex half-angles (i.e., a = 3.2°). 

Weingarten (ref. 5.31) made experimental 
investigations of clamped-free conical shells hav- 


ing either the large end or the small end clamped. 
Frequencies for a steel shell having a = 20°, 
s 2 — Si = 8.25 in., and /i = 0.40 in. can be compared 
between the two cases in table 5.11 for longitudi- 
nal half-wave numbers m of 1 and 2, although the 
radius at the small end B\ was apparently dif- 
ferent in the two cases, according to reference 
5.31. Comparing the two cases when either the 
large end or the small end is clamped, the follow- 
ing observations can be made from table 5.11: 

(1) Clamping the large radius provides more 
constraint (higher frequencies) than clamping the 
small end. 

(2) This difference becomes less important as 
m increases. 

An extensive numerical study of the clamped- 
free (small end clamped) conical shell having an 
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NUMBER OF CIRCUMFERENTIAL WAVES, n 

Figure 5.53. — Comparison of theoretical and experi- 
mental frequency parameters for a clamped-free 
conical shell. (After ref. 5.64) 


Table 5.11. — Experimental Frequencies for a 
Clamped-free Conical Shell ( dimensions given 
in text) 



m 

= 1 

771 

= 2 

n 

Large 
radius 
clamped 0 

Small 
radius 
clamped b 

Large 
radius 
clamped ° 

Small 
radius 
clamped h 

2 

421 




3 

« 459-623 

272 

2078 


4 

878 

342 

1658 

1328 

5 

1096 

487 

1814 

1171 

6 

1287 

667 

2133 


7 

1530 

873 

2415 

1533 

8 

1829 

1106 

2695 

1841 

9 

2172 

« 1376-1379 

3005 

2192 

10 

2551 

1681 



11 

3775 






° Ri =2.0 in. 
b ft! =2.13 in. 

0 Two values listed in reference 5.31. 



THEORYIEQUIV. 

CYU 


Figure 5.54. — Comparison of calculated “equivalent 
circular cylindrical shell” frequency parameters with 
experiment for a clamped-free conical shell. (After ref. 
5.64) 


apex half-angle of a =60°, s 2 — Si = 24.3 in., 
h = 0.025 in., i? = 10X10 6 psi., v = 0.315, and 
p = 2.54X10 -4 lb-sec 2 /in 4 was made by Adelman, 
Catherines, and Walton (ref. 5.66) using the 
finite element method. The meridional length 
was divided into 10 finite shell elements. Mode 
shapes for each of the three frequencies arising 
for n = 2 and m = 2, 3, 4, 5, 6 are depicted in 
figures 5.55, 5.56, and 5.57, respectively, where 


the abscissa is normalized to (s — si)/(s 2 — Si) and 
the normalized amplitudes u/u m ax , v/v max , and 
w/w ! nax are plotted. 

The free vibrations of clamped-free conical 
shells were also analyzed by the finite element 
method in reference 5.67. The finite difference 
method was used in references 5.25 and 5.68. 

Various types of boundary conditions repre- 
senting clamped-free edges, but differing slightly 
from those of equations (5.44) are used in the 
free vibration problem in reference 5.69. This 
analysis will be discussed in section 5.3.7. 

Other works dealing with the free vibrations 
of clamped-free conical shells include references 
5.22, 5.23, 5.53, 5.70, 5.71, and 5.72. 

5.3.5 Shear Diaphragm-Free 

The boundary conditions for a conical shell 
supported by a shear diaphragm at the small end 
(for example) and free at the large end are 

N s =v = w = M s = 0 at s = si (5.54a) 

N s = Sso = V 3 = M„ = 0 at s = s 2 (5.54b) 

Little data exist in the literature dealing with 
the free vibrations of SD-free conical shells. 

This problem has received historical attention 
in the development and the application of the 
inextensional theory. Strutt (ref. 5.72) applied 


370 


VIBRATION OF SHELLS 




Figure 5.55. — Mode shapes for the lowest frequency of a 
clamped-free conical shell; a =60°, n-2. (After ref. 
5.66) (a) m = 2. (b) m = 3. (c) m = 4. (d) m = 5. (e) m— 6. 




Figure 5.56. — Mode shapes for the second frequency of a 
clamped-free conical shell; a =60°, n = 2. (After ref. 
5.66) (a) m = 2. (b)m=3. (c)m=4. (d)m = 5. (e)w= 6. 
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Figure 5.57. — Mode shapes for the highest frequency of a 
clamped-free conical shell; a =60°, n—2. (After ref. 
5.66) (a) m= 2. (b) m = 4. (c) m = 5. (d) m = 6. 
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Rayleigh’s (ref. 5.73) inextensional theory to ob- 
tain theoretical results. At the same time (1933), 
Van Urk and Hut (ref. 5.74) conducted experi- 
ments in a conical shell having the same bound- 
ary conditions. Federhofer (ref. 5.10) also 
analyzed the problem using the inextensional 
theory. 

One of the principal difficulties with the inex- 
tensional theory is that of the two restraint con- 
ditions at the SD end, only w = 0 is satisfied, 
whereas v = 0 is not satisfied. This can cause 
considerable error in results, particularly for 
small circumferential wave numbers. 

The use of inextensional theory for part of the 
analysis was demonstrated in section 5.3.4. Thus, 
equation (5.50) can be used directly for the 
SD-free shell, particularly for large values of n. 

Van Urk and Hut (ref. 5.74) conducted two 
sets of experiments. For both sets the outer 
radius (Ri = 8.80 cm.) and the apex half-angle 
(a = 57.5°) were kept constant. In the first set 
the inner radius was fixed at R 2 = 2.45 cm. and 
frequencies were measured for shell thicknesses 
of h = 0.020, 0.0114, 0.0078, 0.0064, and 0.0042 
cm. as shown by the dashed lines in figure 5.58. 
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Figure 5.59. — Frequencies for SD-free conical 
shells (dimensions in text). (After ref. 5.74) 



Figure 5.58. — Frequencies for SD-free conical 
shells (dimensions in text). (After ref. 5.74) 


The solid lines in figure 5.58 show the calculated 
values of the frequency according to the inex- 
tensional theory. In the second set of experi- 
ments, h was kept at 0.0114 cm. and results were 
obtained for shells having Ri = 0, 2.45, 3.9, and 
5.3 cm. These are depicted in figure 5.59. 

Weingarten and Gelman (ref. 5.69) used the 
Sanders shell equations in finite difference form 
and showed the variation in the longitudinal 
mode shapes with n for the SD-free shell. The 
change in normalized displacements u, v, and w 
as n increases from 2 to 4 is seen in figure 5.60 
for the case when the small end is free and the 
large end is supported by a shear diaphragm. 
The mode shapes for n — 2 essentially duplicate 
the inextensional theory. The change in mode 
shape for w for l<n<10 is depicted in figure 
5.61. Unfortunately, the dimensions of the shells 
upon which figures 5.60 and 5.61 are based are 
not given in reference 5.69. Note that a mode 
shape is shown in figure 5.61 for n= 1, and that 
it corresponds to m = 2. 

Free vibrations of SD-free conical shells are 
also discussed in reference 5.31. 
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FREE END HINGED END 


Figure 5.60. — Comparison of mode shapes for an 
SD-free oonical shell. (After ref. 5.69) 



Figure 5.61.- — -Normal displacement mode shapes 
for an SD-free conical shell. (After ref. 5.69) 


5.3.6 Free-Free 

The boundary conditions for this case are 
N, = S s e=V, = M a = 0 at s = s u s 2 (5.55) 

This problem has received long and care- 
ful attention in the literature of shell vibra- 
tions. Rayleigh (refs. 5.73 and 5.75) in 1881 
demonstrated his inextensional shell theory on 
this example. Strutt (ref. 5.72) in 1933 and 
Federhofer (ref. 5.10) in 1938 also analyzed 
this case with the inextensional theory. Sub- 
sequent writers have used inextensional, mem- 
brane, and bending theories to analyze this 
problem, as will be seen below. The inextensional 
theory of shells is particularly applicable for 
this case because, as in the case of the cylindrical 


shell, the middle surface of a conical shell having 
both ends free is mathematically capable of 
deforming inextensionally. 

Hu, Gormley, and Lindholm (ref. 5.76) used 
the inextensional displacement functions 

u n = A sin a cos a 

A+B-)n cos a 

s 2 / (5.56) 

w n = \ A(n 2 — sin 2 a)+Bn 2 — 

L s 2 J, 

to define the longitudinal variation in equations 
(5.14). The Ritz method was used to arrive at the 
characteristic equation 

(C11C22 — Ci 2 2 )fi 7 4 — (ciid 2 2 +C 2 2 dii — 2ci 2 di 2 )£V 

+ (dnd 2 2-di2 2 )=0 (5.57) 



where fi 7 2 is the nondimensional frequency 
parameter defined by 


u 2 R 2 2 ph (n 2 + cos 2 a) 
D n 2 (n 2 — l) 2 


(5.58) 


D is the flexural rigidity (D =Eh 3 / 12(1 — if 2 )), and 
c (2n 2 — 1) sin 2 a ll" /sA 2 1 

11 2 L 7i 2 (n 2 +cos 2 a) J|_ \s 2 / 



d 22 = log — 

Sl 


(see figs. 5.1 and 5.2 for the dimensions used 
above). 

Extensive tabular results were given in refer- 
ence 5.76 for the two roots & 7 2 (which are both 
positive) arising from solving equation (5.57). 
The parameters Sl 7 are repeated in table 5.12. 
The frequency parameter fi 7 depends mainly upon 
si/s 2 and becomes independent of a and n for 
large values of n. However, the inextensional 
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Table 5.12. — Inextensional Frequency Parameters 0 7 ( Defined by Eq. (5.58)) for Free-Free Conical Shells 


a, degree 


15 

30 

45 

60 

75 

90 

2.14 

14.6 

2.22 

26.1 

2.29 

28.9 

2.35 

33.3 

2.38 

38.9 

2.39 

42.1 

1.79 

10.5 

1.88 

11.5 

1.95 

13.2 

2.00 

15.6 

2.01 

18.7 

2.02 

20.5 

1.60 

6.25 

1.71 

7.09 

1.77 

8.37 

1.80 

10.2 

1.80 

12.6 

1.80 

14.1 

1.49 

4.30 

1.59 

5.11 

1.64 

6.24 

1.65 

7.85 

1.64 

10.1 

1.64 

11.5 

1.41 

3.26 

1.50 

4.10 

1.52 

5.16 

1.52 

6.68 

1.50 

8.96 

1.50 

10.6 

1.36 

2.69 

1.41 

3.59 

1.41 

4.60 

1.39 

6.07 

1.37 

8.64 

1.37 

11.0 

1.29 

2.45 

1.31 

3.37 

1.29 

4.28 

1.27 

5.75 

1.25 

8.82 

1.24 

12.6 

1.20 

2.51 

1.20 

3.29 

1.17 

4.06 

1.15 

5.50 

1.13 

9.25 

1.13 

17.0 

1.10 

2.73 

1.09 

3.18 

1.06 

3.81 

1.04 

5.19 

1.02 

9.46 

1.02 

31.5 

2.12 

24.4 

2.16 

25.4 

2.20 

26.9 

2.24 

28.8 

2.26 

30.4 

2.27 

31.1 

1.76 

10.4 

1.81 

11.0 

1.87 

11.9 

1.90 

13.0 

1.93 

13.9 

1.93 

14.3 

1.57 

6.12 

1.63 

6.62 

1.69 

7.36 

1.73 

8.21 

1.75 

8.95 

1.75 

9.26 

1.45 

4.16 

1.52 

4.65 

1.58 

5.36 

1.61 

6.15 

1.62 

6.85 

1.62 

7.15 

1.36 

3.09 

1.45 

3.65 

1.49 

4.39 

1.51 

5.22 

1.51 

5.96 

1.51 

6.28 

1.31 

2.48 

1.38 

3.17 

1.40 

4.01 

1.41 

4.94 

1.40 

5.81 

1.40 

6.22 

1.26 

2.18 

1.30 

3.09 

1.30 

4.07 

1.30 

5.17 

1.29 

6.36 

1.29 

6.99 

1.20 

2.26 

1.20 

3.41 

1.19 

4.50 

1.18 

5.90 

1.18 

7.89 

1.17 

9.26 

1.10 

2.96 

1.09 

4.05 

1.08 

5.09 

1.07 

6.93 

1.07 

11.1 

1.06 

17.0 

2.11 

24.3 

2.13 

24.9 

2.16 

25.8 

2.19 

26.8 

2.21 

27.6 

2.21 

27.9 

1.76 

10.3 

1.79 

10.7 

1.82 

11.2 

1.85 

11.8 

1.87 

12.3 

1.87 

12.4 

1.56 

6.05 

1.60 

6.36 

1.64 

6.80 

1.67 

7.27 

1.69 

7.64 

1.70 

7.78 

1.43 

4.09 

1.48 

4.39 

1.53 

4.82 

1.57 

5.27 

1.58 

5.63 

1.59 

5.77 

1.34 

3.01 

1.41 

3.35 

1.46 

3.83 

1.48 

4.32 

1.49 

4.70 

1.50 

4.85 

1.28 

2.36 

1.35 

2.82 

1.39 

3.40 

1.40 

3.98 

1.40 

4.44 

1.40 

4.62 

1.24 

2.01 

1.29 

2.68 

1.30 

3.44 

1.30 

4.18 

1.30 

4.79 

1.30 

5.04 

1.19 

1.98 

1.20 

3.02 

1.20 

4.05 

1.20 

5.10 

1.19 

6.09 

1.19 

6.56 

1.10 

2.72 

1.10 

4.22 

1.09 

5.55 

1.09 

7.32 

1.08 

9.97 

1.08 

11.9 

2.11 

24.2 

2.12 

24.6 

2.14 

25.2 

2.16 

25.8 

2.17 

26.3 

2.18 

26.5 

1.75 

10.3 

1.77 

10.5 

1.80 

10.9 

1.82 

11.2 

1.83 

11.5 

1.84 

11.6 

1.55 

6.02 

1.58 

6.22 

1.61 

6.50 

1.64 

6.80 

1.66 

7.03 

1.66 

7.12 

1.42 

4.05 

1.46 

4.25 

1.50 

4.53 

1.53 

4.82 

1.55 

5.04 

1.55 

5.13 

1.33 

2.96 

1.38 

3.19 

1.43 

3.51 

1.45 

3.83 

1.47 

4.08 

1.47 

4.17 

1.26 

2.31 

1.33 

2.61 

1.37 

3.02 

1.39 

3.42 

1.39 

3.71 

1.40 

3.82 

1.22 

1.91 

1.28 

2.39 

1.30 

2.96 

1.30 

3.50 

1.30 

3.89 

1.30 

4.04 

1.18 

1.80 

1.20 

2.63 

1.20 

3.50 

1.20 

4.28 

1.20 

4.90 

1.20 

5.15 

1.10 

2.40 

1.10 

3.95 

1.10 

5.32 

1.09 

6.81 

1.09 

8.42 

1.09 

9.26 
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Table 5.12. — Inextensional Frequency Parameters S2 7 ( Defined by Eq. (5.58)) for Free-Free Conical Shells — Concluded 


n 

Sl 

a , degree 

$2 

15 

30 

45 

60 

75 

90 


0.1 

2 

11 

24 

2 

2 

12 

24.5 

2 

13 

25 

3 

2 

14 

25 

3 

2 

15 

25 

6 

2 

16 

25.7 


.2 

1 

75 

10 

3 

1 

76 

10.4 

1 

78 

10 

7 

1 

80 

10 

9 

1 

81 

11 

1 

1 

81 

11.2 


.3 

1 

55 

5 

99 

1 

57 

6.14 

1 

59 

6 

34 

1 

62 

6 

54 

1 

63 

6 

70 

1 

63 

6.76 


.4 

1 

42 

4 

03 

1 

45 

4.17 

1 

48 

4 

37 

1 

50 

4 

57 

1 

52 

4 

72 

1 

52 

4.78 

6 

.5 

1 

32 

2 

94 

1 

36 

3.10 

1 

40 

3 

33 

1 

43 

3 

55 

1 

44 

3 

72 

1 

45 

3.78 


.6 

1 

25 

2 

27 

1 

31 

2.49 

1 

35 

2 

78 

1 

37 

3 

07 

1 

38 

3 

28 

1 

38 

3.36 


.7 

1 

20 

1 

86 

1 

26 

2.21 

1 

29 

2 

64 

1 

30 

3 

05 

1 

30 

3 

34 

1 

30 

3.44 


.8 

1 

17 

1 

69 

1 

20 

2.35 

1 

20 

3 

05 

1 

20 

3 

67 

1 

20 

4 

12 

1 

20 

4.29 


.9 

1 

10 

2 

14 

1 

10 

3.56 

1 

10 

4 

85 

1 

10 

6 

07 

1 

09 

7 

14 

1 

09 

7.61 


.1 

2 

11 

24 

2 

2 

11 

24.4 

2 

12 

24 

7 

2 

13 

25 

0 

2 

14 

25 

2 

2 

14 

25.3 


.2 

1 

75 

10 

3 

1 

76 

10.4 

1 

77 

10 

6 

1 

78 

10 

7 
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theory becomes highly inaccurate for large n. 
The location of the nodal circle (i.e., where 
w = 0) for a particular frequency parameter fi 7 is 
given by (ref. 5.76) 


( sin 2 a. 

— r- 
n 2 


X fi7 2 ci2— 

dn) 


(5.60) 


Calculations for fiee-free shells were also made 
by Hu (ref. 5.29) by means of the membrane 
theory. The Galerkin procedure was used with 
solution functions in terms of trigonometric 
functions of s leading to an infinite determinant, 
the elements of which are given in detail in 
reference 5.29. Extensive results were obtained 
with truncated determinants retaining 11 terms. 
Figure 5.62 shows the dependency of the fre- 
quency parameter ft* =coE 2 V / p(l — v 2 )/E upon 
the semivertex angle a for axisymmetric modes 
(n = 0) and for s 2 /si = 2.0. It was found that, for 
a> 15° the frequencies appear as two groups, cor- 


responding to longitudinal and transverse modes, 
with the frequencies of the longitudinal modes 
always being greater than those of the transverse 
modes. However, for a <15° the modes are cou- 
pled. Figure 5.63 describes similar results for 
s 2 / si = 4.0, for which strong coupling of modes 
occurs for 0<a<45°. 

Note in figures 5.62 and 5.63 that, while the 
frequency parameters of longitudinal modes 
extend to infinity, those of transverse modes are 
spaced in a finite interval shown by the shaded 
region. This result is the limiting case when the 
shell thickness tends to zero, as required for 
membrane theory. For real shells with finite 
bending rigidity, the frequencies of higher trans- 
verse modes are expected to be significantly 
increased. The curves labeled “R” in figures 5.62 
and 5.63 are the so-called “ring modes.” For 
this type of mode the entire shell vibrates with- 
out a nodal circle and uniform circumferential 




Figure 5.62. — Membrane frequency parameters for axi- 
symmetric («=0) modes of free-free conical shells; 
s 2 /si =2.0. (After ref. 5.29) 


Figure 5.63. — Membrane frequency parameters for axi- 
symmetric (?i = 0) modes of free-free conical shells; 
s 2 /si=4.0. (After ref. 5.29) 


CONICAL SHELLS 


377 


(or "hoop”) stress is the predominant type of 
membrane stress present. 

Dependence of the frequency parameter upon 
the length ratio s 2 /si is shown in figure 5.64 for 
a = 15°. Extensive results are also available in 
reference 5.29 shoving the variation of the mem- 
brane force resultants with s while executing free 
vibration modes. 

Hu, Gormley, and Lindholm (refs. 5.76 and 
5.77) also made experimental measurements of 
frequencies of free-free conical shells made of 
0.010 in. steel shimstock. Data were taken on 
four experimental models as described by table 
5.13. Variation of the frequency with the circurn- 


Table 5.13 . — Dimensions of Four Shell Models 


Model 

number 

Oi) 

degrees 

51 

52 

h 

Ri 

Ri, 

in. 

1 

14.2 

2.23 

0.00166 

6.07 

2 

30.2 

2.27 

.00127 

7.95 

3 

45.1 

2.25 

.00112 

8.96 

4 

60.5 

2.25 

.00101 

10.00 



s 2 /s. 


Figure 5.64. — -Membrane frequency parameters for axi- 
symmetric (« = 0) modes of free-free conical shells; 
a = 15°. (After ref. 5.29) 


ferential wave number n is shown by the data 
points of figures 5.65 for the four models. For 
m = 1 the experimental data points form a smooth 
curve which is essentially parabolic in shape. 
However, the curves for m = 2 and m = 3 are more 
complicated in shape. 

In addition, the following semiempirical for- 
mula for frequency parameters was derived 
in reference 5.76 based upon inextensional 
deformation: 


U* = Vk^~=^r(?i+l~4:sm— \ (5.61) 

vV+l\ 2/ 


where k = h 2 /12Ri 2 . Frequencies obtained from 
equation (5.61) are also plotted in figures 5.65 as 
solid curves, yielding excellent agreement with 
the experiment. 

Experimental mode shapes for the four models 
of table 5.13 were also measured in references 5.76 
and 5.77. Because the mode shapes for the four 
shells were similar, only the results for model 
2 (a = 45.1°) were presented. Circumferential 
mode shapes were found to vary sinusoidally, as 
predicted by theory. Figure 5.66 and 5.67 show 
the normalized transverse mode shapes along a 
generator for m = 1 and 2, respectively. In figure 
5.66 the transverse displacement is essentially 
linear for n = 2 to 10, as assumed by Rayleigh’s 
inextensional theory. The nodal circle is near the 
small end of the conical shell for small values of n, 
but gradually shifts towards the middle as n in- 
creases. However, as n increases from 10 to 12, a 
drastic change in the mode shape occurs. The 
generator changes to a curved form with de- 
creased motion near the smaller end of the shell. 

In figure 5.67 a similar mapping of mode 
shapes is shown for m = 2. Note that the number 
of nodal circles does not increase from one to two, 
as might be expected. Rather, the mode shapes 
resemble those of figure 5.66, except that the 
nodal circles now occur nearer the large end of 
the shell. Again, in the vicinity of n = 10 to 12 
the generator begins to deviate from a nearly 
straight line into a reverse curve. This transition 
is reflected on the frequency plots of figure 
5.65(c) where the slope of the Q*-n curve 
abruptly changes. This indicates that the new 
mode shape formed during this transition has a 
slightly lower energy level than the corresponding 
inextensional modes. 
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Figure 5.65. — Experimentally determined frequencies for free-free conical shells. (After ref. 5.77) 
(a) Model 1, a = 14.2°. (b) Model 2, <*=30.2°. (c) Model 3, a=45.1°. (d) Model 4, <*=60.5°. 
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Figure 5.66. — Normalized mode shapes for the trans- 
verse displacements of a free-free conical shell; m = 1. 
(After refs. 5.76 and 5.77) 


Figure 5.67. — Normalized mode shapes for the trans- 
verse displacements of a free-free conical shell; m = 2. 
(After refs. 5.76 and 5.77) 
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In 1964 Watkins and Clary (rsfs. 5.64 and 
5.65) presented the results of an experimental 
investigation on free-free conical shells which 
were the subject of considerable subsequent dis- 
cussion by other writers. Tests were conducted 
on four stainless steel models, described in table 
5.14, made with 5/32 in. overlapped, spotwelded, 
longitudinal seams. They found that at higher 
frequencies there were a greater number of cir- 
cumferential waves at the larger end than at the 
smaller end. The difference in the number of 
waves increases as the frequencies increased and 
also as the apex angle a increased. The difference 
ranged from one to five waves for the frequency 
range covered in the investigation, as shown in 
figure 5.68. 
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Table 5.14 . — Dimensions of Four Different Shell 
Models {see figs. 5.1 and 5.2) 


Model 

number 

degrees 

h, 

in. 

l, 

in. 

Rif 

in. 

Rif 

in. 
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0.007 

36 
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.007 
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Figure 5.68. — Experimental frequencies for free-free conical shells. (After ref. 5.64) (a) Model 1, a =3.2°. 
(b) Model 2, a =7.4°. (c) Model 3, a = 14.0°. (d) Model 4, a =24.0°. 
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Figure 5.69 shows typical nodal patterns ob- 
served for model 3 with six and eight circum- 
ferential waves at the smaller and larger ends, 
respectively. Two shakers tended to excite asym- 
metrical nodal patterns, while a nodal pattern 
from a single shaker tended to be symmetric, as 
shown. 

The behavior observed by Watkins and Clary 
was discussed by Hu (ref. 5.78) and by Koval 
(ref. 5.79). Hu thought that the difference in 
circumferential wave number at the two ends 
was due to the location of the shakers. Koval 



(a) Asymmetrical nodal pattern. 



(b) Symmetrical nodal pattern. 

Figure 5.69. — Typical nodal patterns as viewed along 
the longitudinal axis for model 3. (After ref. 5.64) 


suggested the anamoly might be the result of 
dynamic asymmetries due to the lap joint method 
of model fabrication. This problem received fur- 
ther study by Mixson (refs. 5.80, 5.81, and 5.82) 
who tested five additional shell models, three 
having butt-welded seams and two having lapped 
seams. He found that the location of the shaker 
did indeed cause mixed modes in some cases, but 
that the effect of seams was even more important. 
The method of suspension was also found to be 
significant in determining coupling between the 
modes having different circumferential wave 
numbers. 

Naumann (ref. 5.83) analyzed the free-free 
case using the Ritz method with power series in 
the meridional direction to approximate the 
mode shapes. Results were obtained for shells 
made of aluminum 0.0635 cm thick and having 
a = 60 o and Ri/R 2 = 1/8. These are depicted in 
figure 5.70, where the inextensional frequency is 
also shown. Corresponding mode shapes for the 



Figure 5.70. — Frequencies for free-free conical 
shells; a =60°, iJi/f ?2 = l/8. (After ref. 5.83) 


382 


VIBRATION OF SHELLS 


transverse deflection are displayed in figure 5.71. 
Frequencies for other R 1 /R 2 ratios are shown in 
figure 5.72. In reference 5.83 extensive numerical 
results were obtained for the experimental mod- 
els of references 5.64, 5.65, 5.76, 5.77, 5.80, 5.81, 
and 5.82 and the agreement obtained with the 
experimental results given in the above references 
is remarkably good. 

Another comprehensive study of the free vibra- 
tions of free-free conical shells was made by 
Krause (ref. 5.84). Analytical investigations were 
made using the Galerkin procedure with meridi- 
onal variations in the displacement functions 
taken as algebraic polynomials. Extensive com- 
parisons were made with references 5.64 and 
5.77. Of particular interest is the study made of 
the difference in circumferential wave number at 
the two ends found experimentally by Watkins 
and Clary (ref. 5.64) and discussed above. Ref- 
erence 5.84 shows that two analytical curves 



1 | | | | | 

0 0.2 0.4 0.6 0.8 1.0 
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Figure 5.71. — Mode shapes for transverse displacements 
of free-free conical shells; a =60°, Ri/R 2 = l/8. (After 
ref. 5.83) 


giving reasonably close agreement with the exper- 
imental results of reference 5.64 were obtained; 
however, one curve corresponded to modes hav- 
ing ra = 1 and the other to modes having m = 2. 
This is seen, for example, in figure 5.73 which 
corresponds to model 3 (a = 14.0°) (compare with 
fig. 5.68(c)). Thus, at a given frequency two 
modes can be excited having different values of 
m and n and it is hypothesized that the experi- 
mental results of reference 5.64 represent the 
coupling of two such modes. 

Other numerical results for the free vibrations 
of free-free conical shells were obtained by the 
finite element method in reference 5.66, using 
membrane theory in reference 5.58, and experi- 
mentally in reference 5.15. Axisymmetric merid- 
ional motion according to bar theory was 
hypothesized in reference 5.21. Other relevant 
investigations include references 5.3, 5.24, and 
5.85. 



Figure 5.72. — Effect of length ratio Ri/R 2 upon the 
frequencies of free-free conical shells; a = 60°. (After 
ref. 5.83) 


CONICAL SHELLS 


383 


I 



CIRCUMFERENTIAL WAVE NUMBER, n 

Figure 5.73. — Comparison of analytical and experi- 
mental data for free-free conical shells; a = 14.0°. (After 
ref. 5.84) 


5.3.7 Other Edge Conditions 

A study of the effect of various types of edge 
constraints upon the free vibration frequencies 
of frustums of conical shells was made by 
Weingarten and Gelman (ref. 5.69). The Sanders 
shell theory was used and sinusoidal variation of 
the displacement functions was assumed in the 
circumferential direction, as in equation (5.14). 
The resulting set of ordinary differential equa- 
tions in u n , v n , and w n was then cast into a finite 
difference format. Numerical studies were made 
on shells having boundaries which are either 
completely free or have various degrees of edge 
constraint as indicated in the five cases below: 

1. Ns = v = w = M s = 0 (SD) 

2. u=v = w = M s = 0 

3. N s = S s e = w = M s = 0 


4. u = Sso= : w = Ms = 0 

5. u = v = w = dw/ds = 0 (clamped) 

Variation of frequencies with circumferential 
wave number n is shown in figure 5.74 for shells 
having the same boundary conditions at each end. 
The numbers on the curves correspond to the 
cases listed above. In figure 5.75 frequencies are 
shown for shells having the large end free and the 
other boundary supported according to one of the 
five conditions listed. A similar plot is made in 
figure 5.76 for those cases having the small end 
free. The dimensions of the shell used for the 
theoretical study were not given in reference 5.69; 
however, comparison of the 1-1 (SD-SD) curve 
with a corresponding curve in reference 5.31 
indicates that the shell had a thickness of 
h = 0.040 in., the material was steel, and the 
other dimensions were: a = 20°, Ai = 2 in., 
s 2 — Si = 8-3/8 in. 

The effect of circumferential restraint v = 0 
upon the free vibrations of conical shells was 
studied by Seide (ref. 5.49) and Cohen (ref. 5.51). 
In reference 5.49 the Donnell equations were 
used, neglecting the effects of tangential inertia. 
Solution functions for the displacements were 
taken as trigonometric terms in the meridional 
direction, and the Galerkin procedure was used. 
Results were obtained for two shells having 
h = 0.020 in. and 0.040 in. The shells were made of 
steel and the other dimensions were: a = 20°, 
.Si = 2.13 in., and ff 2 = 4.86 in. Figure 5.77 shows 



CIRCUMFERENTIAL WAVES 

Figure 5.74. — Frequencies for conical shells having 
various types of symmetric edge constraints. (After 
ref. 5.69) 
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Figure 5.75. — Frequencies for conical shells having the 
large end free and various types of constraints on the 
other edge. (After ref. 5.69) 



Figure 5.76. — Frequencies for conical shells having the 
small end free and various types of constraints on the 
other edge. (After ref. 5.69) 


analytical and experimental frequencies for the 
0.020 in. thick shell having two types of boundary 
conditions — either S s e = 0 or v = 0 — on both ends 
of the shell. The other boundary conditions are 



Figure 5.77. — Effect of circumferential restraint (y = 0 
or S,g=0) upon frequencies of conical shells having 
N,=w=M,=0 at the boundaries; A = 0.020 in. (After 
ref. 5.49) 



Figure 5.78. — Effect of circumferential restraint (y=0 
or S,$ = 0) upon frequencies of conical shells having 
N,=w=M,=0 at the boundaries; A = 0.040 in. (After 
ref. 5.49) 


Ns = iv = M s = 0 for both cases. Figure 5.78 is the 
corresponding set of curves for A = 0.040 in. The 
circumferential restraint is very important. When 
n is equal to 2, for instance, the frequency for 
S s e = 0 is about half of the frequency for v—0. 
For n= 1, the ratio of the two is only about one- 
to-four. The normal displacement mode shapes 
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for small values of n are considerably different, 
as can be seen from the curves of figure 5.79. 

Cohen (ref. 5.51) also obtained numerical 
results for Seide’s shell model having h = 0.040 in. 
(described in the preceding paragraph). Results 
for frequencies and mode shapes of the first three 
modes arising for n = 1 and 2 are shown in figures 
5.80 and 5.81, respectively, for the case when 
Sso =0 on the edges. In table 5.15 the frequencies 
are compared for the cases when either S s e = 0 
or v = 0. The differences are attributed to two 
factors: 

(1) The Donnell-Mushtari shell equations, 
which give poor results for ?i = 1 and 2 (cf ., 
chapter 2), were used in reference 5.49. 

(2) Tangential inertia, which is very important 
for n = \ (cf., chapter 2), was neglected in refer- 
ence 5.49. 

A comparison of the effects of various types of 
boundary conditions was also made by Kolman 
(ref. 5.25). The Novozhilov shell equations were 
used and solved by the finite difference method. 
Frequencies were obtained for three shells having 
a = 30°, 45°, and 60° and all having s 2 /si = 5, 
R = (Ri+Rz)/2=0.01h, v =0.3, and having the 
following types of edge conditions : 



Figure 5.79.- — Effects of circumferential restraint (t> = 0) 
upon the normal displacement mode shapes of a conical 
shell. (After ref. 5.49) 


Table 5.15. — Comparison of Frequencies for 
Conical Shells With and Without Circumferen- 
tial Restraint; h = 0.0 40 in. 


Boundary 

n 

Frequency, cps 

Difference, % 

condition 

Ref. 5.51 

Ref. 5.49 



1091 

1555 

42.5 


1 

1364 

3077 

125.6 

O 

II 

CQ 


6212 

6781 

9.2 


1279 

1424 

11.3 



2 

2442 

2830 

15.9 



5259 

5566 

5.8 



4624 

5495 

18.8 


1 

4934 

6465 

31.0 

V =0 


6494 

7032 

8.3 


2433 

2744 

12.8 



2 

5096 

5344 

4.9 



6178 

6295 

1.9 


dw 

(1) u = v = w = — = 0 
ds 

at 

S=Si, 

s 2 

(2) u = v = w = M s =0 

at 

S=S 1 


dw 

u = v = w = — = 0 
ds 

at 

s=s 2 


(3) u = v = w = M e = 0 

at 

S = S1, 

S2 

0 

II 

II 

3 

II 

II 

3 

at 

S = S1 


O 

II 

II 

3 

II 

II 

at 

s = s 2 


(5) u=v = w = M s = 0 

at 

S = Si 


N s = Sso = w = M a = 0 

at 

s = s 2 


Minimum frequency parameters 



Os = a>S 2 J p( ' 1 " 

M E 

2 ) 



and the values of n at which they 

occur 

(in 

parentheses) are displayed in 

table 

5.16. 

The 


effects of lessening constraint as one moves from 
cases one to five is clearly seen in the table. 

In reference 5.3 a general procedure is exhib- 
ited which accommodates conical shells having 
arbitrary boundary conditions. A characteristic 
equation is obtained by the Ritz method and is 
explicitly presented. However, the coefficients of 
the characteristic determinant include 17 inte- 
grals involving the products of displacement 


386 


VIBRATION OF SHELLS 






fo) MERIDIONAL DISTANCE FROM SMALL END (ini 




( C ) MERIDIONAL DISTANCE FROM SMALL END ( in.) 


Figure 5.80. — Frequencies and mode shapes for conical 
shells having N, =S s g =w =M S =0 at both ends; n = 1. 
(After ref. 5.51) (a) m — 1. (b) m= 2. (c) m= 3. 


Figure 5.81. — Frequencies and mode shapes for conical 
shells having N s =S B e=w — M s = 0 at both ends; n= 2. 
(After ref. 5.51) (a) m = 1. (b) m = 2. (c) m= 3. 
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Table 5.16. — Frequency Parameters S2 8 = usp/ , p(1 — v 2 ) /E and the Values at Which 
They Occur (in Parentheses) for Conical Shells Having Various Boundary Conditions 



Type of boundary conditions 


1 

2 

3 

4 

5 

60° 

45° 

30° 

0.2829 (5) 
.3542 (5) 
.4092 (5) 

0.2821 (5) 
. 3536 (5) 
.4091 (5) 

0.2744 (5) 
.3494 (5) 
.4071 (5) 

0.2334 (5) 
. 2790 (5) 
. 3347 (4) 

0.1850 (4) 
. 2280 (4) 
.2613 (4) 


functions and their derivatives. No tabular 
values of the integrals are available, thus the 
results given are of limited usefulness. 

The “method of parallel springs” (see sec. 
5.2.1) was outlined in reference 5.5 for conical 
shells having arbitrary boundary conditions. A 
method based upon power series displacement 
functions is discussed in reference 5.86. 

Conical shells having elastic supports or rigid 
attached masses at an end are investigated in 
references 5.58, 5.71, 5.87, 5.88, and 5.89. Other 
literature dealing with conical shells having edge 
conditions not discussed in an earlier section 
includes references 5.27, 5.90, and 5.91. 

5.4 OPEN CONICAL SHELLS 

An open conical shell is depicted in figure 5.82. 
Strangely, no references have been found which 
deal explicitly with the free vibrations of such 
shells. 



Figure 5.82. — Open conical shell. 


However, useful information for open conical 
shells having lateral edges supported by shear 
diaphragms can be gleaned from the results of the 
previous sections in the same manner as for open 
circular cylindrical shells (see secs. 2.8.1 and 
2.8.2 for details). 


5.5 ANISOTROPY 

As in the case of circular cylindrical shells, no 
free vibration results are available for conical 
shells composed of materials having properties 
which possess general anisotropy. Rather, the 
few results which are available are for the special 
case of orthotropic materials. 

The equations of motion for orthotropic circu- 
lar conical shells are derived in the same manner 
as those for orthotropic circular cylindrical shells 
(see sec. 3.1.1). That is, the orthotropic force and 
moment resultant equations (3.4) through (3.7) 
are used with the equations of motion and gener- 
alized strain-displacement equations from chap- 
ter 1, where the shell coordinates a and /3 are 
replaced by s and 6 for conical shells, respectively, 
and where A, B, R a , and lip are given by equa- 
tions (5.1). The resulting sets of equations for the 
various shell theories are quite lengthy and will 
not be repeated here. The detailed equations of 
motion of a Donnell-Mushtari type shell theory 
can be found, for example, in references 5.92, 
5.93, and 5.94. The orthotropic form of the 
Novozhilov equations of motion in terms of 
displacements is found in detail in reference 5.95. 

Weingarten (ref. 5.93 and 5.96) used the 
Donnell-Mushtari theory, displacement func- 
tions in the form of power series, and the Galer- 
kin method to investigate conical shells which 
satisfy the boundary conditions 

w = M„ = 0 (5.62) 

at s = si, s 2 , but the usual shear diaphragm 
boundary conditions of v = N s = 0 are replaced 
by elastic support conditions. Numerical results 
for frequency parameters were obtained for 
shells having orthotropic elastic moduli ratios 
of Eg/E s = 0.02 and 50. Comparison was also 
made with an “equivalent” cylindrical shell (i.e., 
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one having a radius R equal to the average 
radius (Ri-\-Rf) /2 of the conical shell) as seen in 
table 5.17. The parameters of the shell described 
by table 5.17 are: a = 20°, Ri = 2.13 in., s 2 — Si = 8 
in., h = 0.02 in., and ve = 0. Note that the fre- 
quency parameter 12o> 2 p(l — v,ve)/h 2 E s has dimen- 
sions. Table 5.17 shows that the minimum 
frequency predictions of the equivalent cylin- 
drical shell for both values of Ee/E s are in good 
agreement with those of the conical shell, but 
that at either low or high values of n the cylin- 
drical representation is inadequate. Extensive 
results are also given in references 5.93 and 5.96 
for ring-stiffened conical shells and experimental 
data are compared with those computed from 
“equivalent orthotropic” analyses. 

Bacon and Bert (ref. 5.39) showed the effect 
of changing the ratio of orthotropic constants 
Ee/E s upon the minimum frequencies of SD-SD 
shells. The Ritz method was used with trig- 
onometric functions assumed for the displace- 
ments. Values of the frequency parameter 
2w 2 si 2 p(l — v,vo)/E s versus Ee/E s are shown in fig- 
ure 5.83 for shells having: a = 20°, s 2 /sx = 2.2840, 
2/5 = 2.1490 (5= (5 i+5 2 )/2), h/R= 0.00466, and 
v,/ (1 — v s ve) =0.3. The analysis included shear de- 
formation and rotary inertia effects, but these are 
negligible for the h/R ratio under consideration. 


Other works giving some attention to ortho- 
tropic SD-SD shells include references 5.38, 5.52, 
and 5.97. 

Conical shells having circumferential stiffeners 
(rings) and longitudinal stiffeners (stringers) were 



Figure 5.83. — Effect of changing Ee/E s upon the mini- 
mum frequency parameters of an orthotropic, SD-SD, 
conical shell (dimensions in text). (After ref. 5.39) 


Table 5.17. — Frequency Parameters 12o) 2 p(l — v,ve)/h 2 E, for Orthotropic Conical 
and Equivalent Cylindrical Shells ( Dimensions Given in Text) 


Eq 

E. 

n 


Number of meridional half-waves, 

m 


Conical shell 

Equivalent cylindrical shell 

1 

2 

3 

1 

2 

3 


0 

29.18 

38.05 

48.15 

43.46 

43.78 

45.37 


3 

7.26 

18.83 

28.35 

7.77 

21.22 

31.40 


6 

1.88 

7.61 

15.56 

2.02 

8.38 

17.01 

0.02 

9 

1.61 

5.07 

10.85 

1.41 

4.86 

11.00 


12 

2.76 

6.42 

11.78 

2.57 

4.87 

9.71 


15 

4.95 

10.07 

17.10 

5.60 

7.47 

11.76 


18 

8.59 

15.97 

25.84 

11.25 

13.04 

17.21 


0 

26,540.51 

53,454.28 

59,419.53 

108,679.74 

108,572.32 

108,564.04 


3 

108.64 

849.98 

2,563.52 

121.24 

1,020.16 

3,087.68 

50 

6 

303.64 

648.28 

1,102.63 

344.72 

442.34 

746.68 


9 

996.97 

1,543.22 

2,144.33 

1,705.07 

1,736.59 

1,833.89 


12 

2,633.27 

3,520.09 

4,415.69 

5,384.51 

5,402.42 

5,464.43 


15 

5,855.81 

7,311.60 

8,726.67 

13,143.70 

13,156.38 

13,217.88 
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analyzed by Crenwelge and Muster (ref. 5.98) 
using an “equivalent orthotropic” shell model. A 
variant of simple support boundary conditions 
given by 

u = S s e = w = M s = 0 at s = si, s 2 (5.63) 

was used in the analysis. Numerical results were 
obtained for three aluminum shells having a = 10°, 
#i = 3.42 in., #2 = 5.25 in., s 2 — Si = 10.50 in., 
= 0. 10 in., and various combinations of integral 
rings and stringers. These results will not be 
repeated here because of the detail required to 
describe the determination of the equivalent 
orthotropic constants from the dimensions of the 
shell, rings, and stringers. Comparison of fre- 
quencies with those obtained from experiment 
and those obtained by an analysis which treats 
the stiffeners as discrete elements is also made in 
reference 5.98. 

The clamped-clamped orthotropic conical shell 
is investigated in reference 5.97. The solution 
of the problem having boundary conditions 
u = v=w = M s = 0 is described in reference 5.99, 
but no numerical results are obtained. Ortho- 
tropic conical shells having elastic support con- 
ditions are discussed in reference 5.100. Other 
investigations dealing with the free vibrations of 
orthotropic conical shells include references 5.3, 
5.20, and 5.101. 


5.6 LARGE DISPLACEMENTS 


The effect of large displacements is to add non- 
linear terms to the relationships between the 
membrane strains and the displacements, as was 
seen in equations (3.49) for circular cylindrical 
shells. For circular conical shells, equations (3.49) 
are generalized to (refs. 5.102 and 5.103) 


du l/dw\ 2 

6s_ ds 2\as/ 

1 dr u OB 
t0 = B M + B + 


1 du 3 
7«0=— 


w 1/1 dw\ 2 
fy + 2\B~dd) 


► (5.64) 


+ 


1 dw d w 


B dO ds\B/ B ds d 0 


where B and Up are the middle surface parame- 
ters given in equations (5.1). 

However, in contrast with the special case of 
cylindrical shells, very little consideration has 


been given to the nonlinear, large amplitude 
vibrations of conical shells. Sun and Lu (refs. 
5. 102 and 5. 103) investigated postbuclcling vibra- 
tions and found that for the boundary conditions 
used (u = v = w = M s =0 at s = si, s 2 ) the nonlinear 
effect was always of the hardening type. Large 
amplitude free vibrations are also discussed in 
references 5.104 and 5.105. 


5.7 INITIAL STRESS 


For an understanding of how initial stresses 
affect the free vibrations of conical shells, review 
section 3.4 which deals with circular cylindrical 
shells. Most of the discussion in that section is 
also relevant to the more general case of conical 
shells. 

As in the case of cylindrical shells (see sec. 
3.4.1), the equations of motion for conical shells 
can be adjusted to account for initial stresses by 
the addition of simple terms. For example, for a 
Donnell-Mushtari type theory, equations (5.2a) 
and (5.2b) remain unchanged, while equation 
(5.2c) has the terms 


Jbh[_ ds 1 \s sm a 


1 


d 2 w 
ds de 
dw'y 


s 2 sin a d0 


) 


+N, 


( J— 

\s 2 sin 2 a 


d 2 W 1 dw 

s ~dsj J 


:)1 


(5.65) 


(cf., refs. 5.92, 5.96, 5.106, and 5.107) added to 
its left-hand side in the case of uniform initial 
force resultants Nf, Ne\ and N,e\ The term 
(eq. (5.65)) simplifies to the same form as that 
given by equation (3.103) in the case of a cylindri- 
cal shell (i.e., s sin a = R, s— >°o). 

Weingarten (ref. 5.106) investigated the case 
of the conical shell frustum subjected to internal 
and external pressures. In the case of an internal 
pressure p 0 the static initial stress field was given 
in reference 5.106 by (correcting an apparent 
misprint) 


. VaR s 
v s l = — - — • tan a 
2 h si 

> 

R s 

ao' = Va~, tan a 

h Si 


(5.66) 


where R = (Ri-\-R 2 )/2, the mean radius, and 
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N.'^oSh, No i = <re i h. However, it must be pointed 
out that the stress distributions given by equa- 
tions (5.66) are not those usually accepted as the 
solution for uniform pressure from membrane 
theory; namely (cf., ref. 5.108, p. 97) 

. p o « , ci 

<r. l = — r tan a-i — 

2 h s 


where ci is an arbitrary constant determining 
the distribution of the axial end thrust between 
the boundaries at s = si and s = s 2 . 

In reference 5.106 the Galerkin method was 
used with displacement functions in the form of 
algebraic polynomials to solve the free vibration 
problem for conical shells having w = M s = 0 at 
x = si, s 2 . The remaining two boundary conditions 
involve elastic restraints. A Donnell-Mushtari 
type of shell theory was used (i.e., eq. 5.65). 
Numerical results were obtained for an alumi- 
num conical shell having the following dimen- 
sions: a = 20°, Hi = 2. 144 in., 1 = 8.00 in., and 
A = 0.020 in. (see figs. 5.1 and 5.2). Experimental 
data were also obtained. These are compared in 
table 5.18 for values of po/Pcr = 0, —0.446, and 
+0.446, where p CT is the critical pressure for 
buckling. Because p cr corresponds to external 
pressure, it is a negative number, and occurs for 
a circumferential wave number n of 6 for this 
particular shell. Thus, negative values of po/pcr 
correspond to internal pressures, and positive 
values correspond to external pressures. In table 
5.18 results are presented for mode shapes having 
1, 2, and 3 meridional half-waves m. In some 
places in the table, two experimental values listed 
in reference 5.106 have been replaced by a single 
average value. The lack of agreement between 
theoretical and experimental frequencies in table 
5.18 is attributed in reference 5.106 to 

(1) The end conditions of the experiment are 
more rigid than those used in the theoretical 
analysis. 

(2) The typically poor analytical results arise 
from a Donnell-Mushtari type shell theory for 
n< 3. 

However, the second argument would seem spur- 
ious for the l/R ratio being considered (see the 


comparison of theories for cylindrical shells in 
sec. 2.3.1). 

The numerical results for m = 1 are also plotted 
in figure 5.84. Experimental data are shown by 
discrete points in the figure. As the internal pres- 
sure increases, the circumferential wave number 
n at which the minimum frequency occurs is 
decreased, as was observed for cylindrical shells 
(see sec. 3.4.3). 

A comparison of analytical mode shapes for 
m = 1 and n = 3, 6, and 15 is shown in figure 5.85. 
At large values of n, the shell hardly vibrates in 
the vicinity of its small end. The effects of chang- 
ing the pressure parameter po/Pcr are also 
observed from figure 5.85. A comparison of 
experimental and analytical mode shapes for 
m = 1 and n = 3 and 14 is made in figure 5.86. 

Goldberg, Bogdanoff, and Alspaugh (refs. 
5.109 and 5.110) demonstrated their general 
numerical integration computer program on the 
problem of the clamped-clamped conical shell 
subjected to pressure. Unfortunately, these ref- 



Fighre 5.84. — Variation of frequency (cps) with pressure 
parameter po/p cr for a conical shell. (After ref. 5.106) 
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Table 5.18. — Theoretical and Experimental Frequencies ( cps ) for Conical 
Shells Subjected to Internal or External Initial Pressure 


Po 

Per 

n 

m 

= 1 

m 

= 2 

m 

= 3 

Theor. 

Exper. 

Theor. 

Exper. 

Theor. 

Exper. 


2 

2730 


5323 

3100 

6175 



3 

1441 

1501 

3807 


5289 



4 

862 

1163 

2685 

2708 

4259 



5 

609 

944 

1973 

2180 

3394 

2996 


6 

569 

840 

1575 

1825 

2766 

2930 


7 

651 

880 

1430 

1658 

2377 

2584 


8 

771 

985 

1470 

1708 

2215 

2452 


9 

912 

1130 

1594 

1761 

2245 

2438 

-0.446 

10 

1075 

1301 

1749 

1927 

2379 

2344 


11 

1260 


1931 

2121 

2556 

2601 


12 

1466 


2140 

2344 

2766 

2883 


13 

1692 

1949 

2375 


3008 

3197 


14 

1937 

2204 

2634 


3281 



15 

2203 


2918 


3584 



16 

2487 


3226 


3919 



17 

2791 


3558 


4284 



18 

3113 


3913 


4681 



2 

2733 

1551 

5335 


6175 



3 

1459 

1486 

3816 

3047 

5306 



4 

924 

1182 

2705 

2407 

4277 

3980 


5 

740 

1001 

2020 

2195 

3423 

3472 


6 

759 

964 

1661 

1862 

2818 

2969 


7 

868 

1032 

1561 

1740 

2461 

2635 


8 

1004 

1160 

1629 

1781 

2336 

2514 


9 

1157 

1317 

1776 

1915 

2395 

2543 

0 

10 

1330 


1946 

2086 

2548 

2694 


11 

1523 

1689 

2142 

2293 

2740 

2790 


12 

1735 


2462 

2424 

2963 

3078 


13 

1966 


2607 


3216 



14 

2216 


2875 


2497 



14 

2486 


3166 


3805 



16 

2773 


3479 


4138 



17 

3080 


3813 


4496 



18 

3405 


4169 


4878 



2 

2745 


5335 


6204 



3 

1488 

1489 

3830 


5314 



4 

988 

1227 

2736 


4298 



5 

851 

1082 

2073 

2233 

3461 



6 

904 

1060 

1745 

1932 

2876 

3000 


7 

1033 

1148 

1675 

1822 

2542 

2692 


8 

1183 

1290 

1767 

1863 

2439 

2580 


9 

1348 

1461 

1924 

2009 

2515 


+0.446 

10 

1531 

1650 

2106 

2198 

2682 

2793 


11 

1731 


2312 

2423 

2885 



12 

1950 


2540 


3118 



13 

2186 


2793 


3379 

2930 


14 

2441 


3067 


3669 

3210 


15 

2713 


3363 


3987 


16 

3003 


3680 


4333 



17 

3312 


4021 


4709 



18 

3628 


4383 


5114 
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Figure 5.85. — Effect of internal pressure and wave 
number n upon mode shapes of a conical shell. (After 
ref. 5.106) 


n = 3 n=l4 



Figure 5.86. — Comparison of theoretical and experi- 
mental mode shapes for a pressurized conical shell; 
Po/pcr= —0.446. (After ref. 5.106) 


erences do not state whether the pressure is inter- 
nal or external. Nevertheless, mode shapes 
corresponding to n = 2 are reproduced in figure 
5.87 for a shell having 

f?i = 5 in., Ri = 10 in., 1 = 8.66 in. 

a = 30°, p = 0.00762 slugs/in 3 

h = 0.2 in., i? = 30X10 6 psi, and „ = 0.3 

The corresponding frequency is /= 718.4 cps. 

The free vibration of conical shells subjected to 
initial pressure is also discussed in reference 5.23. 

In the case of torsional loading the static pre- 
stress varies according to 

. N se i T 4 T { /r ^ 

Ts6 '~ h ~ 2irhR 2 ~ 2irhs 2 sin 2 a (5-68) 


where T { is the initial torque; that is, the pre- 
stress varies with inversely proportionality to the 
meridional distance s measured from the vertex. 

Weingarten (ref. 5.107) obtained theoretical 
and experimental frequencies for a conical shell 



Figure 5.87. — Mode shapes for a clamped-clamped, 
pressurized conical shell. (After refs. 5.109 and 5.110) 



Figure 5.88. — Theoretical and experimental frequencies 
for a conical shell subjected to torsional prestress. 
(After ref. 5.107) 
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subjected to torsional prestress. The Galerkin 
procedure and the same boundary conditions 
described earlier in this section (ref. 5.106) were 
used. Calculations were made for an aluminum 
shell having the following dimensions: a = 20°, 
Ri = 2 . 14 in., s 2 -si = 8.76 in., and /i = 0.016 in. 
Experimental data were also obtained. The 
results are shown in figure 5.88. The node lines 
(lines of w = 0 ) lie in a helical pattern, as for 
cylindrical shells loaded in torsion (see sec. 3.4.5). 

Free vibrations of shallow conical shells sub- 
jected to initial stress are examined in reference 
5.105. Other works dealing with conical shells 
under initial stress include references 5.4, 5.86, 
and 5.111. 

5.8 OTHER EFFECTS 

5.8.1 Effects of Surrounding Media 

Very little has been written about the effects 
of surrounding media, such as air and water, 
upon the free vibration frequencies and mode 
shapes of conical shells. In reference 5.112 conical 
shells having small apex angle a and partially 
filled with a liquid are treated by thin-walled 
beam theory. In reference 5.113 a method of 
analysis based on the membrane theory of shells 
is formulated for conical shells partially filled 
with a fluid, but no numerical results are given. 


5.8.2 Shear Deformation and Rotary inertia 

The effects of shear deformation and rotary 
inertia on cylindrical shells were discussed in 
section 3.5.2; most of the discussion applies to 
conical shells as well. However, some additional 
work on conical shells has been done. 

Garnet and Kempner (refs. 5.36 and 5.114) 
analyzed the axisymmetric response by means of 
a Ritz procedure. Comparison was made between 
two classical shell theories and two shear deforma- 
tion theories. One type of formulation used was 
that of Love and others whereby the change of 
arc length through the thickness is ignored in 
integrating the force and moment resultant equa- 
tions (see sec. 1.5). Another type used was that 
of Naghdi (ref. 5.115) (see also the derivation of 
Fliigge, Byrne, Lur’ye in sec. 1.5) whereby the 
arc length change is included. Displacement func- 
tions were taken in the form of trigonometric 
series, as in equations (3.127), to satisfy shear 
diaphragm boundary conditions at both ends of 
the shell. 

Comparison of lowest axisymmetric frequency 
parameters = ojSiA/ p(l — v 2 ) /I'J according to the 

four theory formulations described above is made 
in table 5.19 for shells having various values of a, 
h/R, and l/R (where R is the average radius, 
(Ri+Rd /2) . The effects of shear deformation 


Table 5.19 . — Comparison of Axisymmetric Frequency Parameters (xis{\/ p(l — v 2 ) /E 
for Conical Shells Having Shear Diaphragm End Conditions 


CL 

h 

R 

l 

R 

Shear deformation and rotary inertia 

Included 

Neglected 

Naghdi 

formulation 

Love 

formulation 

Naghdi 

formulation 

Love 

formulation 



0.25 

26.188 

26.233 

27.736 

27.785 

5° 

0.05 

.375 

15.261 

15.296 

15.548 

15.584 



.50 

12.282 

12.370 

12.363 

12.388 



.30 

19.792 

19.862 

26.224 

26.340 

10° 

.15 

.50 

9.393 

9.454 

10.405 

10.479 



1.0 

5.286 

5.314 

5.329 

5.360 

15° 

.20 

.375 

10.572 

10.630 

14.171 

14.273 



1.0 

3.450 

3.478 

3.509 

3.541 

20° 

.10 

.375 

5.012 

5.031 

5.429 

5.451 



.50 

3.453 

3.469 

3.563 

3.580 
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and rotary inertia are significant even for the 
thinnest shell used (h/R = 0.05), although vir- 
tually no difference occurs between the fre- 
quencies arising from the Naghdi and Love type 
formulations, whether shear deformation and 
rotary are included or not. However, note that all 
the shells described in table 5.19 are relatively 
short (l/R< 1). The effects of shear deformation 
and rotary inertia were found in reference 5.36 
to be significant only for the relatively short 
shells. This factor is particularly evident in the 
table for the shell having a = 10°, h/R =0.15, and 
l/R of only 0.30. As further found in reference 
5.36 the effect of rotary inertia by itself is insigni- 
ficant for axisymmetric motions. 

The ratio of the frequency obtained when shear 
deformation is neglected (coo) to that when it is 
included (co) as a function of the semivertex angle 
a is depicted in figure 5.89 for a shell having 
h/R =0.20 and l/R =0.50. The ratio decreases as 



a 


Figure 5.89. — Ratio of frequencies without and with 
shear deformation; h/Ii =0.20, l/R =0.50. (After ref. 
5.36) 

o = 15° 

2° r 


uT 

3 

cf 


0 0.02 0.04 0.06 0.08 O.IO 

h/R 

Figure 5.90. — Influence of thickness parameter h/R upon 
the frequency parameter (shear deformation included). 
(After ref. 5.36) 



a increases. The influence of the thickness 
parameter h/R upon the frequency parameter 
when shear deformation is included is shown in 
figure 5.90. 

Hu (ref. 5.29) developed a special type of 
transverse shear theory for conical shells wherein 
the transverse shear deformation in the circum- 
ferential direction alone is neglected. This has the 
significant effect of reducing the order of the 
equations of motion from ten to eight. Numerical 
results obtained by Lindholm and Hu (refs. 5.27 
and 5.28) using this theory have already been 
given in section 5.3.3 because the shells analyzed 
were not short; that is, the effects of shear 
deformation were small in the numerical examples 
chosen. 

Jain (ref. 5.20) derived a theory for conical 
shells which included the effects of transverse 
normal stress, as well as shear deformation and 
rotary inertia. Only axisymmetric motions were 
considered. Results were obtained for conical 
shells supported by shear diaphragms at both 
ends. A variational procedure was followed using 
displacement functions which varied sinusoidally 
in the meridional s direction. Numerical results 
are listed in table 5.20 for a = 10° and 15°; 
l/R =0.25, 0.50, and 1.00; h/R = 0.05 to 0.30; and 
r = 0.3. Frequency parameters 

„ /p(l + *')(l — 2c) 

Qio — coSiyJ E{i _ v) 

are given for shear deformation theories with and 
without the added transverse normal stress 
effects. The effects of transverse normal stress 
are significant, especially for thick (h/R =0.30), 
short (l/R =0.25) shells. Also, for short shells the 
number of terms in the displacement functions 
required for adequate numerical convergence is 
small for small l/R, a single term being quite 
adequate for parameter ranges used in the table. 

In reference 5.20 the axisymmetric torsional 
frequencies of clamped-clamped conical shells 
were also investigated, with and without shear 
deformation and rotary inertia effects being con- 
sidered. The frequency differences obtained be- 
tween the two cases were found to be negligible. 

The effects of shear deformation and rotary 
inertia considerations upon the free vibrations of 
conical shells were also discussed in references 
5.39 and 5.116. 
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Table 5 . 20 . — Comparison of Frequency Parameters wSiV p{l + v)(l —2v)/E(l — v) 
for Axisymmetric Vibrations Including Shear Deformation; Transverse Normal 
Stress Either Neglected or Included 


l 

h 

Number 

Transverse normal stress 

R 

R 

of terms 

Neglected 

Included 


0.05 

1 

12.766 

12.449 


2 

12.775 

12.444 


.10 

1 

20.758 

20.049 


2 

20.758 

20.046 


.15 

1 

26.011 

24.765 

0.25 

2 

26.010 

24.763 


.20 

1 

29.371 

27.640 


2 

29.371 

27.638 


.25 

1 

31.576 

29.453 


2 

31.576 

29.452 


.30 

1 

33.073 

30.646 


2 

33.073 

30.645 


.05 

1 

5.970 

5.527 


2 

5.969 

5.516 


.10 

1 

7.635 

7.241 


2 

7.634 

7.233 


.15 

1 

9.407 

8.981 

.50 

2 

9.407 

8.974 


.20 

1 

10.973 

10.459 


2 

10.972 

10.454 


.25 

1 

12.271 

11.645 


2 

12.271 

11.640 


.30 

1 

13.323 

12.578 


2 

13.323 

12.574 


.05 

1 

4.999 

4.525 


2 

4.997 

4.505 


.10 

1 

5.123 

4.658 


2 

5.122 

4.639 


.15 

1 

5.312 

4.856 

1.00 

2 

5.311 

4.838 


.20 

1 

5.545 

5.096 


2 

5.543 

5.097 


.25 

1 

5.801 

5.354 


2 

5.800 

5.338 


.30 

1 

6.064 

5.613 


2 

6.063 

5.598 
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Table 5.20. — Comparison of Frequency Parameters wsiV 7 p(l + v) ( 1 —2v) /E(l — v ) 
for Axisymmetric Vibrations Including Shear Deformation; Transverse Normal 
Stress Either Neglected or Included — Concluded 


1 

h 

Number 

Transverse normal stress 

R 

R 

of terms 

Neglected 

Included 


0.05 

1 

8.203 

7.991 


.10 

1 

13.341 

12.891 

.25 

.15 

1 

16.761 

15.970 

.20 

1 

18.967 

17.863 


.25 

1 

20.422 

19.064 


.30 

1 

21.415 

19.857 


.05 

1 

3.844 

3.556 


.10 

1 

4.878 

4.622 

.50 

.15 

1 

5.992 

5.719 

.20 

1 

6.986 

6.660 


.25 

1 

7.816 

7.420 


.30 

1 

8.493 

8.021 


.05 

1 

3.161 

2.861 


.10 

1 

3.234 

2.940 

1.00 

.15 

1 

3.346 

3.057 

.20 

1 

3.484 

3.200 


.25 

1 

3.638 

3.355 


.30 

1 

3.797 

3.512 


5.8.3 Nonhomogeneity 

For a discussion of the meaning of nonhomo- 
geneity in shells and how it arises, refer to 
section 3.5.3. 

An excellent collection of papers dealing with 
the free vibrations of sandwich conical shells has 
been written by Bert, Bacon, Ray, Egle, Siu, 
Soder, Azar, and Wilkins (refs. 5.39, and 5.117 
through 5.123). Shells supported at both ends 
by shear diaphragms were considered in refer- 
ences 5.39, 5.118, and 5.120 through 5.123. Free- 
free shells were treated in references 5.117, 5.119, 


5.120, and 5.123, and clamped-clamped shells in 
references 5.120 and 5.123. Because of the ex- 
tremely large number of parameters which must 
be used to define a sandwich shell, particularly 
when the face sheets are not isotropic, the 
numerous results in the above references will not 
be reproduced here. 

Reference 5.71 deals with conical shells having 
ortho tropic material properties which vary in the 
meridional direction. Other investigations into 
the free vibrations of nonhomogeneous conical 
shells include references 5.104, 5.124, and 5.125. 
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Chapter 6 


The circular cylindrical and conical shells con- 
sidered in chapters 2, 3, and 5 are special cases 
of a class of shells called “shells of revolution.” 

A shell of revolution is characterized by a mid- 
dle surface generated by the rotation of a line 
segment about an axis. If the line segment is 
straight a conical surface is generated. If, further, 
the straight line segment is parallel to the axis, 
the surface is circular cylindrical. As in chapters 
2, 3, and 5 the term “closed” is used when the 
generator rotates one full revolution about the 
axis and if the proper continuity conditions are 
satisfied along the junction line. When the gen- 
erator rotates less than one full revolution, an 
open shell results. 

In addition to the circular cylindrical and 
conical shells already discussed, many other 
shells of revolution exist which have practical 
application; e.g., spherical, ellipsoidal (or spher- 
oidal), paraboloidal, toroidal, hyperboloidal, and 
ogival. 

The literature of free vibrations of spherical 
shells is vast, whereas for other shells of revolu- 
tion, relatively few results are available in the 
literature. However, a number of methods of 
analysis have been developed for general, closed 
shells of revolution and the necessary computer 
programs have been written and are available. 
These methods are largely of three types: (1) 
finite difference, (2) finite element, or (3) numer- 
ical integration. The methods can accommodate 
thickness variation in the meridional direction 
in a routine manner and are often generalized to 
include complicating effects of the type discussed 
in chapter 3. However, the methods are either 
not applicable or involve a great deal more com- 
putational time in the case of open shells of 
revolution, or if the axisymmetric geometry of 
the problem is otherwise disturbed. 


A surface of revolution is further character- 
ized by the fact that all cross sections perpen- 
dicular to its axis are circles. One generalization, 
therefore, is that class of surfaces for which an 
axis exists so that all perpendicular planes have 
curves of the same form (although not necessar- 
ily circles) at their intersections with the surface. 
The noncircular cylindrical shell described in 
chapter 4 (for which there were few results) is a 
special case for which the curves of the inter- 
secting planes have the same size, as well as the 
same form. Elliptical conical shells (for which 
virtually no free vibration results exists) or gen- 
eral ellipsoidal shells (having elliptical intersec- 
tion curves with respect to two perpendicular 
axes) are other examples. Finally, other shells of 
practical value exist (e.g., hyperbolic paraboloid) 
for which little or no investigation of free 
vibrational behavior has been reported. 

The literature dealing with free vibrations of 
spherical shells is second in size only to that for 
circular cylindrical shells. The large amount 
written is probably because of two of the same 
reasons which apply for circular cylindrical 
shells : 

(1) The relative mathematical simplicity of 
the equations of motion because of constant radii 
of curvature, Ri = R 2 = R, and constant Lame 
parameters A = B — R. 

(2) The widespread practical usage of this 
type of shell. 

In the remainder of this chapter bibliographies 
are given for the free vibrations of spherical and 
other shells. The amount of investigation that 
has been carried out for the various curvatures is 
quite clear from the length of the bibliographies. 
No attempt has been made to summarize 
numerical results as in the previous chapters. 


403 


404 


VIBRATION OF SHELLS 


6.1 SPHERICAL SHELLS 

Advani, S. H. ; and Lee, Y. C. : Free Vibrations of Fluid- 
Filled Sperhieal Shells. J. Sound Vib., vol. 12, no. 4, 
1970, pp. 453-462. 

Anderson, G. L. : On Gegenbauer Transforms and Forced 
Torsional Vibrations of Thin Spherical Shells. J. Sound 
Vib., vol. 12, no. 3, 1970, pp. 265-275. 

Anisimov, A. M.: Axially Symmetrical Oscillations of a 
Spherical Shell Filled With Fluid. English Transl. of 
Izv. Visshikh Vchebnykh Zavedeniy MViSSO SSSR, 
Seriya. Aviatsionnaya Tekhnika, no. 2, 1963, Kazan’, 
pp. 28-33. 

Archer, R. R. : On the Influence of Uniform Stress States 
on the Natural Frequencies of Spherical Shells. J. Appl. 
Mech., vol. 29, no. 3, Sept. 1962, pp. 502-505. 

Archer, R. R.; and Famili, J.: On the Vibration and 
Stability of Finitely Deformed Shallow Spherical 
Shells. J. Appl. Mech., vol. 32, no. 1, Mar. 1965, pp. 
116-120. 

Archer, R. R.; and Lange, C. G.: Nonlinear Dynamic 
Behavior of Shallow Spherical Shells. AIAA J., vol. 3, 
no. 12, Dec. 1965, pp. 2313-2317. 

Austin, A. L.: Thermally Induced Vibrations of Con- 
centric Thin Spherical Shells. Contract No. w-7405- 
eng-48, Lawrence Radiation Lab., Univ. of Calif., Jan. 

1964. 

Avery, J. P. : Investigation of Dynamic Behavior of Thin 
Spherical Shells. NASA Res. Grant NGR-03-001-013, 
N66-15480, Ariz. State Univ., Dec. 1965. 

Avery, J. P. : A Green’s Function Approach to the Vibra- 
tion of Thin Spherical Shell Segments. NASA CR-602, 
Sept. 1966. 

Avery, J. P. : Investigation of Dynamic Behavior of Thin 
Spherical Shells. NASA Res. Grant NGR-03-001-013, 
N67-19091, Ariz. State Univ., Feb. 1967. 

Bagdasarian, G. E.; and Gnuni, V. Ts. : Resonance 
in Forced Nonlinear Oscillations of Laminar Aniso- 
tropic Shells. Izv. Akad. Nauk Arm. SSR, Seriya 
Fiziko-Matematieheskikh Nauk, vol. 41, no. 1, 1961, 
pp. 41-49. (English transl.: FTD-TT-61-313/l-|-2 
(AD 270 785), Foreign Technology Div., Wright-Pat- 
terson AFB, Jan. 1962.) 

Baker, W. E.: The Elastic-Plastic Response of Thin 
Shells to Internal Blast Loading. Rept. No. 1194, 
Ballistic Research Laboratories, Feb. 1959. 

Baker, W. E.: The Axisymmetric Modes of Vibration 
of Thin Spherical Shell. Rept. No. 1122 (AD 253 596), 
Ballistic Research Laboratories, Dee. 1960. 

Baker, W. E. : Axisymmetric Modes of Vibration of Thin 
Spherical Shell. J. Acoust. Soc. Amer., vol. 33, no. 12, 
Dec. 1961, pp. 1749-1758. 

Baker, W. E.; Hu, W. C. L.; and Jackson, T. R.: 
Elastic Response of Thin Spherical Shells to Axisym- 
metric Transient Loading. Tech. Rept. No. 1, Proj. 
No. 02-1635(IR), Southwest Research Institute, Aug. 

1965. 

Baker, W. E.; Hu, W. C. L.; and Jackson, T. R.: 
Elastic Response of Thin Spherical Shells to Axisym- 
metric Transient Loading. Proc. 5th U.S. Nat. Cong. 


Appl. Mech. (Minneapolis, Minn.), 1966, p. 102. 

Bai.aiiukh, L. I.; and Molchanov, A. G.: Axisymmetric 
Oscillations of a Spherical Shell Partially Filled With 
Liquid. Inzhenernyi Zhurnal-Mekhanika Tverdogo 
Tela, Sept.-Oct. 1967, pp. 56-61. (In Russian.) 

Balakirev, Iu. G.: Axisymmetric Oscillations of a 
Shallow Spherical Shell Containing a Liquid. Inzhe- 
riernyi Zhurnal, Mekhanika Tverdogo Tela, Sept.-Oct. 
1967, pp. 116-123. (In Russian.) 

Bergassoli, A.; Canac, F.; and Vogel, Th.: Sur La 
Transmission du Son par des Hublots Spheriques. 
Acustica, vol. 4, 1954, pp. 403-406. 

Bert, C. W.; and Egle, D. M.: Dynamics of Composite, 
Sandwich, and Stiffened Shell-Type Structures. J. 
Spacecraft and Rockets, vol. 6, no. 12, Dec. 1969, pp. 
1345-1361. 

Bolotin, V. V.: The Edge Effect in the Oscillations of 
Elastic Shells. Appl. Math. Mech., vol. 24, no. 5, 1960, 
pp. 1257-1272. 

Bolotin, V. V.: On the Density of the Distribution of 
Natural Frequencies of Thin Elastic Shells. Appl. 
Math. Mech., vol. 27, no. 2, 1963, pp. 538-543. 

Bolotin, V. V.: The Density of Eigenvalues in Vibration 
Problems of Elastic Plates and Shells. Proc. Vibr. 
Problems (Warsaw), vol. 4, no. 6, 1965, pp. 341-351. 

Chakravorty, J. G.: Vibrations of Spherically Aeolo- 
tropic Shell. Bull. Calcutta Math. Soc., vol. 47, no. 4, 
Dec. 1955, pp. 235-238. 

Chow, H. Y.; and Popov, E. P.: Finite Element Solu- 
tion of Axisymmetrical Dynamic Problems of Shells of 
Revolution. NASA CR-76100, Apr. 1966. 

Chree, C. : Forced Vibrations in Isotropic Elastic Solid 
Spheres and Spherical Shells. Camb. Phil. Soc. Trans., 
vol. 14, 1889. 

Cinelli, G. : Dynamic Vibrations and Stresses in Elastic 
Cylinders and Spheres. J. Appl. Mech., vol. 33, no. 4, 
Dec. 1966, pp. 825-830. 

Coale, C. W. : Axisymmetric Vibrations of a Cylindrical- 
Hemispherical Tank Partially Filled With a Liquid. 
AIAA Paper No. 67-75, AIAA 5th Aerospace Sciences 
Meeting (New York), Jan. 23-26, 1967. 

Coale, C. W.; and Nagano, M.: Axisymmetric Modes 
of an Elastic Cylindrical-Hemispherical Tank Par- 
tially Filled With a Liquid. AIAA Symposium on 
Structural Dynamics and Aeroelasticity (Boston, 
Mass.), 1965, pp. 169-176. 

Cohen, G. A.: Computer Analysis of Asymmetric Free 
Vibrations of Ring-Stiffened Orthotropic Shells of 
Revolution. AIAA J., vol. 3, no. 12, Dec. 1965, pp. 
2305-2312. 

Connor, J., jr.: Nonlinear Transverse Axisymmetric 
Vibrations of Shallow Spherical Shells. NASA TN- 
D1510, 1962, pp. 623-642. 

Culkowski, P. M.; and Reismann, H.: The Spherical 
Sandwich Shell Under Axisymmetric Static and Dy- 
namic Loadings. J. Sound Vib., vol. 14, no. 2, Jan. 
1971, pp. 229-240. 

Davids, N.; and Dawson, D. E.: Zero Order Spherical 
Harmonic Stress Distributions. J. Math, and Phys., 
vol. 40, April 1961, pp. 46-54. 


SPHERICAL AND OTHER SHELLS 


405 


DeSilva, C. N.; and Tersteeg, G. E.: Axisymmetric 
Vibrations of Thin Elastic Shells. J. Acoust. Soc. Amer., 
vol. 36, no. 4, Apr. 1964, pp. 666-672. 

Eason, G.: On the Vibration of Anisotropic Cylinders 
and Spheres. Appl. Sci. Res., sec. A, vol. 12, no. 1, 
1963, pp. 81-85. 

Engin, A. E.: Vibrations of Fluid-Filled Spherical Shells. 
J. Acoust. Soc. Amer., vol. 46, no. 1, pt. 2, July 1969, 
pp. 186-190. 

Engin, A. E.; and Liu, Y. K.: Axisymmetric Response 
of a Fluid Filled Spherical Shell in Free Vibrations. 
J. Biomechanics, vol. 3, no. 1, Jan. 1970, pp. 11-22. 

Evensen, D. A.; and Fulton, R. E.: Some Studies on 
the Nonlinear Dynamic Response of Shell-Type Struc- 
tures. Rept. No. NASA TMX 56843, NASA Langley 
Research Center, Oct. 1965. 

Eversman, W.: Some Free Vibration and Dynamic Re- 
sponse Problems Associated With Centrifugally Sta- 
bilized Disk and Shell Structures. NASA CR 77014, 
Aug. 1966. 

Eversman, W.: Some Free Vibration and Dynamic Re- 
sponse Problems Associated With Centrifugally Sta- 
bilized Disk and Shell Structures. NASA CR 82525, 
Feb. 1967. 

Eversman, W.: Some Equilibrium and Free Vibration 
Problems Associated With Centrifugally Stabilized 
Disk and Shell Structures. Final Rept., NASA Grant 
NCR 17-003-004, Feb. 1968. 

Federhofer, K.: fiber die Eigenschwingungen der 
geschlossenen Kugelschale bei gleichformigem Ober- 
flachendrucke. ZAMM, Band 15, Heft 1/2, Feb. 1935, 
pp. 26-31. 

Federhofer, K.: Zut Berechnung der Eigenschwingun- 
gen der Kugelschale. Sitzber. Akad. Wiss. Wien, vol. 
146, 1937, pp. 57-69. 

Federhofer, K.: fiber die Eigenschwingungen der Z y- 
linder-Kegel-Und Kugelschalen. Proc. 5th Int. Cong, 
for Appl. Mech. (Cambridge, Mass.), 1938, pp. 719- 
723. 

Feit, D.; and Junger, M. C.: High Frequency Response 
of an Elastic Spherical Shell. J. Appl. Mech., vol. 36, 
no. 4, Dec. 1969, pp. 859-864. 

Ghosh, P. R. : Vibrations of Nonhomogeneous Spheri- 
cally Aeolotropic Spherical Shell. Indian J. Phys., vol. 
43, no. 5, 1968, pp. 296-304. 

Goldenveizer, A. L.; and Lur’ye, A. I.: On the Mathe- 
matical Theory of the Equilibrium of Elastic Shells. 
Prikl. Mat. Mekh., vol. 11, 1947, pp. 565-592. (In 
Russian.) 

Gontkev ich, V. S.: Natural Vibrations of Plate3 and 
Shells. A. P. Filipov, Ed., Nauk Dumka (Kiev), 1964. 
(Transl. by Lockheed Missiles and Space Co.) 

Gontkevich, V. S. : Natural Vibrations of Spherical 
Shells. Issled. po Teorii Sooruzh., no. 13, 1964, pp. 
77-83. (In Russian.) (English transl.: N66-16399, 
Lockheed Missiles and Space Co.) 

Gontkevich, V. S. : Natural Vibrations of Shells in a 
Liquid. Published: Kiev, Naukova Dumka, 1964. (In 
Russian.) 

Gohmely, J. F. ; and Hu, W. C. L. : Nonsymmetric Modes 


and Frequencies of Complete Spherical Shells. Tech. 
Rept. No. 8, Contract NASr-94(06), SwRI Proj. 02- 
1504, Southwest Research Institute, Apr. 1967. 

Grigoliuk, E. I. : Nonlinear Vibrations and Stability of 
Shallow Rods and Shells. Izv. Akad. Nauk SSSR, 
OTN, no. 3, 1955, pp. 33-68. 

Grigorev, E. T. : Axisymmetric Oscillations of a Shell 
Containing Liquid. Prikl. Mekh., 1966, pp. 39-49. (In 
Russian.) 

Grossman, P. L.; and Koplik, B.: On Nonlinear Equa- 
tions of Isotropic Elastic Spherical Shells. Contract 
AF 49(638)-1290 (AFOSR-67-2254, AD 661 568), 
Air Force Office of Scientific Research, Sept. 1967. 

Grossman, P. L. ; Koplik, B.; and Yu, Y. Y.: Nonlinear 
Vibrations of Shallow Spherical Shells. J. Appl. Mech., 
vol. 36, no. 3, Sept. 1969, pp. 451-458. 

Gupta, A. P.: Elastic Vibrations of Beams, Plates, and 
Shells. Ph.D. Dissertation, University of Rookee, 
India, Dec. 1967. 

Hayek, S. : Vibration of a Spherical Shell in an Acoustic 
Medium. J. Acoust. Soc. Amer., vol. 40, no. 2, Aug. 
1966, pp. 342-348. 

Heng, G. Z . ; and Solecki, R. : Free and Forced Finite- 
Amplitude Oscillations of an Elastic Thick-Walled 
Hollow Sphere Made of Incompressible Material. 
Archiwum Mechaniki Stosowanej, vol. 15, no. 3, 1963, 
pp. 427-433. 

Hoppmann, W. H., ii: Forced Vibrations of Elastic 
Orthotropic Spherical Shells. Contract No. DA 30- 
1 15-509-ORD-912 (AD 237 083), Dept, of the Army- 
Ordnance Corps, May 1960. 

Hoppmann, W. H., ii: Frequencies of Vibration of Shal- 
low Spherical Shells. J. Appl. Mech., vol. 28, no. 2, 
June 1961, pp. 305-307. 

Hoppmann, W. H., ii: Extensional Vibrations of Seg- 
ment of Elastic Orthotropic Spherical Shell. Proc. 4th 
U.S. Nat. Congr. Appl. Mech. (Berkeley, Calif.), vol. 
1, June 1962, pp. 215-218. 

Hoppmann, W. H., ii; and Baker, W. E.: Extensional 
Vibrations of Elastic Orthotropic Spherical Shells. J. 
Appl. Mech., vol. 28, no. 2, June 1961, pp. 229-237. 

Hoppmann, W. H., ii; and Baronet, C. N.: A Study of 
the Vibrations of Shallow Spherical Shells. Rept. No. 
1188 (AD 401 669), Ballistic Research Laboratories, 
Jan. 1963. 

Hoppmann, W. H., ii; and Baronet, C. N.: A Study of 
the Vibrations of Shallow Spherical Shells. J. Appl. 
Mech., vol. 30, no. 3, Sept. 1963, pp. 329-334. 

Hoppmann, W. H., ii; and Miller, C. E.: Flexural Vi- 
bration of Shallow Orthotropic Spherical Shells. J. 
Acoust. Soc. Amer., vol. 34, no. 8, Aug. 1962, pp. 
1067-1072. 

Hu, W. C. L. : A Survey of the Literature on the Vibra- 
tions of Thin Shells. Tech. Rept. No. 1, Contract 
NASr-94(06), Southwest Research Inst., June 1964. 

Hu, W. C. L.: Comments on “Axisymmetric Vibrations 
of Thin Elastic Shells.” J. Acoust. Soc. Amer., vol. 38, 
no. 2, Aug. 1965, pp. 365-366. 

Hwang, C.: Extensional Vibration of Axisymmetrical 
Shells. AIAA J., vol. 3, no. 1, Jan. 1965, pp. 23-26. 


406 


VIBRATION OF SHELLS 


Hwang, C.: Some Experiments on the Vibrations of a 
Hemispherical Shell. J. Appl. Mech., vol. 33, no. 4, 
Dec. 1966, pp. 817-824. 

Hwang, C.: Vibration of Ring-Stiffened and Mass- 
Attached Hemispherical Shells. J. Appl. Mech., vol. 
36, no. 2, June 1969, pp. 318-320. 

Jahanshahi, A.: Equations of Motion of Spherical Shells. 
J. Acoust. Soc. Amer., vol. 38, no. 5, Nov. 1965, pp. 
883-885. 

Jain, R. K.: Elastic Problems in Shells. Ph.D. Disserta- 
tion, Univ. of Roorkee, India, 1966. 

Jennings, R. L.: The Elastic Response of Spherical Shells 
to Blast Waves. Ph.D. Dissertation, Univ. of 111., 1964. 

Johnson, M. W.: On the Dynamics of Shallow Elastic 
Membranes. Contract No. DA-11-022-ORD-2059 
(AD 231 350), Mathematics Research Center, U.S. 
Army, Univ. of Wise., Dec. 1959. 

Johnson, M. W. ; and Reissner, E.: On Inextensional 
Deformations of Shallow Elastic Shells. J. Math. Phys., 
vol. 34, no. 4, Jan. 1956, pp. 335-346. 

Johnson, M. W.; and Reissner, E.: On Transverse 
Vibrations of Shallow Spherical Shells. Quart. Appl. 
Math., vol. 15, no. 4, Jan. 1958, pp. 367-380. 

Jullien, Y. : Sur les Phenomenes de Transition et Rota- 
tion dans les Modes de Vibration des Enveloppes 
minces en Excitation Forcee. Proc. Conf. on Acoustics 
of Solid Media (Nadbitka), 1964, pp. 73-82. 

Jullien, Y. : Flexion des Plaques et Coques Elastiques. 
From a series of course lecture at the Univ. of Sher- 
brooke, Aout, France, 1966. 

Jullien, Y. : Vibrations aleatoires de calottes spheriques 
Elastiques. J. de Mecanique, vol. 5, no. 4, Dec. 1966, 
pp. 419-438. 

Jullien, Y.; and Vivoli, J.: Sur les Vibrations de 
Calottes Spheriques dont l’Angle d’ouverture n’est 
pas necessairement petit. Centre National de la Re- 
cherche Seientifique, Centre de Recherches Physiques, 
Note No. 778 bis., 1964. 

Jullien, Y.; and Vivoli, J.: Sur les Lingnes Nodales 
des Calottes Spheriques. Centre de Recherches Phy- 
siques, CNRS, Note No. 778, Reunion de la Soci6t6 
Francaise de Physique de l’acoustique aux hypersons, 
Royat 16-18, Sept. 1964. 

Junger, M. C.: Vibrations of Elastic Shells in a Fluid 
Medium and the Associated Radiation of Sound. J. 
Appl. Mech., vol. 19, no. 4, Dec. 1952, pp. 439-445. 

Junger, M. C.: Nonmodal Solution of Spherical Shells 
With Cutouts Excited by High-Frequency Axisym- 
metric Forces. J. Appl. Mech., vol. 37, no. 4, Dec. 1970, 
pp. 977-983. 

Junger, M. C.; and Feit, D.: High-Frequency Response 
of Point-Excited Submerged, Spherical Shells. J. 
Acoust. Soc. Amer., vol. 45, no. 3, March 1969, pp. 
630-636. 

Kalnins, A. : On Vibrations of Shallow Spherical Shells. 
J. Acoust. Soc. Amer., vol. 33, no. 8, Aug. 1961, pp. 
1102-1107. 

Kalnins, A.: Free Nonsymmetric Vibrations of Shallow 
Spherical Shells. Proc. 4th U.S. Nat. Cong. Appl. 
Mech., Univ. of Calif., Berkeley, 1962, pp. 225-233. 


Kalnins, A.: Effect of Bending on Vibrations of Spheri- 
cal Shells. J. Acoust. Soc. Amer., vol. 36, no. 1, Jan. 
1964, pp. 74-81. 

Kalnins, A.: Free Vibration of Rotationally Symmetric 
Shells. J. Acoust. Soc. Amer., vol. 36, no. 7, July 1964, 
pp. 1355-1365. 

Kalnins, A.: Comments on the “Analysis of Free Vibra- 
tion of Rotationally Symmetric Shells.” AIAA J., vol. 
4, no. 8, Aug. 1966, pp. 1497-1499. 

Kalnins, A.: Analysis of Thin Elastic Shells With At- 
tached Systems. AIAA 5th Aerospace Sciences Meet- 
ing (New York), Jan. 23-26, 1967. 

Kalnins, A.: A Discussion of “Some Experiments on the 
Vibration of a Hemispherical Shell.” J. Appl. Mech., 
vol. 34, no. 3, Sept. 1967, pp. 792-793. 

Kalnins, A.; and Kraus, H.: Effect of Transverse Shear 
and Rotary Inertia on Vibration of Spherical Shells. 
Proc. 5th U.S. Nat. Cong. Appl. Mech. (Minneapolis), 
1966, p. 134. 

Kalnins, A.; and Naghdi, P. M.: Axisymmetric Vibra- 
tions of Shallow Elastic Spherical Shells. Tech. Rept. 
No. 6, Series No. 131, Issue No. 6, Contract Nonr- 
22269 (AD 230 120), Inst, of Eng. Res., Univ. of 
Calif., Nov. 1959. 

Kalnins, A.; and Naghdi, P. M.: Axisymmetric Vibra- 
tions of Shallow Elastic Spherical Shells. J. Acoust. 
Soc. Amer., vol. 32, no. 3, March 1960, pp. 342-347. 

Kalnins, A.; and Naghdi, P. M.: Propagation of Axi- 
symmetric Waves in an Unlimited Elastic Shell. J. 
Appl. Mech., vol. 27, no. 4, Dec. 1960, pp. 690-695. 

Khachatryan, A. A.: Stability and Oscillations of the 
Transversally Isotropic Spherical Shell. Academy of 
Sciences of the Armenian SSR-Physical Mathematical 
Science Series, vol. 13, no. 4, 1960, pp. 19-28. (In 
Russian.) 

Klein, S.; and Sylvester, R. J.: The Linear Elastic 
Dynamic Analysis of Shells of Revolution by the 
Matrix Displacement Method. AFFDL-TR-66-80, 
Aerospace Corp., Dec. 1965, pp. 299-328. 

Kobychkin, V. S.; Shmakov, V. P.; and Iablokov, V. A.: 
Axisymmetric Oscillations of a Hemispherical Shell 
Partially Filled With Liquid. Inzhenernyi Zhurnal, 
Mekh. Tverdogo Tela, Sept.-Oct. 1968, pp. 46-54. 
(In Russian.) 

Koplik, B.: Axisymmetric Vibrations of Homogeneous 
and Sandwich Shallow Spherical Shells. Ph.D. Dis- 
sertation, Polytechnic Institute of Brooklyn, 1966. 

Koplik, B.: Dynamics and Vibrations of Homogeneous 
and Layered Plates and Shells, Including Those of 
Sandwich Construction. Contract AF 49(638)-1290, 
Final Sci. Rept., AFOSR-67-2368 (AD 661 569), Air 
Force Office of Scientific Research, Sept. 1967. 

Koplik, B.; and Yu, Y. Y.: Torsional Vibrations of 
Homogeneous and Sandwich Spherical Caps and Cir- 
cular Plates. Contract AF 49(638)-1290, Sci. Rept. 
No. 9 (AD 659 491), Air Force Office of Scientific 
Research, July 1967. 

Koplik, B.; and Yu, Y. Y. : Axisymmetric Vibrations of 
Homogeneous and Sandwich Spherical Caps. J. Appl. 
Mech., vol. 34, no. 3, Sept. 1967, pp. 667-673. 


SPHERICAL AND OTHER SHELLS 


407 


Koplik, B.; and Yu, Y. Y.: Approximate Solutions for 
Frequencies of Axisymmetric Vibrations of Spherical 
Caps. J. Appl. Mech., vol. 34, no. 3, Sept. 1967, pp. 
785-789. 

Koval, L. R.; and Bhuta, P. G.: Axisymmetric Dy- 
namic Response of Shallow Spherical Shells. Rept. No. 
EM 13-21, TRW Space Tech. Lab., Thompson Ramo 
Wooldridge, Inc., Oct. 1963. 

Koval, L. R. ; and Bhuta, P. G. : Dynamic Response of 
Shallow Spherical Shells. Rept. No. EM 13-21, 6121- 
7532-RU000, TRW Space Tech. Lab., Thompson 
Ramo Wooldridge, Inc., Oct. 1963. 

Koval, L. R.; and Bhuta, P. G.: Orthogonality Condi- 
tion for the Exact Linearized Equations of Shallow 
Spherical Shells. J. Appl. Mech., vol. 31, no. 3, Sept. 
1964, pp. 548-550. 

Kraus, H. : Interim Technical Report on Dynamic Ther- 
mal and Pressure Stresses in Thin Spherical Shell. 
Contract No. DA-31-124-ARO(D)-146 (AD 604 542), 
Pratt and Whitney Aircraft, Apr. 1964. 

Kraus, H.: Thermally Induced Vibrations of Thin Non- 
Shallow Spherical Shells. Paper 65-409, AIAA Second 
Annual Meeting (San Francisco), July 26-29, 1965. 
Kraus, H.; and Kalnins, A.: Transient Vibration of 
Thin Elastic Shells. J. Acoust. Soc. Amer., vol. 38, 
no. 6, Dec. 1965, pp. 994-1002. 

Krishna, B.: On Vibrations of Elastic Spherical Shells. 
University of Roorkee Research Journal, vol. 7, nos. 
1 and 2, 1964, pp. 9-23. 

Krishna, B.; and Jain, P. C.: Torsional and Thickness 
Shear Vibrations of Spherical Shells. University of 
Roorkee Research Journal, vol. 9, no. 4, 1967, pp. 
23-34. 

Lamb, H.: On the Vibrations of a Spherical Shell. Proc. 

London Math. Soc., vol. 14, 1882, pp. 50-56. 

Lee, T. H.: Vibration of Shallow Spherical Shells With 
Concentrated Mass. J. Appl. Mech., vol. 33, no. 4, 
Dec. 1966, pp. 938-939. 

Lisowski, A.: Investigation of Shell Vibration and Sta- 
bility by Means of Model Tests. Rozprawy Inz., vol. 
6, no. 1, 1958, pp. 25-91. (In Polish.) 

Lisowski, A. : Knickung und Schwingungen von Schalen 
im Lichte der Modellprufung. Der Bauingenieur, 
35(1960) Heft 3, pp. 86-89. 

Lizarev, A. D.: Lowest Frequencies of the Natural Axi- 
symmetric Oscillations of Nonshallow Spherical Shells. 
Inzhenernyi Zhurnal-Mekhanika Tverdogo Tela, May- 
June 1967, pp. 66-72. (In Russian.) 

Lock, M. H.; Okubo, S.; and Whittier, J. S.: Experi- 
ments on the Snapping of a Shallow Dome Under a 
Step Pressure Load. Rept. No. SSD-TR-67-117, (AD 
655 057), U.S. Air Force, June 1967. 

Lock, M. H.; Whittier, J. S.; and Malcom, H. A.: 
Transverse Vibrations of a Shallow Spherical Dome. 
Rept. No. SSD-TR-67-113 (AD 655 056), U.S. Air 
Force, June 1967. 

Lock, M. H.; Whittier, J. S.; and Malcom, H. A.: 
Transverse Vibrations of a Shallow Spherical Dome. 
J. Appl. Mech., vol. 35, no. 2, June 1968, pp. 402-403. 


Long, C. F. : Vibration of a Radially Loaded Spherical 
Shell. J. Eng. Mech. Div., Proc. ASCE, EM 2, Apr. 

1966, pp. 235-250. 

Love, A. E. H.: The Small Vibrations and Deformations 
of a Thin Elastic Shell. Phil. Trans. Roy. Soc. (Lon- 
don), ser. A, 179, 1888, pp. 491-546. 

Luzhin, O. V.: Problem of Free Vibrations of Thin 
Spherical Shells. Stroit. Mekh. i Raschet Sooruzh., no. 
3, 1961, pp. 32-36. (In Russian.) 

Luzhin, O. V.: Axisymmetric Vibrations of Spherical 
Domes Under Different Boundary Conditions. Issle- 
dovaniya Po Teorii Sooruzhenii, .no. 11, 1962, pp. 
35-53. (In Russian.) 

Luzhin, O. V.: Some Problems of Shell Dynamics. 
Theory of Shells and Plates; Proc. of the 4th All- 
Union Conf., Yerevan, Armenian SSR, Oct. 24-31, 
1962, pp. 652-658. (In Russian.) 

Lyamshev, L. M.: Theory of Sound Radiation by Thin 
Elastic Shells and Plates. Akusticheskii Zhurnal, vol. 
5, no. 4, Oct.-Dec. 1959, pp. 420-427. (In Russian.) 
Malkina, R. L.: Application of the Method of As- 
ymptotic Integration to Problems of Shell Vibrations. 
Teoriya Obolochek i Plastin, Erevan Akad Arm SSR, 
1964, pp. 668-673. (In Russian.) 

Malkina, R. L.: Free Oscillations of a Spherical Dome. 
Aviatsionnaia Tekh., no. 1, 1964, pp. 67-74. (In 
Russian.) 

Malkina, R. L.: Application of the Method of As- 
ymptotic Integration to the Problems of Oscillations 
of Near-Spherical Shells of Revolution. Aviatsionnaia 
Tekh., vol. 7, no. 2, 1964, pp. 47-56. (In Russian.) 
Manasyan, A. A. : Vibrations of a Spherical Shell Under 
the Action of a Concentrated Force. Theory of Shells 
and Plates, Proc. of the 4th All-Union Conf., Yerevan, 
Armenian SSR, 1962, pp. 674-679. (In Russian.) 
Mauro, A.: Una soluzione completa del problema delle 
vibrazioni libere di volte sottili ribassate su pianta 
rettangolare. Technica Italiana, vol. 32, no. 3, Mar. 

1967, pp. 145-161. 

McDonald, C.: A Numerical Analysis of the Dynamic 
Response of Thin Elastic Spherical Shells. Ph.D. Dis- 
sertation, Univ. of 111., 1959. 

McIvor, I. K.; and Sonstegard, D. A.: The Axisym- 
metric Response of a Closed Spherical Shell to a 
Nearly Uniform Radial Impulse. J. Acoust. Soc. Amer., 
vol. 40, no. 6, Dec. 1966, pp. 1540-1547. 

Medick, M. A.: On the Initial Response of Thin Elastic 
Shells to Localized Transient Forces. Tech. Rept. No. 
RAD-TR-61-6, Contract AF04 (647)-258, Avco Corp., 
Apr. 1961. 

Medick, M. A.: Initial Response of an Elastic Spherical 
Shell Upon Impact With a Compressible Fluid. Proc. 
4th U.S. Nat. Cong. Appl. Mech (Berkeley, Calif.), 
June 18-21, 1962, pp. 285-292. 

Mortell, M. P.: Waves on a Spherical Shell. J. Acoust. 

Soc. Amer., vol. 45, no. 1, Jan. 1969, pp. 144-149. 
Mukherjee, J.: Stresses due to Vibration of Spherical 
Shells of Aeolotropic Materials. AIAA J., vol. 6, no. 8, 
Aug. 1968, pp. 1563-1565. 


408 


VIBRATION OF SHELLS 


Naghdi, P. M.: On the General Problem of Elasto- 
kinetics in the Theory of Shallow Shells. Proc. of the 
IUTAM Symp. on Theory of Thin Elastic Shells, 
North Holland Publishing Co. (Amsterdam, Holland), 
1960, pp. 301-330. 

Naghdi, P. M.; and Kalnins, A.: On Vibrations of 
Elastic Spherical Shells. Contract Nonr-222(69), Proj. 
NR-064-436, Tech. Rept. No. 13 (AD 251 800), Office 
of Naval Research, Jan. 1961. 

Naghdi, P. M.; and Kalnins, A.: On Vibrations of 
Elastic Spherical Shells. J. Appl. Mech., vol. 29, no. 
1, Mar. 1962, pp. 65-72. 

Naghdi, P. M.; and Orthwein, W. C.: On Axisym- 
metric Vibrations of Thin Shallow Viscoelastic Spher- 
ical Shells. Proj. No. 1750-17500-717, Contract No. 
AF 18(603)-47, Air Force Office of Scientific Research, 
Jan. 1959. 

Naghdi, P. M.; and Orthwein, W. C.: Response of 
Shallow Viscoelastic Spherical Shells to Time Depen- 
dent Axisymmetric Loads. Quart. Appl. Math., vol. 
18, July 1960, pp. 107-121. 

Navaratna, D. R. : Natural Vibrations of Deep Spher- 
ical Shells. AIAA J., vol. 4, no. 11, Nov. 1966, pp. 
2056-2058. 

Ogibalov, P. M.: Problems in Dynamics and Stability 
of Shells. Izdate’stvo Moskovskozo Universtiteta, 
1963. (In Russian.) 

Okubo, S.; and Whittier, J. S.: A Note on Buckling 
and Vibrations of an Externally Pressurized Shallow 
Spherical Shell. J. Appl. Mech., vol. 34, no. 4, Dec. 
1967, pp. 1032-1034. 

Oniashvili, O. D.: Certain Dynamic Problems of the 
Theory of Shells. Academy of Sciences of the Georgian 
SSR, Construction Institute. (Transl. and Publ. by 
M. D. Friedman, Inc., Foreign Tech. Transl., West 
Newton, Mass., 1959.) 

Dry, H.; Hornung, E.; and Fahlbusch, G.: A Simpli- 
fied Matrix Method for the Dynamic Examination of 
Different Shells of Revolution. Symposium on Struc- 
tural Dynamics and Aeroelasticity, AIAA (Boston), 
1965, pp. 365-388. 

Pandalai, K. A. V.; and Dym, C. L. : On the Equations 
for Axisymmetric Deformation of Shallow Shells of 
Revolution. Contract No. AF 49(638)1276 (AD 635 
095), Air Force Office of Scientific Research, Apr. 1966. 

Penzes, L. E. : Free Vibrations of Thin Orthotropic 
Oblate Spheroidal Shells. J. Acoust. Soc. Amer., vol. 
45, no. 2, Feb. 1969, pp. 500-505. 

Penzes, L. E.; and Burgin, G. H.: Free Vibrations of 
Thin Isotropic Oblate Spheroidal Shells. Rept. No. 
GD/C-BTD65-113, Convair Div., General Dynamics, 
July 1965. 

Pesennikova, N. K.; and Sakharov, I. E.: Natural 
Vibration Frequencies of Fundamental Tone of Spher- 
ical Shells. Izv. Akad. Nauk SSSR, OTD Tekh. Nauk, 
Mekh. i Mash. (2), 1961, pp. 168-172. (In Russian.) 

Pilkey, W. D.: Mechanically and/or Thermally Gen- 
erated Dynamic Response of Thick Spherical and Cy- 
lindrical Shells With Variable Material Properties. J. 
Sound Vib., vol. 6, no. 1, 1967, pp. 105-109. 


Pozhalostin, A. A.: On the Analysis of the Natural 
Vibrations Frequencies of a Shallow Spherical Shell. 
Izv. Vyssh. Uchebn. Zaved., Mashinostro (Moscow), 
no. 10, 1965, pp. 30-34. (In Russian.) 

Prasad, C. : On Vibrations of Spherical Shells. J. Acoust. 
Soc. Amer., vol. 36, no. 3, Mar. 1964, pp. 489-494. 

Prasad, C.; and Jain, R. K. : On Axisymmetric Vibra- 
tions of Thick Spherical Shells. (Private communica- 
tion.) Univ. of Roorkee, Roorkee, India. 

Ramakrishnan, C. V.; and Shah, A. H.: Vibration of 
an Aeolotropic Spherical Shell. J. Acoust. Soc. Amer., 
vol. 47, no. 5, part 2, May 1970, pp. 1366-1374. 

Rand, R. ; and DiMaggio, F.: Vibrations of Fluid-Filled 
Spherical and Spheroidal Shells. J. Acoust. Soc. Amer., 
vol. 42, no. 6, Dec. 1967, pp,’ 1278-1286. 

Rayleigh, Lord: On the Bending and Vibration of Thin 
Elastic Shells, Especially of Cylindrical Form. Phil. 
Trans. Roy. Soc. (London), Dec. 1888, pp. 105-123. 

Reismann, H.; and Culkowski, P. M.: Forced Motion 
of Shallow Spherical Shells. Durham ARO-D Proj. 
No. 5637-E*, Tech. Rept. No. 21 (AD 650 221), U.S. 
Army Research Office, Apr. 1967. 

Reismann, H.; and Culkowski, P. M.: Forced Axi- 
symmetric Motion of Shallow Spherical Shells. J. Eng. 
Mech. Div., Proc. ASCE, vol. 94, Apr. 1968, pp. 
653-670. 

Reissner, E. : On Vibrations of Shallow Spherical Shells. 
J. Appl. Phys., vol. 17 no. 12, Dec. 1946, pp. 1038- 
1042. 

Reissner, E. : On Transverse Vibrations of Thin, Shallow 
Elastic Shells. Quart. Appl. Math., vol. 13, no. 2, July 
1955, pp. 169-176. 

Reissner, E. : On Axisymmetric Vibrations of Shallow 
Spherical Shells. Quart. Appl. Math., vol. 13, no. 3, 
Oct. 1955, pp. 279-290. 

Reissner, E.: Contributions to the Theory of Thin 
Elastic Shells. 9th Congr. Intern. Mecan. Appl., Univ. 
of Bruxelles, 1957, vol. 6, pp. 290-296. 

Ross, E. W., jr.: Membrane Natural Frequencies for 
Axisymmetric Vibration of Deep Spherical Caps. Tech. 
Rept. AMRA TR 63-23 (AD 428 442), U.S. Army 
Materials Research Agency, Dec. 1963. 

Ross, E. W., jr.: Natural Frequencies and Mode Shapes 
for Axisymmetric Vibration of Deep Spherical Caps. 
Tech. Rept. AMRA TR 64-38 (AD 457 109), U.S. 
Army Materials Research Agency, Nov. 1964. 

Ross, E. W., jr.: Membrane Natural Frequencies for 
Spherical Caps. J. Appl. Mech., vol. 32, no. 2, June 
1965, pp. 432-434. 

Ross, E. W., jr. : Natural Frequencies and Mode Shapes 
for Axisymmetric Vibration of Deep Spherical Shells. 
J. Appl. Mech., vol. 32, no. 3, Sept. 1965, pp. 553-561. 

Ross, E. W., jr.: Comment on “Computer Analysis of 
Asymmetric Free Vibrations of Ring-Stiffened Ortho- 
tropic Shells of Revolution.” AIAA J., vol. 4, no. 7, 
July 1966, pp. 1310-1312. 

Ross, E. W., jr. : On Membrane Frequencies for Spher- 
ical Shell Vibrations. Tech. Rept. 67-74-OSD (AD 
651 475), U.S. Army Natick Laboratories, May 1967. 


SPHERICAL AND OTHER SHELLS 


409 


Ross, E. W., jr.: On Inextensional Vibrations of Thin 
Shells. Tech. Rept. 68-14-OSD (AD 658 672), U.S. 
Army Natick Laboratories, July 1967. 

Ross, E. W., jr.: Membrane Frequencies for Spherical 
Shell Vibrations. AIAA J., vol. 6, no. 5, May 1968, pp. 
803-808. 

Ross, E. W., jr.: On Inextensional Vibrations of Thin 
Shells. J. Appl. Mech., vol. 35, no. 3, Sept. 1968, pp. 
516-523. 

Ross, E. W., jr.; and Matthews, W. T.: Frequencies 
and Mode Shapes for Axisymmetric Vibration of 
Shells. J. Appl. Mech., vol. 34, no. 1, Mar. 1967, pp. 
73-80. 

Sachenkov, A. V.: Determination of the Frequencies of 
Free Oscillations of Shallow Spherical Shells and Plane 
Plates by Analogy with Membrane Oscillation. Prikl. 
Mekh., vol. 1, no. 1, 1965, pp. 104-108. (In Russian.) 

Sakharov, I. E.: Equations of Vibrations of Orthotropic 
Shallow Spherical and Conical Shells. Izv. Alcad. Nauk 
SSSR, OTD Tekh. Nauk, Mekh. i Mash. vol. 5, 1960, 
pp. 154-156. (In Russian.) 

Samoilov, E. A.: Dynamic Calculation of Spherical 
Shells on Digital Computers. Prochnost’ i Ustoichi- 
vost’ Elementov Tonkostennykh Konstruktsii, no. 2, 
1967, pp. 234-247. (In Russian.) 

Samoilov, E. A.; and Pavlov, B. S.: Vibrations of a 
Hemispherical Shell Filled With a Fluid. Aviatsion- 
naia Tekhnika, vol. 7, no. 3, 1964, pp. 79-86. (In 
Russian.) 

Samoilov, E. A.; and Pavlov, B. S.: Oscillations of a 
Hemispherical Shell Filled With a Fluid. Aviatsion- 
naia Tekhnika, vol. 9, no. 1, 1966, pp. 38-46. (In 
Russian.) 

Saunders, H. ; and Paslat, P. R. : Inextensional Vibra- 
tions of a Sphere-Cone Shell Combination. J. Acoust. 
Soc. Amer., vol. 31, no. 5, May 1959, pp. 579-583. 

Seide, P. : Radial Vibrations of Spherical Shells. J. Appl. 
Mech., vol. 37, no. 2, June 1970, pp. 528-530. 

Sen, N. : On a Type of Vibration of an Elastic Spherical 
Shell. Phil. Mag., 6th series, vol. 42, pp. 185-193. 

Shah, A. H.; Ramkrishnan, C. V.; and Datta, S. K.: 
Three-Dimensional and Shell-Theory Analysis of Elas- 
tic Waves in a Hollow Sphere, Parts 1 and 2. J. Appl. 
Mech., vol. 36, no. 3, Sept. 1969, pp. 431-444. 

Shiraishi, N.; and DiMaggio, F. L.: Perturbation Solu- 
tion for Axisymmetric Vibrations of Prolated Spherical 
Shells. J. Acoust. Soc. Amer., vol. 34, no. 11, Nov. 
1962, pp. 1725-1731. 

Shklyarchuk, F. N. : About an Approximate Method of 
Calculating Axially Symmetrical Oscillations of Shells 
of Rotation With Liquid Filling. Izv. Akad. Nauk 
SSSR, Mekh., no. 6, 1965, pp. 123-129. (In Russian.) 
(English Transl.: FTD-HT-66-527, Foreign Tech- 
nology Div., Wright-Patterson AFB.) 

Shmakov, V. P.: Method of Integrating the Equations 
of the Axisymmetric Oscillations of a Spherical Shell. 
Inzhenernyi Zhurnal-Mekh. Tver. Tela, Mar.-Apr. 
1966, pp. 154-159. (In Russian.) 

Silbiger, A. : Free and Forced Vibrations of a Spherical 


Shell. Rept. U-106-48, Contract Nonr-2739(00) (AD 
251 628), Cambridge Acoustical Associates, Inc., Dec. 
1960. 

Silbiger, A.: Nonaxisymmetric Modes of Vibration of 
Thin Spherical Shells. J. Acoust. Soc. Amer., vol. 34, 
no. 6, June 1962, p. 862. 

Song, Q. G. : An Approximate Solution for Symmetric 
Vibration in Spherical Shells. Acta Mech. Sinica, vol. 
7, no. 4, Dec. 1964, pp. 335-341. (In Chinese.) (English 
Transl.: FTD-HT-23-550-67, Foreign Technology 
Div., Wright-Patterson AFB, 1967.) 

Sonstegard, D. A.: Effects of a Surrounding Fluid on 
the Free, Axisymmetric Vibrations of Thin Elastic 
Spherical Shells. J. Acoust. Soc. Amer., vol. 45, no. 2, 
Feb. 1969, pp. 506-510. 

Suvernev, V. G.: Natural Vibrations of Spherical Sand- 
wich Shells With Freely Supported and Fixed Edges. 
Rasch. Elementov Aviats. Konstr., no. 3, MASHGLZ, 
1965, pp. 219-225. N66 33788. 

Suvernev, V. G.: Small Natural Oscillations of Triple- 
Layer Shells of Rotation. FTD-TT-65-1874/1+2+4 
(AD 639 556), Foreign Technology Div., Wright-Pat- 
terson AFB, June 1966. 

Tasi, J. : Effect of Mass Loss on the Transient Response 
of a Shallow Spherical Sandwich Shell. AIAA J., vol. 
2, no. 1, Jan. 1964, pp. 58-63. 

Tovstik, P. E.: Regular Integrals of the Equations of 
Axisymmetrical Oscillations of a Dome. Issledovaniia 
Po Uprugosti i Plastichnosti, no. 4, Leningrad, 1965, 
pp. 117-133. (In Russian.) 

Tovstik, P. E.: Free Vibrations of a Thin Spherical 
Dome. Akad. Nauk SSSR, Izv. Mekh., Nov.-Dee. 
1965, pp. 111-113. (In Russian.) 

Vlasov, V. Z.\ Theory of Space Vibration of Thin- 
Walled, Bars and Shells as well as Aerodynamic Sta- 
bility of Suspension Bridges. 9th Congres. Intern. 
Mecan. Appl., Univ. of Bruxelles, 1957, pp. 519-526. 

Van Fo Fy, G. A.: Vibrations of a Shallow Spherical 
Segment. Prikl. Mekh., vol. 7, no. 1, 1961, pp. 105- 
107. (In Ukrainian.) 

Van Fo Fy, G. A.; and Buivol, V. N.: Oscillations of 
Shallow Spherical Shells. Theory of Shells and Plates, 
Proc. of the 4th All-Union Conf., Yerevan, Armenian, 
SSR, 1962, pp. 309-312. (In Russian.) 

Wang, C. C.: On the Radial Oscillations of a Spherical 
Thin Shell in the Finite Elasticity Theory. Quart. 
Appl. Math., vol. 23, no. 3, Oct. 1965, pp. 270-274. 

Wang, J. T. S.; Stadler, W.; and Lin, C.: The Axisym- 
metric Response of Cylindrical and Hemispherical 
Shells to Time-Dependent Loading. NASA CR-572, 
Sept. 1966. 

Wang, J. T. S.; Lin, C. W.; and Stadler, W.: Axisym- 
metric Dynamic Response of Spherical and Cylindrical 
Shells. American Astronaut. Soc. Southeastern Sym- 
posium on Missiles and Aerospace Vehicles Sciences 
(Huntsville, Alabama), Dec. 5-7, 1966. 

Webster, J. J.: Free Vibrations of Shells of Revolution 
Using Ring Finite Elements. Int. J. Mech. Sci., vol. 
9, no. 8, Aug. 1967, pp. 559-570. 


410 


VIBRATION OF SHELLS 


Wilkinson, J. P.: Natural Frequencies of Closed Spher- 
ical Shells. J. Acoust. Soc. Amer., vol. 38, no. 2, Aug. 

1965, pp. 367-368. 

Wilkinson, J. P. : Transient Response of Thin Elastic 
Shells. J. Acoust. Soc. Amer., vol. 39, no. 5, part 1, 
May 1966, pp. 895-898. 

Wilkinson, J. P.: Natural Frequencies of Closed Spher- 
ical Sandwich Shells. J. Acoust. Soc. Amer., vol. 40, 
no. 4, Oct. 1966, pp. 801-806. 

Wilkinson, J. P.: The Oscillations of a Sandwich Sphere. 

J. Appl. Meeh., vol. 36, no. 2, June 1969, pp. 307-309. 
Wilkinson, J. P. ; and Kalnins, A.: On Nonsymmetric 
Dynamic Problems of Elastic Spherical Shells. J. Appl. 
Mech., vol. 32, no. 3, Sept. 1965, pp. 525-532. 
Wilkinson, J. P.; and Kalnins, A.: Deformation of 
Open Spherical Shells Under Arbitrarily Located Con- 
centrated Loads. J. Appl. Mech., vol. 33, no. 2, June 

1966, pp. 305-312. 

Witmbb, E. A.; Balmer, H. A.; Leech, J. W.; and Pian, 
T. H. H. : Large Dynamic Deformations of Beams, 
Rings, Plates, and Shells. AIAA J., vol. 1, no. 8, Aug. 
1963, pp. 1848-1857. 

Yu, Y. Y.; and Koplik, B.: Torsional Vibrations of 
Homogeneous and Sandwich Spherical Caps and Cir- 
cular Plates. J. Appl. Mech., vol. 34, no. 3, Sept. 

1967, pp. 787-789. 

Zarqhamee, M. S.; and Robinson, A. R. : Free and 
Forced Vibrations of Spherical Shells. Contract Nonr- 
1834(03) (AD 620 906), July 1965. 

Zarghamee, M. S. ; and Robinson, A. R. : A Numerical 
Method for Analysis of Free Vibration of Spherical 
Shells. AIAA J., vol. 5, no. 7, July 1967, pp. 1256- 
1261. 

Zimin, V. I.: On the Dynamic Calculation of Axisym- 
metrically Loaded Shells of Revolution. Aviatsionnaia 
Tekhnika, no. 3, 1960, pp. 34-42. (In Russian.) 

6.2 ELLIPSOIDAL (OR SPHEROIDAL) SHELLS 

DiMaggio, F.; and Rand, R.: Axisymmetric Vibrations 
of Prolate Spheroidal Shells. J. Acoust. Soc. Amer., 
vol. 40, no. 1, July 1966, pp. 179-186. 

DiMaggio, F. L.; and Silbiger, A.: Free Extensional 
Torsional Vibrations of a Prolate Spheroidal Shell. 
Contract Nonr 266(67), Proj. 385 414, Tech. Rept. 
No. 2, Office of Naval Research, Mar. 1960. 
DiMaggio, F. L. ; and Silbiger, A.: Free Extensional 
Torsional Vibrations of a Prolate Spheroidal Shell. J. 
Acoust. Soc. Amer., vol. 33, no. 1, Jan. 1961, pp. 
56-58. 

Gontkevich, V. S.: Natural Vibrations of Shells in a 
Liquid. Published: Kiev, Naukova Dumka, 1964. (In 
Russian.) 

Hayek, S.; and DiMaggio, F. L. : Axisymmetric Vibra- 
tions of Submerged Spheroidal Shells. Contract Nonr 
266(67) Proj. 385-414, Tech. Rept. No. 4, Office of 
Naval Research, Jan. 1965. 

Hayek, S. ; and DiMaggio, F. L.: Complex Natural Fre- 
quencies of Vibrating Submerged Spheroidal Shells. 


Int. J. Solids Structures, vol. 6, no. 3, Mar. 1970, pp. 
333-351. 

Hwang, C.: Extensional Vibration of Axisymmetrical 
Shells. AIAA J., vol. 3, no. 1, Jan. 1965, pp. 23-26. 

Nemergut, P. J.; and Brand, R. S.: Axisymmetric 
Vibrations of Prolate Spheroidal Shells. J. Acoust. Soc. 
Amer., vol. 38, no. 2, Apr. 1965, pp. 262-265. 

Penzes, L. E.: Free Vibrations of Thin Oblate Spheroidal 
Shells. J. Acoust. Soc. Amer., vol. 45, no. 2, Feb. 1969, 
pp. 500-505. 

Penzes, L. E. ; and Burgin, G. : Free Vibrations of T hin 
Isotropic Oblate Spheroidal Shells. Rept. No. CD/C- 
BTD65-113, Convair Div., General Dynamics, July 
1965. 

Penzes, L. E. ; and Burgin, G. : Free Vibrations of Thin 
Isotropic Oblate-Spheroidal Shells. J. Acoust. Soc. 
Amer., vol. 39, no. 1, Jan. 1966, pp. 8-13. 

Rand, R. H. : Torsional Vibrations of Elastic Prolate 
Spheroids. J. Acoust. Soc. Amer., vol. 44, no. 3, Sept. 
1968, pp. 749-751. 

Rand, R. ; and DiMaggio, F. : Vibrations of Fluid-Filled 
Spherical and Spheroidal Shells. J. Acoust. Soc. Amer., 
vol. 42, no. 6, Dec. 1967, pp. 1278-1286. 

Ross, E. W., jr.; and Matthews, W. T.: Frequencies 
and Mode Shapes for Axisymmetric Vibration of Shells. 
Tech. Rept. AMRA TR 66-04, U.S. Army Materials 
Research Agency, Feb. 1966. 

Ross, E. W., jr.; and Matthews, W. T.: Frequencies 
and Mode Shapes for Axisymmetric Vibration of 
Shells. J. Appl. Mech., vol. 34, no. 1, Mar. 1967, pp. 
73-80. 

Shiraishi, N.; and DiMaggio, F. L. : Perturbation Solu- 
tion for the Axisymmetric Vibrations of Prolate 
Spheroidal Shells. J. Acoust. Soc. Amer., vol. 34, no. 
11, Nov. 1962, pp. 1725-1731. 

Silbiger, A.; and DiMaggio, F. L.: Extensional Axi- 
symmetric Second Class Vibrations of a Prolate 
Spheroidal Shell. Contract Nonr 266(67) Proj. 385- 
414, Tech. Rept. No. 3, Office of Naval Research, 
1961. 

Yen, T.; and DiMaggio, F. : Forced Vibrations of Sub- 
merged Spheroidal Shells. J. Acoust. Soc. Amer., vol. 
41, no. 3, Mar. 1967, pp. 618-626. 

6.3 PARABOLOIDAL SHELLS 

Bacon, M. D.; and Bert, C. W. : Unsymmetric Free 
Vibrations of Orthotropic Sandwich Shells of Revolu- 
tion. AIAA J., vol. 5, no. 3, Mar. 1967, pp. 413-417. 

Craig, R. R., jr. : Analysis of Reinforced Concrete Thin 
Shells — A Preliminary Study. Tech. Note N-750 (AD 
624 197), U.S. Naval Civil Engineering Lab., Oct. 
1965. 

Hoppmann, W. H., ii; Cohen, M. I.; and Kunukkas- 
seril, V. X. : Elastic Vibrations of Paraboloidal Shells 
of Revolution. J. Acoust. Soc. Amer., vol. 36, no. 2, 
Feb. 1964, pp. 349-353. 

Johnson, M. W.; and Reissner, E.: On Inextensional 
Deformations of Shallow Elastic Shells. J. Math. Phys., 
vol. 34, no. 4, 1956, pp. 335-346. 


SPHERICAL AND OTHER SHELLS 


411 


Kalnins, A. : Free Vibration of Rotationally Symmetric 
Shells. J. Acoust. Soc. Amer., vol. 36, no. 7, July 1964, 
pp. 1355-1365. 

Lin, Y. K. ; and Lee, F. A.: Vibrations of Thin Para- 
boloidal Shells of Revolution. J. Appl. Mech., vol. 27, 
no. 4, Dec. 1960, pp. 743-746. 

Reissner, E. : On Transverse Vibrations of Thin, Shallow 
Elastic Shells. Quart. Appl. Math., vol. 13, no. 2, 1955, 
pp. 169-176. 

Wang, J. T. S. ; and Lin, C. W.: On the Differential 
Equations of the Axisymmetric Vibration of Parab- 
oloidal Shells of Revolution. NASA CR-932, Nov. 
1967. 


6.4 TOROIDAL SHELLS 

Budiansky, B.; and Liepins, A. A.: Vibration and Sta- 
bility of Prestressed Shells: General Theory and the 
Membrane Torus. Presented at the Conference on 
Shell Theory and Analysis (Palo Alto, Calif.), 1963. 

Flugge, W. ; and Sobel, L. H.: Stability of Shells of 
Revolution: General Theory and Application to the 
Torus. NASA Rept. N65-27912, Stanford Univ., 1965. 

Jordan, P. F.: Vibration and Buckling of Pressurized 
Torus Shells. Paper 66-445, AIAA 4th Aerospace 
Sciences Meeting (Los Angeles, Calif.), June 1966. 

Jordan, P. F.: Vibration Test of a Pressurized Torus 
Shell. Paper 67-73, AIAA 5th Aerospace Sciences 
Meeting, New York, N.Y., Jan. 23-26, 1967. (Also 
NASA CR-884, Oct. 1967.) 

Liepins, A. A. : Free Vibrations of the Prestressed Toroi- 
dal Membrane. Rept. No. 474, Synatech Corp., May 
22, 1964. 

Liepins, A. A.: Flexural Vibrations of the Prestressed 
Toroidal Shell. NASA CR-296, Sept. 1965. 

Liepins, A. A. : Free Vibrations of the Prestressed Toroi- 
dal Membrane. AIAA J., vol. 3,~no. 1, Oct. 1965, pp. 
1924-1933. 

Liepins, A. A.: Vibration Study of a Pressurized Torus 
Shell. Part II — Development and Applications of 
Analysis. NASA CR-885, Oct. 1967. 

McGill, D. J.: Axisymmetric Free Oscillations of Thick 
Toroidal Shells. Ph.D. Dissertation, Univ. of Kansas, 
June 1966. 

McGill, D. J.; and Lenzen, K. H.: Polar Axisymmetric 
Free Oscillations of Thick Hollowed Tori. SIAM J. 
Appl. Math., vol. 15, no. 3, May 1967, pp. 678-692. 

McGill, D. J. ; and Lenzen, K. H.: Circumferential 
Axisymmetric Free Oscillations of Thick Hollowed 
Tori. Int. J. Solids Structures, vol. 3, no. 5, Sept. 1967, 
pp. 771-780. 

Meyerovich, I. I. : Approximate Method for the Deter- 
mination of the Natural Oscillation Frequencies of 
Cylindrical, Conic and Toroidal Shells. NASA TT 
F-10,377, Nov. 1966. 

Sanders, J. L., jr.; and Liepins, A. A.: The Circular 
Torus Membrane Under Internal Pressure. Contract 
No. AF 49(638)-1096 (AD 607 990), Dynatech Corp., 
May 1962. 


Sumner, I. E.: Preliminary Experimental Investigation 
of Frequencies and Forces Resulting From Liquid 
Slushing in Toroidal Tanks. NASA TN D-1709, June 
1963. 


6.5 OTHER SHELLS OF REVOLUTION 

Adelman, H. M.; Catherines, D. S.; and Walton, 
W. C., jr.: A Method for Computation of Vibration 
Modes and Frequencies of Orthotropie Thin Shells of 
Revolution Having General Meridional Curvature. 
NASA TN D-4972, Jan. 1969. 

Adelman, H. M.; Catherines, D. S.; and Walton, 
W. C., jr. : A Geometrically Exact Finite Element for 
Thin Shells of Revolution. AIAA 7th Aerospace 
Sciences Meeting (New York), Jan. 20-22, 1969. 

Aksel’rad, E. L.: Periodic Solutions of the Axisym- 
metric Problem in Shell Theory. Inzhenernyi Zhurnal- 
Mekhanika Tverdogo Tela, Mar.-Apr. 1966, pp. 
77-83. (In Russian.) 

Aleksandrovich, L. I.; and Lamper, R. E.: Natural 
Oscillations of an Elastic Axisymmetric Vessel of 
Arbitrary Contour. All-Union Conf. on the Theory of 
Shells and Plates, 6th, Baku, Azerbaidzhan SSR, Sept. 
15-20, 1966, transactions, pp. 25-27. (In Russian.) 

Ambartsumyan, S. A.; and Durgar’yan, S. M.: Oscilla- 
tion of an Orthotropic Tapered Shell in a Variable 
Temperature Field. AN ARMSSR. Doklady, vol. 38, 
no. 2, 1964, pp. 87-92. (In Russian.) 

Bacon, M. D.; and Bert, C. W.: Unsymmetric Free 
Vibrations of Orthotropic Sandwich Shells of Revolu- 
tion. AIAA J., vol. 5, no. 3, Mar. 1967, pp. 413-417. 

Birger, I. A.; Prokopev, V. I.; and Shekhtman, Iu. V.: 
Use of Matrix Integral Equations to Calculate Critical 
Loads and Natural Frequencies of Oscillation of Shells 
of Revolution. All-Union Conf. on the Theory of Shells 
and Plates, 6th, Baku, Azerbaidzhan SSR, Sept. 1966, 
transactions, pp. 155-160. (In Russian.) 

Bogner, F. K.; and Archer, R. R.: On the Orthogon- 
ality Condition of Axisymmetric Vibration Modes for 
Shells of Revolution. J. Appl. Mech., vol. 32, no. 2, 
June 1965, pp. 447-448. 

Burmistrov, E. F.: Nonlinear Transverse Vibrations of 
Orthotropic Shells of Revolution. Inzh. Sb., vol. 26, 
1958, pp. 5-20. (In Russian.) 

Bushnell, D.: Analysis of Buckling and Vibration of 
Ring-Stiffened, Segmented Shells of Revolution. Int. 
J. Solids Structures, vol. 6, no. 1, Jan. 1970, pp. 157— 
181. 

Chow, H. Y.; and Popov, E. P.: Finite Element Solu- 
tion of Axisymmetrical Dynamic Problems of Shells 
of Revolution. NASA CR-76100, Apr. 1966. 

Cohen, G. A.: Computer Analysis of Asymmetric Free 
Vibrations of Ring-Stiffened Orthotropic Shells of 
Revolution. AIAA J., vol. 3, no. 12, Dec. 1965, pp. 
2305-2312. 

Cooper, P. A.: Vibration and Buckling of Prestressed 
Shells of Revolution. NASA TN D-3831, 1967. 


412 


VIBRATION OF SHELLS 


Cooper, P. A.: Vibration of Stressed Shells of Double 
Curvature. Pb.D. Dissertation, Virginia Polytechnic 
Institute, June 1968. 

Duddeck, H.: Bending Theory of Universal Shells of 
Revolution With Slightly Varying Shell Curvatures. 
Ingenieur-Archiv, vol. 33, no. 5, 1964, pp. 279-300. 
(In German.) 

Garnet, H.; Goldberg, M. A.; and Salerno, V. L.: 
Torsional Vibrations of Shells of Revolution. J. Appl. 
Mech., vol. 28, no. 4, Dec. 1961, pp. 571-573. 
Gontkevich, V. S.: Natural Vibrations of Plates and 
Shells. A. P. Filipov, Ed., Nauk Dumka (Kiev), 1964. 
(Transl. by Lockheed Missiles and Space Co.) 
Grigolyuk, E. I.: Nonlinear Vibrations and Stability of 
Shallow Rods and Shells. Izv. AN SSSR, OTN, no. 3, 
1955, pp. 33-68. (In Russian.) 

Hu, W. C. L.: A Survey of the Literature on the Vibra- 
tions of Thin Shells. Southwest Research Inst., Tech. 
Rept. No. 1, Contract NASr-94(06), June 1964. 
Kalnins, A.: On Free and Forced Vibration of Rota- 
tionally Symmetric Layered Shells. J. Appl. Mech., 
vol. 32, no. 4, Dec. 1965, pp. 941-943. 

Kalnins, A.: Analysis of Thin Elastic Shells With At- 
tached Systems. AIAA 5th Aerospace Sciences Meet- 
ing (New York), Jan. 23-26, 1967. 

Klein, S.; and Sylvester, R. J.: The Linear Elastic 
Dynamic Analysis of Shells of Revolution by the 
Matrix Displacement Method. AFFDL-TR-66-80, 
Aerospace Corp., Dec. 1965, pp. 299-328. 

Leissa, A. W.: On the Nonlinear Strain-Curvature-Dis- 
placement Relationships for Thin Elastic Shells. J. 
Aerospace Sci., vol. 29, Nov. 1962, pp. 1381-1382. 
Pshenichnov, G. I.: Small Free Vibrations of Elastic 
Shells of Revolution. Inzhenernyi Zhurnal, vol. 5, no. 

4, 1965, pp. 685-690. (In Russian.) 

Pshenichonov, G. I.: Free and Forced Axisymmetrical 

Oscillations of Thin Elastic Shells of Revolution. All- 
Union Conf. on the Theory of Shells and Plates, 6th, 
Baku, Azerbaidzhan SSR, Sept. 1966, transactions, 
pp. 641-645. (In Russian.) 

Rapoport, L. D. ; and Iasin, E. M. : Determination of the 
Frequencies of the Natural Oscillations of Corrugated 
Circular Cylindrical Shells. Prochnost’ i Dinamika 
Aviatsionnykh Dvigatelei, no. 2, Moscow, Izdatel’stvo 
Mashinostroenie, 1965, pp. 129-147. 

Rayleigh, Lord: On Bells. Phil. Mag. and J. Sci., Series 

5, vol. 29, no. 176, Jan. 1890, pp. 1-17. 

Ross, E. W., jr.: Asymptotic Analysis of the Axisym- 
metric Vibration of Shells. Tech. Rept. AMRA TR 
65-08 (AD 616 604), U.S. Army Materials Research 
Agency, Apr. 1965. 

Ross, E. W., jr.: Asymptotic Analysis of the Axisym- 
metrie Vibration of Shells. J. Appl. Mech., vol. 33, 
no. 1, Mar. 1966, pp. 85-92. 

Ross, E. W., jr.: Transition Solutions for Axisymmetric 
Shell Vibrations. J. Math. Phys., vol. 45, Dec. 1966, 
pp. 335-355. 

Ross, E. W., jr.: Approximations in Nonsymmetric 
Shell Vibrations. Tech. Rept. AMRA TR 67-08 (AD 


652 255), U.S. Army Material Research Agency, Apr. 
1967. 

Ross, E. W., jr.; and Matthews, W. T.: Frequencies 
and Mode Shapes for Axisymmetric Vibration of 
Shells. Tech. Rept. AMRA TR 66-04, U.S. Army 
Materials Research Agency, Feb. 1966. 

Shklyarchuk, F. N. : Variational Methods for Calculat- 
ing Axisymmetrical Oscillations of Shells of Revolu- 
tion Partially Filled With a Fluid. All-Union Conf. on 
the Theory of Shells and Plates, 6th, Baku, Azerbaid- 
zhan SSR, Sept. 15-20, 1966, transactions, pp. 835- 
840. (In Russian.) 

Simmonds, J. G.: A Discussion of “On the Orthogonality 
Condition of Axisymmetric Vibration Modes for Shells 
of Revolution.” J. Appl. Mech., vol. 32, no. 4, Dec. 

1965, p. 954. 

Suvernev, V. G.: Some Oscillation Problems of Three- 
Layer Shells. All-Union Conf. on the Theory of Shells 
and Plates, 6th, Baku, Azerbaidzhan SSR, Sept. 15-20, 

1966, transactions, pp. 707-709. (In Russian.) 
Tovstik, P. E.: Integrals of Equations of the Axisym- 
metrical Oscillations of a Shell of Revolution. Issle- 
dovaniia Po Uprugosti i Plastichnosti, no. 4, 1965, pp. 
107-116. (In Russian.) 

Tovstik, P. E. : Oscillation Frequency Spectrum of Shells 
of Revolution With a Great Number of Waves Along 
a Parallel. All-Union Conf. on the Theory of Shells 
and Plates, 6th, Baku, Azerbaidzhan SSR, Sept. 1966, 
transactions, pp. 746-752. (In Russian.) 

Tovstik, P. E.: Problem of Axisymmetrical Oscillations 
of a Shell of Revolution in the Case of a Double 
Reversal Point. Leningradskii Universitet, Vestnik, 
Matematika, Mekhanika, Astronomiia, vol. 22, Jan. 

1967, pp. 118-124. (In Russian.) 

Webster, J. J. : Free Vibrations of Shells of Revolution 
Using Ring Finite Elements. Int. J. Mech. Sci., vol. 
9, no. 8, Aug. 1967, pp. 559-570. 

6.6 OTHERS 

Carter, R. L. ; Robinson, A. R. ; and Schnobrich, 
W. C.: Free and Forced Vibrations of Hyperboloidal 
Shells of Revolution. Civil Engineering Studies, Struc- 
tural Research Series No. 334, Univ. of Illinois, Feb. 

1968, 

Anon.: Report of the Committee of Inquiry into Collapse 
of Cooling Towers at Ferrybridge Monday 1 Nov. 
1965. Central Electricity Generating Board, London, 
England. 

DeSilva, C. N.; and Tersteeg, G. E.: Axisymmetric 
Vibrations of Thin Elastic Shells. J. Acoust. Soc. 
Amer., vol. 36, no. 4, Apr. 1964, pp. 666-672. 
Lisowski, A.: Investigation of Shell Vibration and Sta- 
bility by Means of Model Tests. Rozprawy Inz., vol. 
6, no. 1, 1958, pp. 25-91. (In Polish.) 

Neal, B. G.: Natural Frequencies of Cooling Towers. 

J. Strain Analysis, vol. 2, no. 2, 1967, pp. 127-133. 
Strutt, M. J. O.: Eigenschwingungen einer Kezelschale. 
Annalen der Physik. 5 Folge, Band 17, Heft 7, Aug. 
1933, pp. 729-735. 


Appendix 

Solution of the Three Dimensional Equations 
of Motion for Cylinders 


A.l EQUATIONS OF MOTION 


The three dimensional equations of motion in 
terms of circular cylindrical coordinates are read- 
ily available in standard textbooks on the theory 
of elasticity (cf., ref. A.l, p. 306 and ref. A. 2, 
p. 184). Neglecting couple stresses, they are given 


by 


do x 1 dr x e dr xr T xr _ d 2 u 
l)xrlw + l)r + T~ P l)t? 


dr x e 1 dae dr e r .^Te T 
dx r dd dr r 



<A.l) 


dTr9 | dlTr 

dx r dd dr 


o> — oe dhv 

r 


where the stresses are defined as in figure A.l 
and the displacements u, v, and w are in the x, 9, 
and r directions to be consistent with circular 
cylindrical shell coordinates, except that the shell 
coordinate z (see sec. 1.2) measured from the 
middle surface is now replaced by the radial 
coordinate r, measured from the axis of the 
cylinder (see fig. A. 2). The strain displacement 
equations (1.35) in cylindrical coordinates are 


du ldv w dw' 
e x — ~> eg = — — -j — > &r — — 


dx 


r dd r 


dv 1 du 

7x6 = 76* = - 1 — 

dx r dd 
dw du 

7 xr = 7 rx = ~ b ~ 

dx dr 

1 dw dv V 

7 er = 7re = ~ T7 + T 

r dd dr r 


dr 


(A. 2) 



Figure A.l. — Positive stress convention in 
circular cylindrical coordinates. 



Using the three dimensional form of Hooke’s law 
for isotropic materials (eqs. (1.69), with a, /3, and 
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Figure A.2. — Circular cylinder and 
corresponding coordinates. 
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z replaced by x, 6, and r, respectively), and sub- 
stituting equations (A.2) into equations (A.l) 
yield the equations of motion in terms of dis- 
placements (refs. A. 3 and A.4) : 



d 2 u 

L nit L 12V L13W = 

S 2 — 

dt 2 

LnU-\- L22V ■]- L23W = 

dh 
5 2 — 
dt 2 


d 2 W 

L^iU-^r L32V L33W = 

b 2 — 
dt 2 


where u, v, w are the displacements in the x, d, r 
directions, respectively, 5 2 = 2(l + r)(l— 2 v)p/E, 
and 


u= U (r, 6) cos \x cos wt 
v = V (r, 6) sin X.r cos ut > 
w = W(r,d ) sin \x cos oit j 
where X = ?mr/l, the boundary conditions 
<r x = v = w = 0 at a; = 0, l 

are found to be exactly satisfied. 


(A.5) 


(A. 6) 


A.3 DISPLACEMENT POTENTIAL FUNCTIONS 

Mirsky (ref. A.5) suggested the use of displace- 
ment potentials $ and \f/ in ordei to continue the 
solution of the equations of motion. The functions 
$ and \p are related to U(r,d ), V{r,d) and W (r, 9) 
by the following expressions 


/a 2 i a i a 2 \ 
L = (1 - 2 *')^+- — +- 2 


a 2 


L 12 

L 13 

L 22 
L 23 : 

L31 
L 32 : 
L as : 
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1 a 2 


r dd dx 

a 2 . 1 a 


dr dx r dx 


= (l-2v)^ 
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+2(1 -'W 


(A.4) 


1 a 2 


,-(3-4r)-- 
r dr dd V dd 


dr dx 

1 a 2 


-(3-4*)-.— 
r dr dd r~ dd 


Va 2 1 a 1\ 

^ V \ar 2+ r dr r 7 

j 1 a 2 a 2 \ 
+ (1 -2r)^- — +— j 


A.2 END CONDITIONS 

Using the classical theory of shells solution for 
a circular cylindrical shell supported by shear 
diaphragms at both ends as a guide, and choosing 


U(r,d) =(7$ 

Tr/ x 1 a$ a# 

r dd dr 

„ T , s a$ 1 a^ 

^0’^)=j-+- — 
dr r dd 


(A.7) 


where C is an arbitrary constant to be determined 
later in the analysis. 

A.4 SOLUTION OF THE EQUATIONS 
OF MOTION 


Substituting equations (A.5) and (A.7) into 
equations (A.3) one obtains 

XV 2 $+[(1— 2r)V 2 — 2(1 — r)X 2 

+«VK» = 0 (A.8) 
1 d 

- —[2(1 - r)V 2 — (1 — 2r)X 2 + S 2 £o 2 -XC]$ 

-—[(1 — 2r)V 2 — (1 -2*)X 2 +« VJ* = 0 (A.9) 
dr 

-^-[2(1 — r)V 2 — (1 — 2r)X 2 -|-5 2 to 2 — XC]4> 
dr 

+-~[(l-2r)V 2 
r dd 

-(l-2r)X 2 +5 2 co 2 ]4' = 0 (A.10) 

where 

a ?’ 2 r dr r 2 dd 2 
Uncoupling these equations yields 
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V 2 |^V 2 - 


X 2 - 


5W 


2(l-v)J. 


V 2 -X 2 

5 2 co 2 

+ (l-2v)J 


$ = 0 (A. 11) 


V*g t (r)= 0 (A. 24) 

Upon substitution of / 3 (r) cos nd and g 2 (r) sin nd 
for <!>(?•, 0) and ^(r,#), respectively, in equations 
(A. 9), (A. 10), and (A. 13) one finds that 


V 2 J^V 2 -X 2 - 
r 6 2 co 2 1 

[' X2+ ^)J 


5W 


(1 2r) 


^ = 0 (A. 12) 


X| - XM 2(1 
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V 2 -- X 2 +SV 

2(1 — v) 


$ = 0 
(A. 13) 


At this stage the shell will be assumed to be 
closed; thus 


<f>(r,0) =/(r) cos nd (A.14) 

^{r,d) =g(r ) sin nd (A.15) 


Substitution of equations (A.14) and (A.15) into 
equations (A.ll) and (A.12), one obtains the 
differential equations governing /(?•) and g(r) : 




5 2 co 2 


V 2 


2(1 

[v 2 - 


(l-2r)J 


fir) =0 
(A. 16) 


X 2 - 


5 2 co 2 


(1 2j>) 


jt'W = 


0 (A. 17) 


where V 2 = {d 2 /dr 2 -\-d/r dr — n 2 /r 2 ). The solution 
of equation (A. 16) 

/(r)=/i(r)+/.(r)+/.(r) (A. 18) 


u=v=w = 0 

Thus one can discard/ 3 (r) in equation (A. 18) and 
g 2 (r) in equation (A. 22), since these functions do 
not contribute to the displacements. Hence, 
equations (A. 18) and (A. 22) becomes 

f(r)=h(r)+h(r) (A.25) 

g(r)=gi(r) (A.26) 

Equations (A.19), (A.20), and (A.23) are stan- 
dard forms of Bessel’s equation, which can be 
written as 



+ 


-f+P 2 -T) 

r dr ?' 2 / 


V O') 


= 0 


(A. 27) 


Solution of equation (A. 27) depends on the sign 
of p 2 . If one adopts the notation of Gazis (ref. 
A. 6), the general solution may be written as 

V(r) = A n Z n (qr) +B n Z n (qr) (A.28) 


where A n and B n are constants of integration, 
q 2 = |p 2 | 


Zniqr) = 

[J niqr) 
\ln(qr) 

if 

if 

p 2 >0 

p 2 <0 

(A. 29) 

Z n (qr) = 

\Y n iqr) 

\K„(qr) 

if 

if 

p 2 > o 

p 2 <0 

(A.30) 


where fi(r), fair), fair) are solutions of the follow- 
ing differential equations 


(V 2 +pi 2 )/i(r) =0 

(A.19) 

(V 2 +p 2 2 )/ 2 (r)=0 

(A.20) 

V 2 / 3 (r)=0 

(A.21) 

Pi 2 =-X 2 +3 2 co 2 /2(l-r) 


p 2 2 = — X 2 -(- 5 2 co 2 / (1 — 2v) 



J n and F„ are the Bessel functions of the first 
and second kinds, respectively, and /„ and K n 
are the modified Bessel functions of the first and 
second kinds, respectively. Using equations 
(A. 29) and (A.30), one obtains the following 
expressions for 4>, \E r and (M> 

* = [A mn Z n (qir)+B mnZn iqir)+C mnZ n 

+D mn Z n (q 2 r)] cos nd (A.31) 

4' = [EmnZniqir) +F mn Z n (q 2 r)] sin nd (A. 32) 


are always real. The solution of equation 
is 

g{r)=gi(r)+g 2 {r) 

where gi(r) and g 2 (r) are solutions of 


(A. 17) 

C$=| 

^A mn Z n ( q it) ”1“ \B mn Z n ( qi r) 

_p 2 2 

X 

(A. 22) 


{OmuZn^Q 2?) ”1“ DmnZniqtf )] 

cos nd (A. 33) 

(A.23) 

where A mn , . . . , F mn are undetermined coeffi- 
cients, and where gi 2 = |pi 2 | and q 2 2 = |p 2 2 |. 


(V 2 +p 2 2 )ffi(r) =0 
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The proper selection of Z n and Z r for different Table A.l. — Bessel Functions To Be Used With 


intervals of the frequency to be used in equations 
(A.31), (A.32), and (A. 33) appear in table A.l 
(ref. A. 7). 

Substituting equations (A.31), (A.32), and 
(A.33) into equations (A. 5) and (A.7), one 
obtains for the displacements 


Frequency Intervals 


u = 


- P 2 

\A.mnZ nifl l7*) n(^2^ ) 

A 


Interval 


Function 


Z„(qir) 

Zn(dir) 

Z„(q 2 r) 

Zn{q 2 r) 

co> a 

Jniqir) 

Yn(qir) 

Jniqir) 

Yniqir) 

a>eo>b 

InlqxT) 

K„( qi r) 

Jniqir) 

Yniqir) 

oi <b 

In(qir) 

K n {qa) 

Iniqir) 

K n {qir) 


-^DmnZMiT) j 


cos Xx cos nd cos co t (A. 34) 


O = A {l?/[pMl + y) (1 — 2v)J ) 1,2 
6=\{^/[2pA(l + i-)]l>« 


n. 


n. 


n. 


AmnZniqir)-^ B mn Z riifl l? ) 4“ C mn Z n (q 2? ) “j - B mnZ n (Q'2?') +1? V 
r r r 


dZ„{q 2 r) 
n dr 


+F„ 


dZ n {q 2 r) 
n dr 

dZ n (qir) 


W = ^ Amn " 7 ~ L + B 


sin Xx sin nd cos cot 

dZ n (qir) dZ n (q-ir) 


dr 


dr 


— ■ + c „ 


dr 


r, dZ n (q 2 r) , n T1 „ , N 
~B mn “j - E mn Z n yq 2 ?) 

dr r 


n „ 


I j sii 


4 — F mn Z n {qtf') j sin Xx cos w0 cos cot 


(A. 35) 


(A. 36) 


A. 5 EXPRESSIONS FOR STRESSES 

The stresses are expressed in terms of the functions Z n (qir), Z n (qir), Z n (q 2 r), and Z n {q 2 r) by 
substitution of equations (A.34), (A.35), and (A.36) into the displacement-strain and stress-strain 
relationships, equations (A.2) and (1.69). The stresses are 


<Tt z 


1 1 ^[ 2 n(n - 1 ) + (\ 2 -p2 2 )r 2 ]Z n ( qi r) +{qirZ n+ 1 (q 1 r) | A mn + 1 ~[ 2 n{n - 1 ) 


(1 + 

+ (\ 2 -p2 2 )r 2 Z n {qir)]+qirZn+i(qir)^B mn +[[n{n— l) -p2 2 r 2 ]Z n ( q 2 r)+^q 2 rZ n+ 1 (q 2 r)}C m „ 

+ {[n(n — 1) -p2 2 r 2 ]Z„(q 2 r) +q2rZ n+ 1 (q 2 r)}B mn +[n(n — l)Z n {q 2 r) -fng 2 rZ„ + i(g 2 r)]A„ m 

+[n{n— l)Z n (q2r) — nq2rZ n+ i{qir)]F mn \ sin Xx cos nd cos cot (A.37) 

E 


r r e = 


(1 + 
+ 

+ 


-J ( 

-r-A[ — n(n—l)Z, l (qir)-\-tnq 1 rZ n+1 {q 1 r)]A mn +[-n(n—l)Z n (qir)+?iq 1 rZ n+ i(q 1 r)]B r , 
v)r 2 \ 

— n(ji—l)Zn(q2r)+tnq2rZ n+ i(q 2 r)]C m „+[—n(n — l)Z n (q2r)+nq2rZ„ + i(q2r)]B n 

( « 2 r 2 \ 

n 2 — n — jZ n (q 2 r) —{qirZn+ifar) 


E 


(l-Mr 2 


E mn A-^—^>i 2 —n—^~^Z n (q2r) 

— g 2 rZ n+ i(g 2 r) jF mn J sin Xx sin nd cos cot (A.38) 

MnZ n (qir)—{qirZ n +i(qir)]A mn +hr[nZ n (qir)—qirZ n+ 1 ( qi r)]B mn 


+~(h 2 -p 2 2 )[nZ„(,q 2 r) —{q2rZ n+ i(q 2 r)]C mn +-^-(\ 2 —p 2 2 )[nZ n (q 2 r) —q 2 rZ n+ 1 (q 2 r)]B mn 
Z\ ZK 

+-~nZ„(q 2 r)E mn A-— ■nZ n (q 2 r)F mn \ cos Xx cos nd cos cot (A.39) 
2 2 f 
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(l+j') J ’ 2 l[ (1— 2(')^ l2j 


+ 

E 


2 o—± 
( 1 - 2 *) 
(! — «') 


X 2 r 2 jz„(g 1 r)A mn 


TxO 


»»- P2 2 r 2 C mn — p^r^Dmn j sin \x cos nd cos cat (A. 40 ) 

r)z n ( 


,, i n\rZ n (qir)A mn +n\rZ n (qir)B mn +H - 
(l + *)r 2 L 2\ 


"~+n\r)Z n (q,r)C n 


- — \-nXrJZ n (q 2 r)D mn +-(n\rZ n (q 2 r) -tq-iXr' 1 Z n+l (q 2 r))E r , 


■] 


E 


ae = 


(1 + v) 




-n(ra— 1) — 


a-2v) 


+~(nXrZ n {q 2 r) - Zq 2 Xr 2 Z n+1 (q2r))F mn | cos Xx sin nd cos cat (A. 41 ) 


(\ 2 r 2 +pi 2 ?- 2 ) 


+ 


-n(n — 1) 


-(A 2 r 2 +pi 2 r 2 )Z„(gi?-) 


Z n (qir) — fgi?’Z„ +l (gir) A 


— gi?\Z n+ i(gi?-) 


B m » + [ — n(n — 1) Z n (q 2 r) 


( 1-2 *)' 

-tqirZ n+1 (q 2 r)]C mn +[—n(n-l)Z n (q2r)-qirZ n+1 (q 2 r)]D mn +[-n(n-l)Z n (q2r) 

-\- {nqtrZ n+ i(q2r)]E — ?i(n — l) Z n (q2r) -i-nqtf-Z n +i(q2i')]F mn J sin Xx cos nd cos cat (A. 42 ) 


In equations (A. 37) through (A.42) the param- 
eter f was introduced to account for the differ- 
ences in the differentiation formulas between the 
different kinds of Bessel functions. The value of 
f is 1 when J and Y functions are used and — 1 
when I and K functions are used. 

A.6 FREQUENCY EQUATION 

For free vibration, the stresses must vanish 
on the cylindrical boundaries r=Rt, R 0 (see fig. 
A. 2). That is 

— 0 at T =i Rjj Ro (A. 43) 

Substituting equations (A. 37), (A. 38), and (A. 39) 
into equations (A. 43) yields six homogeneous 
equations in the unknown coefficients, A mn , . . . , 
F mn . For a nontrivial solution, the determinant of 
the coefficient matrix is set equal to zero, yielding 
(ref. A.8) 

kil = 0 (i,j= 1, . . . , 6) (A.44) 

where 

an = i[2n(n- 1) + (X 2 -p 2 2 ) R 0 2 ]Z n ( qi R 0 ) 

~FiqiRoZ n+ i(qiR a ) 

a i2 = ^[2 n(n- 1) + (A 2 -p 2 2 ) Ro 2 ]Z n (qiR 0 ) 

+ q i R oZ n+ i (qi R 0 ) 


«i 3 = [n(n— 1 ) —p2 2 R 0 2 ]Z n (q 2 Ro) 

-\-£q2RoZ n+ i(q2Ro) 

a u = [n(n— 1 ) — P2 2 f?o 2 ]-Z n (g 2 i2o) 

-\-q2RoZ„+i(q2Ro) 

an = n(n— l)Z n (q 2 Ro) — f nq 2 RoZ n+ 1 (q 2 Ro ) 

®i 6 = n(n — Y)Z n {q 2 R^) — nqiRoZ n +i(q2Ro ) 
a 2 i = —n(n—l)Z n (qiR 0 ) -\-£nqiR 0 Z n +i(qiRo) 

0-22 — n(n — l)Z„(qiRo) -{-nqiRoZ n+ i(qiRo) 

O23 = n(n — l)^„(g 2 Bo) + %nq 2 RaZ n +i(g 2 Bo) 

02 4= n(n — l)Z n (q 2 R 0 ) ~\-nq 2 RaZ n +i(q 2 Ro) 



—q2RoZ n+ i(q2Ro) 


031 — XRo[nZ n (qiRo ) — f qiRoZ n+ i(qiRg )] 

032 = XRo[nZ n (.qiRo) —qiRoZ n +i(qiRo)] 

R 

033 — — (X 2 — p2 2 )[nZ n (q2Ro) — f qvRoZn+ifaRo)] 

R 

U34 = ~(X 2 P2 2 )[nZ n (q<tRo) — q2RoZ n +i(q2Ro)] 
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a 35 = ^nZ n (q 2 R 0 ) 


a 33 = ^\Z n (q,R») 


The remaining three rows of the determinant are 
obtained from the first three by substituting R < 
for Ro. The free vibration frequencies o> are the 
roots of equation (A. 44). 

Other investigations which are useful in study- 
ing the three-dimensional vibrations of circular 
cylinders include reference A. 9. 
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Stiffened ( see also Orthotropic), 186 
Strain-displacement equations, 7-13 
Strain energy, 17 
Stress couples, 13 
Stress resultants, 13 

Theories, comparison (see under Various theories, com- 
parison) 

Theory of surfaces, 2-5 
coordinate system, 2 
derivatives of basic vectors, 4 
first fundamental quantities, 3 
Gauss characteristic equation, 4 
Gauss derivative formulas, 4 
normal curvature, 3 
principal coordinates, 4 
principal curvature, 4 
second quadratic form, 3 
Thin shell theory, 1-28 
arbitrary curvature, 2 
beam like vibrations, 83 
first approximation of Love, 6, 7 
fundamental equations, 1-23 
generalized displacements, 9 
generalized forces, 10 
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Thin shell theory — Continued 
generalized resultants, 10 
Thin shells, definition, 6 
Three-dimensional equations of motion, 413 

Various theories, comparison 

change in twist, middle surface, 12 
circular cylindrical, equations of motion, 32-34 
circular cylindrical, infinite length, 40 
circular cylindrical, SD-SD, 43-61, 73 


Various theories, comparison — Continued 

circular cylindrical, other, 98, 112-113, 126, 204, 209, 
295-297 

conical, SD-SD, 393-396 
curvature change, middle surface, 12 
force resultants, 20 
moment resultants, 21 
strains at a point, 11 

Yu’s assumption, 80 
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